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PREFACE

Advanced Algebra and its companion volume Basic Algebra systematically de-
velop concepts and tools in algebra that are vital to every mathematician, whether
pure or applied, aspiring or established. The two books together aim to give the
reader a global view of algebra, its use, and its role in mathematics as a whole.
The idea is to explain what the young mathematician needs to know about algebra
in order to communicate well with colleagues in all branches of mathematics.

The books are written as textbooks, and their primary audience is students
who are learning the material for the first time and who are planning a career in
which they will use advanced mathematics professionally. Much of the material
in the two books, including nearly all of Basic Algebra and some of Advanced
Algebra, corresponds to normal course work, with the proportions depending on
the university. The books include further topics that may be skipped in required
courses but that the professional mathematician will ultimately want to learn by
self-study. The test of each topic for inclusion is whether it is something that a
plenary lecturer at a broad international or national meeting is likely to take as
known by the audience.

Key topics and features of Advanced Algebra are as follows:

e Topics build on the linear algebra, group theory, factorization of ideals, struc-
ture of fields, Galois theory, and elementary theory of modules developed in
Basic Algebra.

e Individual chapters treat various topics in commutative and noncommutative
algebra, together providing introductions to the theory of associative algebras,
homological algebra, algebraic number theory, and algebraic geometry.

e The text emphasizes connections between algebra and other branches of math-
ematics, particularly topology and complex analysis. All the while, it carries
along two themes from Basic Algebra: the analogy between integers and
polynomials in one variable over a field, and the relationship between number
theory and geometry.

e Several sections in two chapters introduce the subject of Grobner bases, which
is the modern gateway toward handling simultaneous polynomial equations in
applications.

e The development proceeds from the particular to the general, often introducing
examples well before a theory that incorporates them.

Xi



xii Preface

e More than 250 problems at the ends of chapters illuminate aspects of the text,
develop related topics, and point to additional applications. A separate section
“Hints for Solutions of Problems” at the end of the book gives detailed hints
for most of the problems, complete solutions for many.

It is assumed that the reader is already familiar with linear algebra, group
theory, rings and modules, unique factorization domains, Dedekind domains,
fields and algebraic extension fields, and Galois theory at the level discussed in
Basic Algebra. Not all of this material is needed for each chapter of Advanced
Algebra, and chapter-by-chapter information about prerequisites appears in the
Guide for the Reader beginning on page xvii.

Historically the subjects of algebraic number theory and algebraic geometry
have influenced each other as they have developed, and the present book tries to
bring out this interaction to some extent. It is easy to see that there must be a close
connection. In fact, one number-theory problem already solved by Fermat and
Euler was to find all pairs (x, y) of integers satisfying x> + y> = n, where n is a
given positive integer. More generally one can consider higher-order equations
of this kind, such as y?> = x> + 8x. Even this simple change of degree has a great
effect on the difficulty, so much so that one is inclined first to solve an easier
problem: find the rational pairs satisfying the equation. Is the search for rational
solutions a problem in number theory or a problem about a curve in the plane? The
answer is that really it is both. We can carry this kind of question further. Instead
of considering solutions of a single polynomial equation in two variables, we
can consider solutions of a system of polynomial equations in several variables.
Within the system no individual equation is an intrinsic feature of the problem
because one of the equations can always be replaced by its sum with another of
the equations; if we regard each equation as an expression set equal to 0, then
the intrinsic problem is to study the locus of common zeros of the equations.
This formulation of the problem sounds much more like algebraic geometry than
number theory.

A doubter might draw a distinction between integer solutions and rational
solutions, saying that finding integer solutions is number theory while finding
rational solutions is algebraic geometry. Experience shows that this is an artificial
distinction. Although algebraic geometry was initially developed as a subject that
studies solutions for which the variables take values in a field, particularly in an
algebraically closed field, the insistence on working only with fields imposed
artificial limitations on how problems could be approached. In the late 1950s and
early 1960s the foundations of the subject were transformed by allowing variables
to take values in an arbitrary commutative ring with identity. The very end of this
book aims to give some idea of what those new foundations are.

Along the way we shall observe parallels between number theory and algebraic
geometry, even as we nominally study one subject at a time. The book begins with
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a chapter on those aspects of number theory that mark the historical transition
from classical number theory to modern algebraic number theory. Chapter I deals
with three celebrated advances of Gauss and Dirichlet in classical number theory
that one might wish to generalize by means of algebraic number theory. The
detailed level of knowledge that one gains about those topics can be regarded as
a goal for the desired level of understanding about more complicated problems.
Chapter I thus establishes a framework for the whole book.

Associative algebras are the topic of Chapters II and III. The tools for studying
such algebras provide methods for classifying noncommutative division rings.
One such tool, known as the Brauer group, has a cohomological interpretation
that ties the subject to algebraic number theory.

Because of other work done in the 1950s, homology and cohomology can be
abstracted in such a way that the theory impacts several fields simultaneously,
including topology and complex analysis. The resulting subject is called homo-
logical algebra and is the topic of Chapter IV. Having cohomology available at this
point of the present book means that one is prepared to use it both in algebraic
number theory and in situations in algebraic geometry that have grown out of
complex analysis.

The last six chapters are about algebraic number theory, algebraic geometry,
and the relationship between them. Chapters V-VI concern the three main
foundational theorems in algebraic number theory. Chapter V goes at these
results in a direct fashion but falls short of giving a complete proof in one case.
Chapter VI goes at matters more indirectly. It explores the parallel between
number theory and the theory of algebraic curves, makes use of tools from analysis
concerning compactness and completeness, succeeds in giving full proofs of the
three theorems of Chapter V, and introduces the modern approach via adeles and
ideles to deeper questions in these subject areas.

Chapters VII-X are about algebraic geometry. Chapter VII fills in some
prerequisites from the theories of fields and commutative rings that are needed to
set up the foundations of algebraic geometry. Chapters VIII-X concern algebraic
geometry itself. They come at the subject successively from three points of
view —from the algebraic point of view of simultaneous systems of polynomial
equations in several variables, from the number-theoretic point of view suggested
by the classical theory of Riemann surfaces, and from the geometric point of view.

The topics most likely to be included in normal course work include the
Wedderburn theory of semisimple algebras in Chapter II, homological algebra
in Chapter IV, and some of the advanced material on fields in Chapter VII. A
chart on page xvi tells the dependence of chapters on earlier chapters, and, as
mentioned above, the section Guide for the Reader tells what knowledge of Basic
Algebra is assumed for each chapter.

The problems at the ends of chapters are intended to play a more important
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role than is normal for problems in a mathematics book. Almost all problems are
solved in the section of hints at the end of the book. This being so, some blocks of
problems form additional topics that could have been included in the text but were
not; these blocks may be regarded as optional topics, or they may be treated as
challenges for the reader. The optional topics of this kind usually either carry out
further development of the theory or introduce significant applications to other
branches of mathematics. For example a number of applications to topology are
treated in this way.

Not all problems are of this kind, of course. Some of the problems are
really pure or applied theorems, some are examples showing the degree to which
hypotheses can be stretched, and a few are just exercises. The reader gets no
indication which problems are of which type, nor of which ones are relatively
easy. Each problem can be solved with tools developed up to that point in the
book, plus any additional prerequisites that are noted.

The theorems, propositions, lemmas, and corollaries within each chapter are
indexed by a single number stream. Figures have their own number stream, and
one can find the page reference for each figure from the table on page xv. Labels
on displayed lines occur only within proofs and examples, and they are local to the
particular proof or example in progress. Each occurrence of the word “PROOF”
or “PROOF” is matched by an occurrence at the right margin of the symbol [ to
mark the end of that proof.

I am grateful to Ann Kostant and Steven Krantz for encouraging this project
and for making many suggestions about pursuing it, and I am indebted to David
Kramer, who did the copyediting. The typesetting was by ApsS-TEX, and the
figures were drawn with Mathematica.

I invite corrections and other comments from readers. I plan to maintain a list
of known corrections on my own Web page.

A. W.KNAPP
August 2007
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DEPENDENCE AMONG CHAPTERS
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GUIDE FOR THE READER

This section is intended to help the reader find out what parts of each chapter are
most important and how the chapters are interrelated. Further information of this
kind is contained in the abstracts that begin each of the chapters.

The book treats its subject material as pointing toward algebraic number
theory and algebraic geometry, with emphasis on aspects of these subjects that
impact fields of mathematics other than algebra. Two chapters treat the theory
of associative algebras, not necessarily commutative, and one chapter treats
homological algebra; both these topics play a role in algebraic number theory and
algebraic geometry, and homological algebra plays an important role in topology
and complex analysis. The constant theme is a relationship between number
theory and geometry, and this theme recurs throughout the book on different
levels.

The book assumes knowledge of most of the content of Basic Algebra, either
from that book itself or from some comparable source. Some of the less standard
results that are needed from Basic Algebra are summarized in the section Notation
and Terminology beginning on page xxi. The assumed knowledge of algebra
includes facility with using the Axiom of Choice, Zorn’s Lemma, and elementary
properties of cardinality. All chapters of the present book but the first assume
knowledge of Chapters I-IV of Basic Algebra other than the Sylow Theorems,
facts from Chapter V about determinants and characteristic polynomials and
minimal polynomials, simple properties of multilinear forms from Chapter VI,
the definitions and elementary properties of ideals and modules from Chapter VIII,
the Chinese Remainder Theorem and the theory of unique factorization domains
from Chapter VIII, and the theory of algebraic field extensions and separability
and Galois groups from Chapter IX. Additional knowledge of parts of Basic
Algebra that is needed for particular chapters is discussed below. In addition,
some sections of the book, as indicated below, make use of some real or complex
analysis. The real analysis in question generally consists in the use of infinite
series, uniform convergence, differential calculus in several variables, and some
point-set topology. The complex analysis generally consists in the fundamentals
of the one-variable theory of analytic functions, including the Cauchy Integral
Formula, expansions in convergent power series, and analytic continuation.

The remainder of this section is an overview of individual chapters and groups
of chapters.

XVii



XViii Guide for the Reader

Chapter I concerns three results of Gauss and Dirichlet that marked a transition
from the classical number theory of Fermat, Euler, and Lagrange to the algebraic
number theory of Kummer, Dedekind, Kronecker, Hermite, and Eisenstein. These
results are Gauss’s Law of Quadratic Reciprocity, the theory of binary quadratic
forms begun by Gauss and continued by Dirichlet, and Dirichlet’s Theorem on
primes in arithmetic progressions. Quadratic reciprocity was a necessary prelimi-
nary for the theory of binary quadratic forms. When viewed as giving information
about a certain class of Diophantine equations, the theory of binary quadratic
forms gives a gauge of what to hope for more generally. The theory anticipates
the definition of abstract abelian groups, which occurred later historically, and
it anticipates the definition of the class number of an algebraic number field, at
least in the quadratic case. Dirichlet obtained formulas for the class numbers
that arise from binary quadratic forms, and these formulas led to the method by
which he proved his theorem on primes in arithmetic progressions. Much of the
chapter uses only elementary results from Basic Algebra. However, Sections 67
use facts about quadratic number fields, including the multiplication of ideals
in their rings of integers, and Section 10 uses the Fourier inversion formula for
finite abelian groups, which is in Section VII.4 of Basic Algebra. Sections 8—10
make use of a certain amount of real and complex analysis concerning uniform
convergence and properties of analytic functions.

Chapters II-III introduce the theory of associative algebras over fields. Chap-
ter I includes the original theory of Wedderburn, including an amplification by
E. Artin, while Chapter III introduces the Brauer group and connects the theory
with the cohomology of groups. The basic material on simple and semisimple
associative algebras is in Sections 1-3 of Chapter II, which assumes familiarity
with commutative Noetherian rings as in Chapter VIII of Basic Algebra, plus the
material in Chapter X on semisimple modules, chain conditions for modules, and
the Jordan—-Holder Theorem. Sections 4-6 contain the statement and proof of
Wedderburn’s Main Theorem, telling the structure of general finite-dimensional
associative algebras in characteristic 0. These sections include a relatively self-
contained segment from Proposition 2.29 through Proposition 2.33’ on the role
of separability in the structure of tensor products of algebras. This material is the
part of Sections 4—6 that is used in the remainder of the chapter to analyze finite-
dimensional associative division algebras over fields. Two easy consequences of
this analysis are Wedderburn’s Theorem that every finite division ring is com-
mutative and Frobenius’s Theorem that the only finite-dimensional associative
division algebras over R are R, C, and the algebra H of quaternions, up to R
isomorphism.

Chapter IIl introduces the Brauer group to parametrize the isomorphism classes
of finite-dimensional associative division algebras whose center is a given field.
Sections 2-3 exhibit an isomorphism of a relative Brauer group with what turns
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out to be a cohomology group in degree 2. This development runs parallel to
the theory of factor sets for groups as in Chapter VII of Basic Algebra, and
some familiarity with that theory can be helpful as motivation. The case that the
relative Brauer group is cyclic is of special importance, and the theory is used in
the problems to construct examples of division rings that would not have been
otherwise available. The chapter makes use of material from Chapter X of Basic
Algebra on the tensor product of algebras and on complexes and exact sequences.

Chapter IV is about homological algebra, with emphasis on connecting homo-
morphisms, long exact sequences, and derived functors. All but the last section is
done in the context of “good” categories of unital left R modules, R being a ring
with identity, where it is possible to work with individual elements in each object.
The reader is expected to be familiar with some example for motivation; this can
be knowledge of cohomology of groups at the level of Section IIL.5, or it can be
some experience from topology or from the cohomology of Lie algebras as treated
in other books. Knowledge of complexes and exact sequences from Chapter X
of Basic Algebra is prerequisite. Homological algebra properly belongs in this
book because it is fundamental in topology and complex analysis; in algebra
its role becomes significant just beyond the level of the current book. Important
applications are not limited in practice to “good” categories; “sheaf”” cohomology
is an example with significant applications that does not fit this mold. Section 8
sketches the theory of homological algebra in the context of “abelian” categories.
In this case one does not have individual elements at hand, but some substitute is
still possible; sheaf cohomology can be treated in this context.

Chapters V and VI are an introduction to algebraic number theory. The theory
of Dedekind domains from Chapters VIII and IX of Basic Algebra is taken as
known, along with knowledge of the ingredients of the theory —Noetherian rings,
integral closure, and localization. Both chapters deal with three theorems—the
Dedekind Discriminant Theorem, the Dirichlet Unit Theorem, and the finiteness
of the class number. Chapter V attacks these directly, using no additional tools,
and it comes up a little short in the case of the Dedekind Discriminant Theorem.
Chapter VI introduces tools to get around the weakness of the development in
Chapter V. These tools are valuations, completions, and decompositions of tensor
products of fields with complete fields. Chapter VI makes extensive use of metric
spaces and completeness, and compactness plays an important role in Sections
9-10. As noted in remarks with Proposition 6.7, Section V1.2 takes for granted
that Theorem 8.54 of Basic Algebra about extensions of Dedekind domains does
not need separability as a hypothesis; the actual proof of the improved theorem
without a hypothesis of separability is deferred to Section VII.3.

Chapter VII supplies additional background needed for algebraic geometry,
partly from field theory and partly from the theory of commutative rings. Knowl-
edge of Noetherian rings is needed throughout the chapter. Sections 4-5 assume
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knowledge of localizations, and the indispensable Corollary 7.14 in Section 3
concerns Dedekind domains. The most important result is the Nullstellensatz
in Section 1. Transcendence degree and Krull dimension in Sections 2 and 4
are tied to the notion of dimension in algebraic geometry. Zariski’s Theorem
in Section 5 is tied to the notion of singularities; part of its proof is deferred to
Chapter X. The material on infinite Galois groups in Section 6 has applications
to algebraic number theory and algebraic geometry but is not used in this book
after Chapter VII.

Chapters VIII-X introduce algebraic geometry from three points of view.
Chapter VIII approaches it as an attempt to understand solutions of simulta-
neous polynomial equations in several variables using module-theoretic tools.
Chapter IX approaches the subject of curves as an outgrowth of the complex-
analysis theory of compact Riemann surfaces and uses number-theoretic methods.
Chapter X approaches its subject matter geometrically, using the field-theoretic
and ring-theoretic tools developed in Chapter VII. All three chapters assume
knowledge of Section VII.1 on the Nullstellensatz.

Chapter VIII is in three parts. Sections 1-4 are relatively elementary and
concern the resultant and preliminary forms of Bezout’s Theorem. Sections
5-6 concern intersection multiplicity for curves and make extensive use of lo-
calizations; the goal is a better form of Bezout’s Theorem. Sections 7-10
are independent of Sections 5—6 and introduce the theory of Grobner bases.
This subject was developed comparatively recently and lies behind many of the
symbolic manipulations of polynomials that are possible with computers.

Chapter IX concerns irreducible curves and is in two parts. Sections 1-3 define
divisors and the genus of such a curve, while Sections 4-5 prove the Riemann—
Roch Theorem and give applications of it. The tool for the development is discrete
valuations as in Section V1.2, and the parallel between the theory in Chapter VI
for algebraic number fields and the theory in Chapter IX for curves becomes more
evident than ever. Some complex analysis is needed to understand the motivation
in Sections 1 and 4.

Chapter X largely concerns algebraic sets defined as zero loci over an alge-
braically closed field. The irreducible such sets are called varieties. Sections 1-3
are concerned with algebraic sets and their dimension, Sections 4—6 treat maps
between varieties, and Sections 7-8 deal with finer questions. Sections 9—12
are independent of Sections 6—8 and do two things simultaneously: they tie the
theoretical work on dimension to the theory of Grobner bases in Chapter VIII,
making dimension computable, and they show how the dimension of a zero locus
is affected by adding one equation to the defining system. The chapter concludes
with an introductory section about schemes, in which the underlying algebraically
closed field is replaced by a commutative ring with identity. The entire chapter
assumes knowledge of elementary point-set topology.



NOTATION AND TERMINOLOGY

This section contains some items of notation and terminology from Basic Algebra
that are not necessarily reviewed when they occur in the present book. A few

results are mentioned as well. The items are grouped by topic.

Set theory
€

#S or | S|

%]

{x e E| P}
EC

EUF, ENF, E—F
UaEC(’ ﬂaEa
ECF,EDF
(alv"'aan)
{al,---,an}
f:E—F x— f(x)
fogorfg, fl,
fC,y)

f(E), f7Y(E)

in one-one correspondence
countable

2A

Number systems
(A ,

n positive, n negative
Z,Q,R,C

max, min

[x]

Re z,Im 7

z

|z

membership symbol

number of elements in §

empty set

the set of x in E such that P holds
complement of the set E

union, intersection, difference of sets

union, intersection of the sets E,

containment

proper containment

ordered n-tuple

unordered n-tuple

function, effect of function

composition of f following g, restriction to E
the function x — f(x, y)

direct and inverse image of a set

matched by a one-one onto function

finite or in one-one correspondence with integers
set of all subsets of A

Kronecker delta: 1ifi = j,0ifi # j
binomial coefficient

n>0,n<0

integers, rationals, reals, complex numbers
maximum/minimum of finite subset of reals
greatest integer < x if x is real

real and imaginary parts of complex z
complex conjugate of z

absolute value of z
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Notation and Terminology

Linear algebra and elementary number theory

IE‘VL

€j

V/

dimp V or dim V
0

lorl/

Al‘

space of n-dimensional column vectors
j™ standard basis vector of [F”

dual vector space of vector space V
dimension of vector space V over field F
zero vector, matrix, or linear mapping
identity matrix or linear mapping
transpose of A

determinant of A

matrix with (i, j)™ entry M;;

matrix of L relative to domain ordered basis I"
and range ordered basis A

dot product

is isomorphic to, is equivalent to
integers modulo a prime p, as a field
greatest common divisor

is congruent to

Euler’s ¢ function

Groups, rings, modules, and categories

R =<

a

unit

RX

RV[

R()

Miun(R)

M, (R)

unital left R module
Hompz (M, N)
Endg (M)
ker ¢, image ¢
H"(G,N)

simple left R module
semisimple left R module

Obj(C)
Morph-(A, B)

additive identity in an abelian group
multiplicative identity in a group or ring

is isomorphic to, is equivalent to

cyclic group of order m

invertible element in ring R with identity
group of units in ring R with identity

space of column vectors with entries in ring R
opposite ring to R witha o b = ba

m-by-n matrices with entries in R

n-by-n matrices with entries in R

left R module M with 1lm = m forallm e M
group of R homomorphisms from M into N
ring of R homomorphisms from M into M
kernel and image of ¢

n'" cohomology of group G with coefficients
in abelian group N

nonzero unital left R module with no proper
nonzero R submodules

sum (= direct sum) of simple left R modules
class of objects for category C

set of morphisms from object A to object B
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CS
product of {X}ses

coproduct of {X}ses

C opp

identity morphism on A

category of S-tuples of objects from Obj(C)
(X, {ps}ses) such that if A in Obj(C) and
{¢s € Morph,(A, X;)} are given, then there
exists a unique ¢ € Morph(A, X) with
psp = s forall s

(X, {is}ses) such that if A in Obj(C) and
{¢s € Morph,(X, A)} are given, then there
exists a unique ¢ € Morph (X, A) with
@iy = @, forall s

category opposite to C

Commutative rings R with identity and factorization of elements

identity

ideal I = (rq, ...
prime ideal
integral domain
R/I with I prime
GL(n, R)

’rn)

Chinese Remainder Theorem I, .

Nakayama’s Lemma

algebra A over R
RG

R[Xl7 MR Xn]
Rlxy, ..., x,]

irreducible element r = 0
prime element r % 0

irreducible vs. prime

GCD

denoted by 1, allowed to equal 0

ideal generated by ry, ..., r,

proper ideal with ab € I implyinga € [orb € |
R with no zero divisors and with 1 # 0

always an integral domain

group of invertible n-by-n matrices, entries in R
.., I, givenideals with I; +1; = R for i # j.
Then the natural map ¢ : R — ]_[;’:1 R/1; yields
isomorphism R / iz i =R/ x -+~ x R/,
of rings. Also (Yi_, I; = I1 -~ I

If 1 is an ideal contained in all maximal ideals
and M is a finitely generated unital R module
with IM = M ,then M = 0.

unital R module with an R bilinear multiplication
A x A — A. In this book nonassociative
algebras appear only in Chapter II, and each
associative algebra has an identity.

group algebra over R for group G

polynomial algebra over R with n indeterminates
R algebra generated by x1, ..., x,

r ¢ R* such that r =ab impliesae R* or be R*
r ¢ R* such that whenever r divides ab, then

r divides a or r divides b

prime implies irreducible; in any unique
factorization domain, irreducible implies prime
greatest common divisor in unique factorization
domain
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Fields

F, a finite field with ¢ = p” elements, p prime
K/F an extension field K of a field F

[K : F] degree of extension K/F,i.e.,dimp K
K(Xq,..., X, field of fractions of K[X1, ..., X,]
K(xi,...,xp) field generated by K and xy, ..., x,
number field finite-dimensional field extension of Q
Gal(K/F) Galois group, automorphisms of K fixing F
Nk/rp(-)and Trg, p(-) norm and trace functions from K to F

Tools for algebraic number theory and algebraic geometry

Noetherian R commutative ring with identity whose ideals
satisfy the ascending chain condition; has the
property that any R submodule of a finitely
generated unital R module is finitely generated.

Hilbert Basis Theorem R nonzero Noetherian implies R[X] Noetherian

Integral closure

Situation: R = integral domain, F' = field of fractions, K /F = extension field.

x € K integral over R x is a root of a monic polynomial in R[X]
integral closure of R in K setof x € K integral over R, is a ring

R integrally closed R equals its integral closure in F

Localization

Situation: R = commutative ring with identity, S = multiplicative system in R.
SR localization, pairs (r, s) withr € Rand s € S,

modulo (r, s) ~ (', s") if t(rs’ —sr') =0
forsomet € S

property of S™'R I +— S~'I is one-one from set of ideals I in R
of form I = R N J onto set of ideals in S~'R

local ring commutative ring with identity having a unique
maximal ideal

Rp for prime ideal P localization with S = complement of P in R

Dedekind domain Noetherian integrally closed integral domain in

which every nonzero prime ideal is maximal, has
unique factorization of nonzero ideals as product
of prime ideals

Dedekind domain extension R Dedekind, F' field of fractions, K / F finite
separable extension, 7 integral closure of R in K.
Then T is Dedekind, and any nonzero prime ideal
e in R has pR = [[7_, P for distinct prime
ideals P; with P; N R = . These have ) _, e; f;
= [K : F],where f; =[T/P; : R/p].



CHAPTER I

Transition to Modern Number Theory

Abstract. This chapter establishes Gauss’s Law of Quadratic Reciprocity, the theory of binary
quadratic forms, and Dirichlet’s Theorem on primes in arithmetic progressions.

Section 1 outlines how the three topics of the chapter occurred in natural sequence and marked
a transition as the subject of number theory developed a coherence and moved toward the kind of
algebraic number theory that is studied today.

Section 2 establishes quadratic reciprocity, which is a reduction formula providing a rapid method
for deciding solvability of congruences x> = m mod p for the unknown x when p is prime.

Sections 3-5 develop the theory of binary quadratic forms ax? + bxy + cy?, where a, b, ¢ are
integers. The basic tool is that of proper equivalence of two such forms, which occurs when the two
forms are related by an invertible linear substitution with integer coefficients and determinant 1. The
theorems establish the finiteness of the number of proper equivalence classes for given discriminant,
conditions for the representability of primes by forms of a given discriminant, canonical representa-
tives of the finitely many proper equivalence classes of a given discriminant, a group law for proper
equivalence classes of forms of the same discriminant that respects representability of integers by
the classes, and a theory of genera that takes into account inequivalent forms whose values cannot
be distinguished by linear congruences.

Sections 6-7 digress to leap forward historically and interpret the group law for proper equivalence
classes of binary quadratic forms in terms of an equivalence relation on the nonzero ideals in the
ring of integers of an associated quadratic number field.

Sections 8-10 concern Dirichlet’s Theorem on primes in arithmetic progressions. Section 8
discusses Euler’s product formula for 352 n™% and shows how Euler was able to modify it to
prove that there are infinitely many primes 4k + 1 and infinitely many primes 4k + 3. Section 9
develops Dirichlet series as a tool to be used in the generalization, and Section 10 contains the proof
of Dirichlet’s Theorem. Section 8 uses some elementary real analysis, and Sections 9-10 use both
elementary real analysis and elementary complex analysis.

1. Historical Background

The period 1800 to 1840 saw great advances in number theory as the subject
developed a coherence and moved toward the kind of algebraic number theory that
is studied today. The groundwork had been laid chiefly by Euclid, Diophantus,
Fermat, Euler, Lagrange, and Legendre. Some of what those people did was
remarkably insightful for its time, but what collectively had come out of their
labors was more a collection of miscellaneous results than an organized theory.
It was Gauss who first gave direction and depth to the subject, beginning with

1



2 L. Transition to Modern Number Theory

his book Disquisitiones Arithmeticae in 1801. Dirichlet built on Gauss’s work,
clarifying the deeper parts and adding analytic techniques that pointed toward
the integrated subject of the future. This chapter concentrates on three jewels of
classical number theory —largely the work of Gauss and Dirichlet—that seem on
the surface to be only peripherally related but are actually a natural succession
of developments leading from earlier results toward modern algebraic number
theory. To understand the context, it is necessary to back up for a moment.

Diophantine equations in two or more variables have always lain at the heart of
number theory. Fundamental examples that have played an important role in the
development of the subject are ax?+bxy+cy? = m for unknown integers x and y;
x12 +x§ +x32 +xf = m for unknown integers xi, xp, x3, X4; y2 =x(x—Dx+1)
for unknown integers x and y; and x" + y”" = z" for unknown integers x, y, z.

In every case one can get an immediate necessary condition on a solution by
writing the equation modulo some integer n. The necessary condition is that
the corresponding congruence modulo n have a solution. For example take the
equation x> + y?> = p, where p is a prime, and let us allow ourselves to use
the more elementary results of Basic Algebra. Writing the equation modulo
p leads to x> + y> = 0 mod p. Certainly x cannot be divisible by p, since
otherwise y would be divisible by p, x? and y> would be divisible by p?, and
x2 + y?2 = p would be divisible by p?, contradiction. Thus we can divide,
obtaining 1 + (yx~!)?> = 0 mod p. Hence z> = —1 mod p forz = xy~!. If p
is an odd prime, then —1 has order 2, and the necessary condition is that there
exist some z in F 7 whose order is exactly 4. Since [ is cyclic of order p — 1,
the necessary condition is that 4 divide p — 1.

Using a slightly more complicated argument, we can establish conversely that
the divisibility of p — 1 by 4 implies that x> + y?> = p is solvable for integers
x and y. In fact, we know from the solvability of z2 = —1 mod p that there
exists an integer r such that p divides 7> 4 1. Consider the possibilities in the
integral domain Z[i] of Gaussian integers, where i = /—1. Tt was shown in
Chapter VIII of Basic Algebra that Z[i] is Euclidean. Hence Z[i] is a principal
ideal domain, and its elements have unique factorization. If p remains prime in
Z[i], then the fact that p divides (r + i)(r — i) implies that p divides r + i or
r — i in Z[i]. Then at least one of% + i% and % - i% would have to be in Z[i].
Since i% is not in Z[i], this divisibility does not hold, and we conclude that p
does not remain prime in Z[i]. If we write p = (a + bi)(c + di) nontrivially,
then p? = |a + bi|*|c + di|* = (a*> 4+ b*)(c? + d?) as an equality in Z, and we
readily conclude that a®> + b* = p.

This much argument solves the Diophantine equation x>+ y? = p for p prime.

For p replaced by a general integer m, we use the identity

O+ YD @3+ 33) = (x1x2 — yiy2)* + (x1y2 + x231)%,
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which has been known since antiquity, and we see that x2+ y2 = m is solvable
if m is a product of odd primes of the form 4k + 1. It is solvable also if m = 2
and if m = p? for any prime p. Thus x> 4 y> = m is solvable whenever m is a
positive integer such that each prime of the form 4k + 3 dividing m divides m an
even number of times. Using congruences modulo prime powers, we see that this
condition is also necessary, and we arrive at the following result; historically it
had already been asserted as a theorem by Fermat and was subsequently proved
by Euler, albeit by more classical methods than we have used.

Proposition 1.1. The Diophantine equation x>+ y? = m is solvable in integers
x and y for a given positive integer m if and only if every prime number p = 4k+3
dividing m occurs an even number of times in the prime factorization of m.

The first step in the above argument used congruence information; we had
to know the primes p for which z2 = —1 mod p is solvable. The second step
was in two parts—both rather special. First we used specific information about
the nature of factorization in a particular ring of algebraic integers, namely Z[i].
Second we used that the norm of a product is the product of the norms in that
same ring of algebraic integers.

Itis too much to hope that some recognizable generalization of these steps with
x2 + y? = m can handle all or most Diophantine equations. At least the first step
is available in complete generality, and indeed number theory —both classical and
modern—deduces many helpful conclusions by passing to congruences. There
is the matter of deducing something useful from a given congruence, but doing
so is a finite problem for each prime. Like some others before him, Gauss set
about studying congruences systematically. Linear congruences are easy and had
been handled before. Quadratic congruences are logically the next step. The
first jewel of classical number theory to be discussed in this chapter is the Law
of Quadratic Reciprocity of Gauss, which appears below as Theorem 1.2 and
which makes useful deductions possible in the case of quadratic congruences. In
effect quadratic reciprocity allows one to decide easily which integers are squares
modulo a prime p. Euler had earlier come close to finding the statement of this
result, and Legendre had found the exact statement without finding a complete
proof. Gauss was the one who gave the first complete proof.

Part of the utility of quadratic reciprocity is that it helps one to attack quadratic
Diophantine equations more systematically. The second jewel of classical number
theory to be discussed in this chapter is the body of results concerning representing
integers by binary quadratic forms ax? +bxy 4 cy? = m that do not degenerate in
some way. Lagrange and Legendre had already made advances in this theory, but
Gauss’s own discoveries were decisive. Dirichlet simplified the more advanced
parts of the theory and investigated an aspect of it that Gauss had not addressed
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and that would lead Dirichlet to his celebrated theorem on primes in arithmetic
progressions.!

Lagrange had introduced the notion of the discriminant of a quadratic form
and a notion of equivalence of such forms—two forms of the same discriminant
being equivalent if one can be obtained from the other by a linear invertible
substitution with integer entries. Equivalence is important because equivalent
forms represent the same numbers. He established also a theory of reduced forms
that specifies representatives of each equivalence class. For an odd prime p,
ax? + bxy + cy* = p is solvable only if the discriminant b> — 4ac is a square
modulo p, and Lagrange was hampered by not knowing quadratic reciprocity.
But he did know some special cases, such as when 5 is a square modulo p, and he
was able to deal completely with discriminant —20. For this discriminant, there
are two equivalence classes, represented by x% + 5y? and 2x? + 2xy + 3y?, and
Lagrange showed for primes p other than 2 and 5 that

X245y =p is solvable if and only if p = 1o0r9 mod 20,
2x2 4+ 2xy +3y* =p is solvable if and only if p =3 or 7 mod 20;

the fact about x> + 5y = p had been conjectured earlier by Euler. Lagrange
observed further that

(2xl2 + 2x1y1 + 3y12)(2x§ + 2x2y2 + 3y§)
= (2x122 + X1y2 + y1X2 + 3y1y2)% + 5(x1x2 — y1y2)?,

from which it follows that the product of two primes congruent to 3 or 7 modulo
20 is representable as x> + 5y?; this fact had been conjectured by Fermat.

Legendre added to this investigation the correct formula for quadratic reci-
procity, which he incorrectly believed he had proved, and many of its conse-
quences for representability of primes by binary quadratic forms. In addition,
he tried to develop a theory of composition of forms that generalizes Lagrange’s
identity above, but he had only limited success.

In addition to establishing quadratic reciprocity, Gauss introduced the vital no-
tion of “properequivalence” for forms ax?+bxy+cy? of the same discriminant—
two forms of the same discriminant being properly equivalent if one can be
obtained from the other by a linear invertible substitution with integer entries
and determinant 1. In terms of this definition, he settled the representability
of primes by binary quadratic forms, he showed that there are only finitely many
proper equivalences classes for each discriminant, and he gave an algorithm for

IThese matters are affirmed in Dirichlet’s Lectures on Number Theory. The aspect that Gauss
had not addressed and that provided motivation for Dirichlet is the value of the “Dirichlet class
number” A (D) defined below.
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deciding whether two forms are properly equivalent. The main results of Gauss in
this direction appear as Theorems 1.6 and 1.8 below. In addition, Gauss showed,
without the benefit of having a definition of “group,” in effect that the set of
proper equivalence classes of forms with a given discriminant becomes a finite
abelian group in a way that controls representability of nonprime integers; by
contrast, Lagrange’s definition of equivalence does not lead to a group structure.
Gauss’s main results in this direction, as recast by Dirichlet, appear as Theorem
1.12 below.

The story does not stop here, but let us pause for a moment to say what La-
grange’s theory, as amended by Gauss, says for the above example, first rephrasing
the context in more modern terminology. We saw earlier that unique factorization
in the ring Z[i] of Gaussian integers is the key to the representation of integers
by the quadratic form x? + y2. For a general quadratic form ax? + bxy + cy?
with discriminant D = b?> — 4ac, properties of the ring R of algebraic integers in
the field Q(+/D ) are relevant for the questions that Gauss investigated. It turns
out that R is a principal ideal domain if Gauss’s finite abelian group of proper
equivalence classes is trivial and that when D is “fundamental,”’ there is a suitable
converse.”

With the context rephrased we come back to the example. Consider the
equation x> 45y? = p for primes p. The discriminant of x>+ 5y? is —20, and the
relevant ring of algebraic integers is Z[+/—5 ], which is not a unique factorization
domain. Thus the argument used with x> + y> = p does not apply, and we
have no reason to expect that solvability of x> + 5y? = 0 mod p is sufficient for
solvability of x> 4 5y% = p. Let us look more closely. The congruence condition
is that —20 is a square modulo p. Thus —5 is to be a square modulo p. If we
leave aside the primes p = 2 and p = 5 that divide 20, the Law of Quadratic
Reciprocity will tell us that the necessary congruence resulting from solvability
of x2 + 5y2 = p is that p be congruent to 1, 3,7, or 9 modulo 20. However, we
can compute all residues 7 of x> 4 5y? modulo 20 for n with GCD(n, 20) = 1 to
see that

x> 4+5y>=10r9mod 20  if GCD(x? + 5y, 20) = 1.

Meanwhile, the form 2x? 4 2xy + 3y? has discriminant —20, and we can check
that solvability of 2x? 4 2xy + 3y? = p leads to the conclusion that

2x? 4+ 2xy +3y>=30r7mod20  if GCD(2x? 4 2xy + 3y?, 20) = 1.

Lagrange’s theory easily shows that representability of integers by a form depends
only on the equivalence class of the form and that all primes congruent to 1, 3,

2In each of the situations (a) and (b) of Proposition 1.17 below, R is a principal ideal domain
only if Gauss’s group is trivial. In all other cases, Gauss’s group is nontrivial, and R is a principal
ideal domain only if the group has order 2.
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7, or 9 modulo 20 are representable by some form. This example is special
in that equivalence and proper equivalence come to the same thing. Gauss’s
multiplication rule for proper equivalence classes of forms with discriminant
—20 produces a group of order 2, with x> + 5y? representing the identity class
and 2x? + 2xy + 3y? representing the other class. Consequently

p =1or9 mod 20 implies x> 4+5y>=p solvable,
p =3or7mod 20 implies 2x% 4+ 2xy +3y* = p solvable.

In addition, the multiplication rule has the property that if m is representable by
all forms in the class of a;x> + b1xy + ¢ y? and n is representable by all forms
in the class of ayx? + boxy + c2y?, then mn is representable by all forms in the
class of the product form. It is not necessary to have an explicit identity for the
multiplication. Thus, for example, it follows without further argument that if p
and ¢ are primes congruent to 3 or 7 modulo 20, then x> 4+ 5y? = pq is solvable.

Let us elaborate a little about the rephrased context for Gauss’s theory. We let
D be the discriminant of the binary quadratic forms in question, and we assume
that D is “fundamental.” Let R be the ring of algebraic integers that lie in the
field Q(+/D). It turns out to be possible to define a notion of “strict equivalence”
on the set of ideals of R in such a way that multiplication of ideals descends to a
multiplication of strict equivalence classes. The strict equivalence classes of ideals
then form a group, and this group is isomorphic to Gauss’s group. In particular,
one obtains the nonobvious conclusion that the set of strict equivalence classes
of ideals is finite. The main result giving this isomorphism is Theorem 1.20.
This rephrasing of the theory points to a generalization to algebraic number fields
of degree higher than 2 and is a starting point for modern algebraic number theory.

Now we return to the work of Gauss. Even the example with D = —20 that was
described above does not give an idea of how complicated matters can become.
For discriminant —56, for example, the two forms x>+ 14y? and 2x?+7y? take on
the same residues modulo 56 that are prime to 56, but no prime can be represented
by both forms. These two forms and the forms 3x% & 2xy + 5y represent the
four proper equivalence classes. By contrast, there are only three equivalence
classes in Lagrange’s sense, and we thus get some insight into why Legendre
encountered difficulties in defining a useful multiplication even for D = —56.
Gauss’s theory goes on to address the problem that x> + 14y? and 2x? + 7y? take
on one set of residues modulo 56 and prime to 56 while 3x? & 2xy + 5y? take
on a disjoint set of such residues. Gauss defined a “genus” (plural: “genera”)
to consist of proper equivalence classes like these that cannot be distinguished
by linear congruences, and he obtained some results about this notion. Gauss’s
set of genera inherits a group structure from the group structure on the proper
equivalence classes of forms, and the group structure for the genera enables one
to work with genera easily.
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The third jewel of classical number theory to be discussed in this chapter is
Dirichlet’s celebrated theorem on primes in arithmetic progressions, given below
as Theorem 1.21. The statement is that if m and b are positive relatively prime
integers, then there are infinitely many primes of the form km + b with k a positive
integer. The proof mixes algebra, a little real analysis, and some complex analysis.

What is not immediately apparent is how this theorem fits into a natural
historical sequence with Gauss’s theory of binary quadratic forms. In fact, the
statement about primes in arithmetic progressions was thrust upon Dirichlet in at
least two ways. Dirichlet thoroughly studied the work of those who came before
him. One aspect of that work was Legendre’s progress toward obtaining quadratic
reciprocity; in fact, Legendre actually had a proof of quadratic reciprocity except
that he assumed the unproved result about primes in arithmetic progressions for
part of it and argued in circular fashion for another part of it. Another aspect
of the work Dirichlet studied was Gauss’s theory of multiplication of proper
equivalence classes of forms, which Dirichlet saw a need to simplify and explain;
indeed, a complete answer to the representability of composite numbers requires
establishing theorems about genera beyond what Gauss obtained and has to make
use of the theorem about primes in arithmetic progressions.

In addition, Dirichlet asked and settled a question about proper equivalence
classes for which Gauss had published nothing and for which Jacobi had conjec-
tured an answer: How many such classes are there for each discriminant D? Let
us call this number the “Dirichlet class number,” denoting it by 4 (D). Dirichlet’s
answer has several cases to it. When D is fundamental, even, negative, and not
equal to —4, the answer is

h(D) =

’

2/1D/4] Z D/4\ 1

T = nJn
GCD(n,D)=1

with the sum taken over positive integers prime to D. Here when p is a prime

not dividing D, (D/4) is +1 if D/4 is a square modulo p and is —1 if not. For

-
k
general n = [] p* prime to D, (%) is the product of the expressions (%)

corresponding to the factorization® of n. When D = —4, the quantity on the right
side has to be doubled to give the correct result, and thus the formula becomes

4 —-1\1 4 (=1)n=D/2
en=2 3 (-t GO
Topoddz1 N/ T, Gaa>1 n
The adjusted formula correctly gives h(—4) = —1, since Leibniz had shown
more than a century earlier that 1 — % + % - % + -+ = 7. Dirichlet was able to

3The expression (%) is called a “Jacobi symbol.” See Problems 9—11 at the end of the chapter.
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evaluate the displayed infinite series for general D as a finite sum, but that further
step does not concern us here. The important thing to observe is that the infinite
series is always an instance of a series Y .- | x(n)/n with x a periodic function
on the positive integers satisfying x (m +n) = x (m) x (n). Dirichlet’s derivation
of a series expansion for his class numbers required care because the series is only
conditionally convergent. To be able to work with absolutely convergent series,
he initially replaced % by nl—s for s > 1, thus initially treating series he denoted by
L(s,x) = 252 x(m)/n’.

As a consequence of this work, Dirichlet was familiar with series L(s, x) and
was aware of the importance of expressions L(1, x), knowing that at least when
x(n) = (%), L(1, x) is not O because it is essentially a class number. This
nonvanishing turns out to be the core of the proof of the theorem on primes in
arithmetic progressions. Dirichlet would have known about Euler’s proof that
the progressions 4n + 1 and 4n 4 3 contain infinitely many primes, a proof
that we give in Section 8, and he would have recognized Euler’s expression
Z;’le (—=1)"/(2n + 1) as something that occurs in his formula for 2(—4). Thus
he was well equipped with tools and motivation for a proof of his theorem on
primes in arithmetic progressions.

2. Quadratic Reciprocity

If p is an odd prime number and a is an integer with a £ 0 mod p, the Legendre

symbol (%) is defined by
<a) { +1 if a is a square modulo p,
r) | -1 if a is not a square modulo p.

Since IE*‘;,‘ is a cyclic group of even order, the squares form a subgroup of index 2.
Therefore a +— (%) is a group homomorphism of F into {1}, and we have

(%) (%) = (%) whenever a and b are not divisible by p.

Theorem 1.2 (Law of Quadratic Reciprocity). If p and ¢ are distinct odd
prime numbers, then

(a) (_—1) = (=127,
p

(b) (E) - (_1)%(172—1)’
p

©) (E) (2) — (=)Dl a1,
q/\p
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REMARKS. Conclusion (a) is due to Fermat and says that —1 is a square modulo
p ifand only if p = 4n 4 1. We proved this result already in Section 1 and will
not re-prove it here. Conclusion (b) is due to Euler and says that 2 is a square
modulo p if and only if p = 8n £ 1. Conclusion (c) is due to Gauss and says
that if p or g is 4n + 1, then (5) = (%) and otherwise (5) = —(%). The proofs of
(b) and (c) will occupy the remainder of this section.

EXAMPLES.

(1) This example illustrates how quickly iterated use of the theorem decides
whether a given integer is a square. We compute (%) We have

()= () =-() -0

the successive equalities being justified by using (c), the formula (%) = (%),
(c) again, (%) = (%) again, the formula (%) (%) = (%) and (b), (¢) once more,
(%) = (%) once more, and an explicit evaluation of (%)

(2) Lemma 9.46 of Basic Algebra asserts that 3 is a generator of the cyclic
group F* when n is prime of the form 22" 4+ 1 with N > 0, and Theorem 1.2
enables us to give a proof. In fact, this » has n = 2 mod 3 and » = 1 mod 4.
Thus (2) = (%) = (3) = —1. Since F is a cyclic group whose order is a power
of 2, every nonsquare is a generator. Thus 3 is a generator.

We prove two lemmas, give the proof of (b), prove a third lemma, and then
give the proof of (c).

Lemma 1.3. If p is an odd prime and « is any integer such that p does not
divide a, then 2P~ = (%) mod p.

PROOF. The multiplicative group IF; being cyclic, let b be a generator. Write
a = b" mod p for some integerr. Since (%) = (=) anda:?PD = ()2 (P~D =

(b2P=D)" = (—1)" mod p, the lemma follows. O

Lemma 1.4 (Gauss). Let p be an odd prime, and let a be any integer such that
p does not divide a. Among the least positive residues modulo p of the integers
a,?a,3a,..., %(p — 1)a, let n denote the number of residues that exceed p/2.

Then (%) = (—-1".
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PROOF. Let ry,...,r, be the least positive residues exceeding p/2, and let
Si,...,S5; be those less than p/2, so that n + k = %(p — 1). The residues
1, ...,"n, 81, ..., S are distinct, since no two of a, 2a, 3a, ..., %(p — 1)a differ
by a multiple of p. Each integer p — r; is strictly between 0 and p/2, and we
cannot have any equality p —r; = s;, sincer; +s; = p would mean that (u +v)a
is divisible by p for some integers # and v with 1 <u, v < %(p — 1). Hence

P—Flseees P —Tns 815 4., 8k

is a permutation of 1, . . ., %( p — 1). Modulo p, we therefore have

1 .2...%(19_1) = (=1D)"ry - FpS1-- Sk
=(-1)"a-2a-- 3(p— Da
1
=(—D"az?"V1.2... L(p - D),

and cancellation yields a2~ = (—1)" mod p. The result follows by combin-
ing this congruence with the conclusion of Lemma 1.3. O

PROOF OF (b) IN THEOREM 1.2. We shall apply Lemma 1.4 with a = 2 after
investigating the least positive residues of 2, 4, 6, ..., p—1. We can list explicitly
those residues that exceed p/2 for each odd value of p mod 8 as follows:

p=8k+1, 4k +2,4k + 4, ..., 8k,

p=8k+3, 4k + 2,4k +4,...,8k+2,
p=28k+5, 4k +4,...,8k+2,8k+4,
p=8k+7, 4k +-4,...,8k + 4,8k +6.

If n denotes the number of such residues for a given p, a count of each line of the
above table shows that

n =2k and (—1)"=+1 for p=8k+1,
n=2k+1 and (—-1)"=-1 for p=8k+3,
n=2k+1 and (—1)"'=-1 for p=38k+35,
n=2k+2 and (—1)"=+1 for p=28k+17.

Thus Lemma 1.4 shows that (%) = +1 for p = 8k + 1 and (%) = —1 for
p = 8k £ 3. This completes the proof of (b). |
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Lemma 1.5. If p is an odd prime and a is a positive odd integer such that p
3(p=1)
2
does not divide a, then (%) = (—1)',wheret = Y [ua/p]. Here [ -] denotes
u=1
the greatest-integer function.

REMARKS. When a = 2, the equality (%) = (—1)' fails for p = 3, since
t =1[2/3]=0.

PROOF. With notation as in Lemma 1.4 and its proof, we form each ua for 1 <
u < % (p—1) and reduce modulo p,obtaining as least positive residue either some
ri fori < n orsome s; for j < k. Thenua/p = [ua/p]l+ p~'(somer; ors;).
Hence
3(p=1) 3(p=1)

Y ua= Z plua/p]l + Zrl + Zsj (%)
u=1
The proof of Lemma 1.4 showed that p—ry, ..., p—ry, §1, . . ., S iSapermutation
of 1,..., %(p — 1), and thus the sum is the same in the two cases:

)

Z u—Z(p—r,)—l—ZsJ_np Zrl—l-ZsJ

Subtracting this equation from (x), we obtain

3(p=1) 5(p=1)

@-1' % u=p( T lwa/pl-n)+23r.
u=1

Replacing Zu f D on the left side by its value % (p*—1) and taking into account

that p is odd, we obtain the following congruence modulo 2:

3(=1
(a—l)%(pz—l)z > [ua/p]l—n mod 2.

u=1

Since a is odd, the left side is congruent to O modulo 2. Therefore n =

Zz(p [ua/p] =t mod 2, and Lemma 1.4 allows us to conclude that (—1)" =
(=" =(9). O
P

PROOF OF (c) IN THEOREM 1.2. Let

={(x,eZxZ|1<x<i(p—-Dandl<y=<i@g-D}
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the number of elements in question being |S| = %( p — (g — 1). We can write
S = 81 U S, disjointly with

St ={(,y) | gx > py} and S ={(x,y)|gx < py};

the exhaustion of S by §; and S, follows because gx = py would imply that
p divides gx and hence that p divides x, contradiction. We can describe S|
alternatively as

51={(x,y)|15x§%(p—1)andl§y<qx/p},

3(p=1)
x=1

and therefore |S;| = )

1g—
that (—1)" = (%). Similarly we have | S, | = Z;(:ql b [py/q], which is the integer

t in Lemma 1.5 such that (—1)" = (5). Therefore

[gx/p], which is the integer ¢ in Lemma 1.5 such

(—=1)iP=D@=D — (_1)ISl = ()il =)l = ©)(®).

and the proof is complete. O

3. Equivalence and Reduction of Quadratic Forms

A binary quadratic form over Z is a function F (x, y) = ax> 4 bxy + cy? from
Z x Z to Z with a, b, c in Z. Following Gauss,* we abbreviate this F as (a, b, ¢).
We shall always assume, without explicitly saying so, that the discriminant
D = b* — 4ac is not the square of an integer and that F is primitive in the sense
that GCD(a, b, ¢) = 1. When there is no possible ambiguity, we may say “form”
or “quadratic form” in place of “binary quadratic form.”

Let (z ?) be a member of the group GL(2, Z) of integer matrices whose

inverse is an integer matrix. The determinant of such a matrix is 1. We can use
this matrix to change variables, writing

( > ( ) < / > ( / y/ )
y 1% 8 V/ Vx/ + (Sy/ ’
Then ax? + bx y + ¢y~ becomes

a(ax’ + By)? + blax' + BY)(yx' +8y) + c(yx’ +8y')?
= (aa®+bay+cy®)x"*+Qaap+bas+bBy+2cy8)x'y +(a*+bBs+cs?)y”.

4Disquisitiones Arithmeticae, Article 153. Actually, Gauss always assumed that the coefficient
of xy is even and consequently wrote (a, b, ¢) for ax? + 2bxy + cy?. To study x2 + xy + y2, for
example, he took a = 2,b = 1, ¢ = 2. The convention of working with ax? + bxy + cy2 is due to
Eisenstein.
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If we associate the triple (a, b, ¢) of F(x, y) to the matrix (2; ;C), then this

formula shows that the triple (a’, &', ¢’) of the new form F’(x’, y’) is associated

to the matrix
2" b\ _ (o y 2a b a B
b 2)  \B & b 2¢c y 8)°

From this equality of matrices, we see that

(i) the member < ! ?) of GL(2, Z) has the effect of the identity transforma-

0
tion,
(ii) the member (‘y‘ f;) (j ’j) of GL(2, Z) has the effect of applying first

(aﬂ>andthen(a/, ﬁ)
vy y' 8

These two facts say that we do not quite have the expected group action on forms
on the left. Instead, we can say either that we have a group action on the right
or that gF is obtained from F by operating by g’. Anyway, there are orbits,
and they are what we really need. The discriminant D = b? — 4ac of the form

F is evidently minus the determinant of the associated matrix (Zba 2bc ), and the

displayed equality of matrices thus implies that the discriminant of the form F’
is D(a8 — By)>. Since (w8 — By)* = 1 for matrices in GL(2, Z), we conclude
that

(iii) each member of GL(2, Z) preserves the discriminant of the form.

Hence the group GL(2, Z) acts on the forms of discriminant D.

Forms in the same orbit under GL(2, Z) are said to be equivalent. Forms in
the same orbit under the subgroup SL(2, Z) are said to be properly equivalent.
A proper equivalence class of forms will refer to the latter relation. This notion
is due to Gauss. Equivalence under GL(2, Z) is an earlier notion due to Lagrange,
and we shall refer to its classes as ordinary equivalence classes on the infrequent
occasions when the notion arises. Proper equivalence is necessary later in order
to get a group operation on classes of forms. If one form can be carried to another
form by a member of GL(2, Z) of determinant — 1, we say that the two forms are

improperly equivalent. Use of the matrix ( (1)

improperly equivalent to the form (a, —b, ¢). In particular, (a, 0, ¢) is improperly
equivalent to itself.

The discriminant D is congruent to b*> modulo 4 and hence is congruent to 0
or 1 modulo 4. All nonsquare integers D that are congruent to O or 1 modulo 4
arise as discriminants; in fact, we can always achieve such a D witha = 1 and
with b equal either to O or to 1.

7(1) ) shows that the form (a, b, ¢) is

The discriminant is minus the determinant of the matrix (2: 2’1) associated to
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(a, b, ¢),and this matrix is real symmetric with trace 2(a+c). Since D = b*>—4ac

is assumed not to be the square of an integer, neither a nor ¢ can be 0.
2a b
b 2c
of opposite sign. In this case the Dirichlet class number of D, denoted by

h(D), is defined to be the number> of all proper equivalence classes of forms of
discriminant D.
If D < 0, then @ and ¢ have the same sign. The matrix <

If D > 0, the symmetric matrix ( ) is indefinite, having eigenvalues

2a b
b 2c
definite if a and c are positive, and it is negative definite if a and ¢ are negative.

Correspondingly we refer to the form (a, b, ¢) as positive definite or negative

2a b . ie . 2a b
b 2C> g is positive definite whenever ( b % )

is positive definite, any form equivalent to a positive definite form is again positive
definite. A similar remark applies to negative definite forms. Thus “positive
definite” and “negative definite” are class properties. For any given discriminant
D < 0, the Dirichlet class number of D, denoted by h(D), is the number® of
proper equivalence classes of positive definite forms of discriminant D.

The form (a, b, ¢) represents an integer m if ax> +bxy +cy? = m is solvable
for some integers x and y. The form primitively represents m if the x and
y with ax? 4+ bxy + cy?> = m can be chosen to be relatively prime. In any
event, GCD(x, y) divides m, and thus whenever a form represents a prime p, it
primitively represents p.

) is positive

definite in the two cases. Since g’ (

Theorem 1.6. Fix a nonsquare discriminant D.

(a) The Dirichlet class number /(D) is finite. In fact, any form of discriminant
D is properly equivalent to a form (a, b, ¢) with |b| < |a| < |c| and therefore
has 3|ac| < | D], and the number of forms of discriminant D satisfying all these
inequalities is finite.

(b) An odd prime p with GCD(D, p) = 1 is primitively representable by some
form (a, b, ¢) of discriminant D if and only if (%) = +1. In this case the number
of proper equivalence classes of forms primitively representing p is either 1 or 2,
and these classes are carried to one another by GL(2, Z). In fact, if (%) = +1,

then b> = D mod 4 p for some integer b, and representatives of these classes may
be taken to be (p, +b, bz;pD).

5This number was studied by Dirichlet. According to Theorem 1.20 below, it counts the “strict
equivalence classes” of ideals in a sense that is introduced in Section 7. This number either equals or
is twice the number of equivalence classes of ideals in the other sense that is introduced in Section 7.
The latter is what is generalized in Chapter V in the subject of algebraic number theory, and the latter
is how “class number” is usually defined in modern books in algebraic number theory. Consequently
Dirichlet class numbers sometimes are twice what modern class numbers are. We use “Dirichlet
class numbers” in this chapter and change to the modern “class numbers” in Chapter V.

5This number was studied by Dirichlet. See the previous footnote for further information.
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We come to the proof after some preliminary remarks and examples. The
argument for (a) is constructive, and thus the forms given explicitly in (b) can
be transformed constructively into properly equivalent forms satisfying the con-
ditions of (a). Hence we are led to explicit forms as in (a) representing p. A
generalization of (b) concerning how a composite integer m can be represented if
GCD(D, m) = 1 appears in Problem 2 at the end of the chapter. What is missing
in all this is a description of proper equivalences among the forms as in (a). We
shall solve this question readily in Proposition 1.7 when D < 0. For D > 0, the
answer is more complicated; we shall say what it is in Theorem 1.8, but we shall
omit some of the proof of that theorem.

EXAMPLES.

(1) D = —4. Theorem 1.2a shows that the odd primes with (%) = 41 are
those of the form 4k + 1. Theorem 1.6a says that each proper equivalence class
of forms of discriminant —4 has a representative (a, b, ¢) with 3|ac| < 4. Since
D < 0, we are interested only in positive definite forms, which necessarily have
a and c positive. Thus a = ¢ = 1, and we must have b = 0. So there is only
one class of (positive definite) forms of discriminant —4, namely x> + y?, and
Theorem 1.6b allows us to conclude that x> + y?> = p is solvable for each prime
p = 4k + 1. In other words, we recover the conclusion of Proposition 1.1 as far
as representability of primes is concerned.

(2) D = —20. To have (]Q,) = +1 for an odd prime p, we must have either

(*7]) = (%) = +1 or (%') = (%) = —1. Theorem 1.2 shows in the first case
that p = 1 mod 4 and p = £1 mod 5, while in the second case p = 3 mod 4
and p = +3 mod 5. That is, p is congruent to one of 1 and 9 modulo 20 in the
first case and to one of 3 and 7 modulo 20 in the second case. Let us consider
the forms as in Theorem 1.6a. We know that @ > 0 and ¢ > 0. The inequality
3ac < |D| forces ac < 6. Since |b| < a < ¢, we obtain > < 6 and a < 2.
Since 4 divides D, b is even. Then b = 0 or b = +2. So the only possibilities
are (1,0, 5) and (2, +2, 3). Because of Theorem 1.6b, any prime congruent to
one of 1, 3, 7, 9 modulo 20 is representable either by (1, 0, 5) and not (2, 2, 3),
or by (2, 2, 3) and not (1, 0, 5). We can write down all residues modulo 20 for
x? 4+ 5y? and 2x% 4 2xy + 3y?, and we find that the possible residues prime to
20 are 1 and 9 in the first case, and they are 3 and 7 in the second case. The
conclusion for odd primes p with GCD(20, p) = 1 is that

p =1o0r9 mod 20 implies p is representable as x> + 5y?,

p =3or7mod 20 implies p is representable as 2x? + 2xy + 3y

The residues modulo 20 have shown that x> 4+ 5y? is not equivalent to either of
2x% 4 2xy + 3y?, but they do not show whether 2x> & 2xy + 3y? are properly
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equivalent to one another. Hence the Dirichlet class number 4 (—20) is either 2
or 3. It will turn out to be 2.

(3) D = —56. To have (%) = +1 for an odd prime p, we must have an

odd number of the Legendre symbols (=), (%) and (%) equal to +1 and the

p
rest equal to —1. We readily find from Theorem 1.2 that the possibilities with

GCD(56, p) = 1 are
p=1,3,5913,15,19, 23, 25,27, 39, 45 mod 56.

Applying Theorem 1.6a as in the previous example, we find that x? + 14y2,
2x2 + 7y?, and 3x2 4 2xy + 5y? are representatives of all proper equivalence
classes of forms of discriminant —56. Taking into account Theorem 1.6b and the
residue classes of these forms modulo 56, we conclude for odd primes p that

if p =anyof 1,9, 15, 23, 25, 39 mod 56, then

p is representable as x? + 14y2 or 2x% + 7y2,
if p =any of 3, 5, 13, 19, 27, 45 mod 56, then

p is representable as both of 3x2 £ 2xy + 5y°%.

The question left unsettled by the argument so far is whether x2 + 14y? is properly
equivalent to 2x? + 7y2. Equivalent forms represent the same integers, and the
integer 1 is representable by x2 + 14y? but not by 2x2 +7y2. Hence the two forms
are not equivalent and cannot be properly equivalent. According to Theorem
1.6b, the primes of the first line are therefore representable by either x2 + 14y or
2x% + 7y? but never by both. Hence the Dirichlet class number /(—56) is either
3 or 4. It will turn out to be 4.

(4) D = 5. The forms of discriminant 5 are indefinite. Applying Theorem
1.6a, we obtain 3|ac| < 5. Hence |a| = |c¢| = 1. Since D is odd, b is odd. The
inequality |b| < |a| thus forces |b| = 1. Then D = 1 — 4ac shows that ac < 0.
The possibilities are therefore (1, £1, —1) and (—1, £1, 1). The Dirichlet class
number /(5) is at most 4. It will turn out to be 1. Let us take this fact as known.
The odd primes p with (%) = +1 are p = 5k £ 1. Under the assumption that the
class number is 1, Theorem 1.6b shows that every such prime is representable as
x? + Xy — y2.

PROOF OF THEOREM 1.6a. We consider the effect of two transformations in

SL(2, Z), one via (? 7(;) and the other via ( (1) '1’) Under these, the matrix

associated to (a, b, ¢) becomes

(o) 2) ()= =)
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and 1 0\(2a b I n\ 2a 2an +b
n 1 b 2c 0 1) \2an+b 2an*+2bn+2c)’

respectively. Thus the transformations are

(a,b,c) —> (c, —b,a), ()
(a,b,c) —> (a,2an + b, ). (%)

Possibly applying () allows us to make |a| < |c| while leaving |b| alone. Since
a # 0, we can apply (xx) with n the closest integer to —% to make |b| < |a|.
This step possibly changes c. Thus after this step, we again apply () if necessary
to make |a| < |c|, and we apply (*x*) again. In each pair of steps, we may assume
that || strictly decreases or else that n = 0. We cannot always be in the former
case, since |b| is bounded below by 0. Thus at some point we obtain n = 0. At
this point, ¢ does not change, and thus we have |b| < |a| < |c|, as required.
The inequalities |b| < |a| < |c| imply that

4lac| = |D — b*| < |D| + |b]* < |D| + lac|,

and hence 3|ac| < |D|. Since neither a nor c is 0, it follows that the inequalities
|b| < |la| < |c| imply that |a|, |b|, |c| are all bounded by |D|. Therefore the
Dirichlet class number 4 (D) is finite. ]

PROOF OF NECESSITY IN THEOREM 1.6b. Suppose x and y are integers with
GCD(x, y) = 1 and ax? + bxy + cy? = p. Then ax? + bxy + cy?> = 0 mod p.
Choose 1 and v with ux 4+ vy = 1. Routine computation shows that

4(ax2+bxy + cyz)(av2 — buv + cu?)
= [u(xb + 2yc) — v(2xa + yb)]* — (b* — dac)(xu + yv)*
= [u(xb + 2yc) — v(2xa + yb)]* — (b* — 4ac),

and hence
0=lulxb+2yc) —v(2xa + yb)]2 — (b* — 4ac) mod p.
Consequently D = [u(xb +2yc) — v(2xa + yb)]> mod p, and D is exhibited as

a square modulo p. O

PROOF OF SUFFICIENCY IN THEOREM 1.6b. Choose an integer solution b of
b*> = D mod p. Since b + p is another solution and has the opposite parity,
we may assume that » and D have the same parity. Then 5> = D mod p and
b*> = D mod 4, so that b> = D mod 4p. Since GCD(D, p) = 1, p does not
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divide b, and the forms ( p, b, [’24;17) are primitive. They have discriminant
P
2
b2 — 4p —b4;D = D, they take the value p for (x,y) = (1,0), and they are

improperly equivalent via ( (1) _(1) ) . Thus the forms in the statement of the theorem

exist.
For the uniqueness suppose that a form (a, b, ¢) of discriminant D represents
p,say with axg +bxoyo + cyg = p. Since this representation has to be primitive,

we know that GCD(xo, yo) = 1. Put (i) - (

X0

y0>, and choose integers B

and § such that 6 — By = 1. Then (j ’Z ) has determinant 1 and satisfies

(;“/ ’;) (é) = (;Cz) The equality axg + bxoyo + cyg = 3(xo Yo) (2; 2”6> (fg)
therefore yields

etz )(E D D)

Consequently the form (a’, b', ¢’) associated to the matrix (Z Z > (2; 2bc> (;‘ 'Z )

takes on the value p at (x, y) = (1, 0) and is properly equivalent to (a, b, ¢). In
particular, it is a form (p, &', ¢’) for some b’ and ¢’ such that »'> — 4pc’ = D.
Thus in the proof of uniqueness, we may assume that we have two forms
(p,b', ¢ and (p,b", ¢") of discriminant D. Then b"?> = D = b'> mod 4p. The
conditions »”?> = b’> mod p and b"? = b'> mod 4 imply that b” = 45’ mod p
and »” = b’ mod 2 for one of the choices of sign. Thus b’ = 4+’ mod 2p for
that choice of sign. Let us write ¥” = £b’ + 2np for some integer n. The matrix

equality
1 0 2p &b 1 n\ _ 2p 2pn £ b
n 1 +b 2 0 1) \2pnxd 2(%)

shows that (p, £b', ¢’) is properly equivalent to (p, b”, *). Since the discriminant
has to be D, we conclude that x = ¢”. Thatis, (p, b”, ¢”) is properly equivalent to
(p, £b’, ") for that same choice of sign. Since (p, b’, ¢’) is improperly equivalent
to (p, —b’, ¢’), the proof of the theorem is complete. O

Our discussion of representability of primes p by binary quadratic forms
of discriminant D when GCD(D, p) = 1 will be complete once we have a
set of representatives of proper equivalence classes with no redundancy. For
discriminant D < 0, this step is not difficult and amounts, according to Theorem
1.6a, to sorting out proper equivalences among forms (a, b, ¢) with b> —4ac = D
and |b| < |a| < |c|. Let us call a form with D < 0 reduced when it satisfies
these conditions.
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There are two redundancies that are easy to spot, namely

(a, b, a) is properly equivalent to (a, —b, a) via ( (1)(1)) ,
1)-

The result for D < 0 is that there are no other redundancies among reduced
forms.

(a, a, c) is properly equivalent to (a, —a, c) via ((1)

Proposition 1.7. Fix a negative discriminant D. With the exception of the
proper equivalences of

(a,b,a) to (a,—b,a)

and (a,a,c) to (a,—a,c),

no two distinct reduced positive definite forms of discriminant D are properly
equivalent.

PROOF. Suppose that (a, b, ¢) is properly equivalent to (a’, ', ¢’), that both

are reduced, and that a > a’ > 0. For some (;’f ’:) in SL(2, Z), we have

a' = aa’® + bay + cy?. Hence the inequalities ¢ > a and |b| > —a imply that
2 2 2, .2 2,2
a>ax”+bay+cy” = a(a’+y°)+bay > a(@ +y°)—alay| = alay]|, (x)

and ay equals 0 or =1. Thus the ordered pair (¢, y) is one of (0, £1), (&1, 0),

(£1,1), (+1, —1). Multiplying (‘; ’§> if necessary by <7(1) 7?) which acts
trivially on quadratic forms, we may assume that (¢, y) is one of (0, 1), (1,0),
(1, &£1). We treat these three cases separately.

Case l. («, y) = (0, 1). The condition «§ — By = 1 forces By = —1,and the
formula b’ = 2aaB + bad + bBy + 2cyd gives (@', b, ') = (¢, —b + 2¢8, *).
Since || < c and |b — 2¢8| < ¢, we must have |6] < 1. If § = 0, we are
led to (@', b, ¢’) = (c, —b, a), which is reduced only if ¢ = a, and this is the
first of the two allowable exceptions. If |§| = 1, the triangle inequality gives
2¢ = |2¢8| < |b| 4+ |2¢8 — b| < ¢ + ¢ = 2¢, and therefore |b| = ¢ = |b — 2¢4|.
Then b = —(b — 2¢§),and b = ¢§ = =£c. Since |b| < a < ¢, b = +a also.
Hence (a’,b', ¢’) = (a, —b, a), and this is again the first of the two allowable
exceptions.

Case 2. (o, y) = (1,0). The condition «d — By = 1 forces «é = 1, and thus
(d,b',c) = (a,b+ 2aB, *). Since |b| < a and |b + 2aB| < a, we must have
|B] < 1. If B = 0, then (a’, b’, ¢') = (a, b, ¢), and there is nothing to prove.
If |B] = 1, the triangle inequality gives 2a = |2aB| < | — b| + |2aB + b|, and
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therefore || = a = |b + 2Ba|. Then b = —(b 4 2Ba), and we conclude that
b = —af = +a and b 4+ 2Ba = Fa. Hence the proper equivalence in question
is of (a, a, c) to (a, —a, c), which is the second of the two allowable exceptions.

Case 3. (a,y) = (1,£1). From (*) and the assumption that a > a’, we
have a > a’ > alay| = a. Thus a = a’, and the definition of @’ shows that
a =a+ by +c. Hence c = —by, and ¢ = |b|. Since |b| < a < ¢, we obtain
—by = a = c. The formula b’ = 2aaf + bad + bBy + 2cy$ then simplifies to
b’ =2aB 4+ bs +bBy +2ay8 = 2a+by)(B+ yS). Fromas — By =1, we
have § — By = 1 and thus also y§ = y + 8. Therefore 8 + y6 = 28 + y, and
this cannot be 0. So |b'| > |2a + by| = |2a —a| = a = a’. Since (@', ', ¢')

is reduced, |b'| = a’ = a = ¢ = |b|, and the proper equivalence is of (a, a, a)
to (a, —a, a). This is an instance of both allowable exceptions, and the proof is
complete. O

EXAMPLES, CONTINUED.

(2) D = —20. We saw earlier that the reduced positive definite forms with
D = —20 are x> + 5y? and 2x? & 2xy + 3y?%,ie., (1,0, 5) and (2, £2, 3). The
remarks preceding Proposition 1.7 show that (2, 2, 3) is properly equivalent to
(2, —2, 3), and the proposition shows that (1, 0, 5) is not properly equivalent to
(2,2, 3). (We saw this latter conclusion for this example earlier by considering
residues.) Consequently 4 (—20) = 2.

(3) D = —56. We saw earlier that the reduced positive definite forms with
D = -56 arex2+14y2,2x2+7y2,and 3x2:l:2xy+5y2,i.e., (1,0,14),(2,0,7),
(3,2,5),and (3, —2, 5). Proposition 1.7 shows that no two of these four forms
are properly equivalent. Consequently #(—56) = 4.

Let us turn our attention to D > 0. We still have the proper equivalences
of (a,b,a) to (a,—b,a) and (a, a, c) to (a, —a, c) as in the remarks before
Proposition 1.7. But there can be others, and the question is subtle. Here are
some simple examples.

EXAMPLES WITH POSITIVE DISCRIMINANT.

(1) D = 5. The forms with D = 5 satisfying the inequalities |b| < |a| < |c| of
Theorem 1.6aare (1, =1, —1) and (—1, 1, 1). The second standard equivalence
allows us to discard one form from each pair, and we are left with (1, 1, —1) and

(—1,—1,1). The first of these two is equivalent to the second via (Z ? ) =

< _(1) (1)) . Thus i#(5) = 1, as was announced without proof in Example 4 earlier in
this section.

(2) D = 13. The forms with D = 13 satisfying the inequalities |b| < |a| <
|c| of Theorem 1.6a are (1,41, —3) and (—1, £1,3). The second standard
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equivalence allows us to discard one form from each pair, and we are left with
(1,1, =3) and (—1, —1, 3). The first of these two is equivalent to the second via

(25)=(12) Thushaz =1.

y 8
(3) D = 21. The forms with D = 21 satisfying the inequalities |b| < |a| <
|c| of Theorem 1.6a are (1,41, —5) and (—1, *1,5). The second standard
equivalence allows us to discard one form from each pair, and we are left with
(1,1, =5) and (—1, —1, 5). These are not properly equivalent. In fact, the form
—x? —xy +5y%is —1 for (x, y) = (1,0), but x> + xy — 5y> = —1 is not even
solvable modulo 3. Thus A£(21) = 2.

Although the starting data for these three examples are similar, the outcomes
are strikingly different. The idea for what to do involves starting afresh with the
reduction question that was addressed in Theorem 1.6a. For discriminant D > 0,
a different reduction is to be used. The reduction in question appears in Theorem
1.8a below, but some preliminary remarks are needed to explain the proof.

Two forms (a, b, ¢) and (a’, b', ¢’) of discriminant D > 0 will be said to be
neighbors if ¢ = @’ and b + b’ = 0 mod 2¢. More precisely we say in this
case that (a’, b’, ¢’) is a neighbor on the right of (a, b, ¢) and that (a, b, ¢) is
a neighbor on the left of (a’, %', ¢’). A key observation is that neighbors are
properly equivalent to one another. In fact, if (a’, &', ¢’) is a neighbor on the right

apB) __ (0 -1
of (a, b, ¢), define (y 5) = (1 (b+b))20)

@ y\(2a b a B\ _ (2 v’
B & b 2c)\y 8) v G-t

The lower right entry of this matrix is an even integer, since b + »" = 0 mod 2¢
and since, as a consequence, b + b = 0 mod 2. Hence (a, b, ¢) is transformed
into (c, b, ¢), where ¢’ = %(b -b) l%f/.

Let us call a primitive form (a, b, ¢) of discriminant D > 0 reduced when it

satisfies the conditions

O<b<+~D and ~D-—b<2la|<~D+b.

). Then computation gives

The first inequality shows that b is bounded if D is fixed, and the equality
—4ac = D? — b? shows that there are only finitely many possibilities for a
and c. Consequently there are only finitely many reduced forms for given D.

From |b| < /D, wesee thatb> < D = b>—4acandac < 0; thus any reduced
form has a and ¢ of opposite sign. Then D — b?> = —4ac = (2]a|)(2|c|), and it
follows that 2|a| > v/D — b implies 2|c| < VD + b and that 2|a| < VD + b
implies 2|c| < +/D — b. Consequently

VD —b <2|c| <D +b.
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Theorem 1.8. Fix a positive nonsquare discriminant D.

(a) Each form of discriminant D is properly equivalent to some reduced form
of discriminant D.

(b) Each reduced form of discriminant D is a neighbor on the left of one and
only one reduced form of discriminant D and is a neighbor on the right of one
and only one reduced form of discriminant D.

(c) The reduced forms of discriminant D occur in uniquely determined cycles,
each one of even length, such that each member of a cycle is an iterated neighbor
on the right to all members of the cycle and consequently is properly equivalent
to all other members of the cycle.

(d) Two reduced forms of discriminant D are properly equivalent if and only
if they lie in the same cycle in the sense of (c).

REMARKS. Conclusion (d) is the deepest part of the theorem, involving a subtle
argument that in essence uses the periodic continued-fraction expansion of the
roots z of the polynomial az’> + bz + cif (a, b, ¢) is a form under consideration.
We shall prove (a) through (c), omitting the proof of (d), and then we shall return
to the three examples D = 5, 13, 29 begun just above.

PROOF OF THEOREM 1.8a. If (a, b, ¢) is given and is not reduced, let m be the
unique integer such that

= 2lc] < —=b+2cm < VD, (%)
and define (a/, ¥, ¢’) = (¢, —b + 2cm, a — bm + ¢cm?). Then
b? —4d'c’ = (—b +2cm)* — 4c(a — bm + cm?)
= b* — dbcm + 4c*m? — 4ac + 4bem — 4¢*m® = b* — dac = D,
and we observe that @’ = ¢ and that b + b’ = 2¢cm = 0 mod 2¢. Consequently
(@', b, ) is aform of discriminant D and is a right neighbor to (a, b, ¢). By the
remarks before the theorem, (a, b, ¢) is properly equivalent to (a’, b’, ¢’).

We repeat this process at least once, obtaining (a”, b”, ¢”). If |a"| < |d’|, we
repeat it again, obtaining (a”’, b, ¢""), and we continue in this way. Eventually
the strict decrease of the magnitude of the first entry must stop. To keep the
notation simple, we may assume without loss of generality that |a”| > |a’|. The
claim is that (a’, ', ¢’) is then reduced.

Putu = /D —b' andv = b’ — (+/D — 2|a’|). The inequalities () show that
u > 0and v > 0. Therefore

0< v2+2uv—|—2u«/5=(u—l—v)2—u2+2u«/5
= 44> — (D —2b'ND + b'*) +2D — 26'D
=4a* + D —b?* =4d"? — 4d'c.
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Since |¢/| = |a”| > |a'|, this inequality shows that a’c’ < 0. Therefore b'> =
D +4a'c’ < D,and |b'| < ~/D.
From a’'c’ < 0 and |a/| < |¢/|, we see that 4|a’|?> < 4|d'¢| = —4d'c’ =

D — b'? < D. Therefore 2|a’| < +/D. The inequality /D — 2|c| < b’ implies
that /D — b’ < 2|c| = 2|a’|. The right side has just been shown to be < +/D,
and therefore b’ > 0. Hence /D — b’ < 2la’| < VD <D+Vb. O

PROOF OF THEOREM 1.8b. Suppose that (a, b, ¢) is reduced and that (a’, b’, ¢’)
is a reduced neighbor on the right of (a, b, ¢). Then we must have ¢’ = ¢ and
b+b =0mod2c. Since D — b’ < 2|a’| and b’ < /D, we have /D —2|d/| <
b < +/D. Thatis, VD —2|c| < b’ < +/D. These inequalities in combination
with the congruence b + b’ = 0 mod 2¢ show that (a, b, ¢) uniquely determines
b'. Since (@', b', ¢) is to have discriminant D, ¢’ is uniquely determined also.

We turn this construction around to prove existence of a right neighbor. Define
(a’, b, ¢’) in terms of (a, b, c) as in the proof of Theorem 1.8a. Thena’ = ¢, and
b’ is the unique integer such that b + " = 0 mod 2¢ and

VD =2|c| < b < /D.

The form (a’, b’, ¢’) is a right neighbor of (a, b, ¢), and we are to show that
(@, b, ) is reduced.

Since (a, b, ¢) is reduced, we have VD —b < 2|c| < VD +bandb < /D.
Let m be the integer such that b + " = 2m|c|. Addition of the inequalities
b — (VD —2lc]) > 0and v/D + b — 2|c| > 0 gives 2m|c| = b + b > 0,
and thus m > 0. Hence m — 1 > 0. Addition of the inequalities /D — b > 0
and b’ — (VD —2|c|) > 0 gives 0 < &' —b +2|c| =20 — (b +b') +2|c| =
2b' — 2(m — 1)|c|. Hence 2b" > 2(m — 1)|c|] = 0, and we see that b > 0.
Therefore 0 < b’ < v/D.

The definition of b’ gives v/D —b' < 2|c| = 2|a’|. Addition of the inequalities
2(m — Dc| = 0and /D — b > 0 gives b + b’ — 2|c| + /D — b > 0, which
says that 2|a’| < ~/D + b'. Therefore (a’, b/, ¢') is reduced.

Let R be the operation of passing from a reduced form (a, b, c) to its unique
reduced right neighbor (a’, b, ¢’). What we have just shown implies that R acts
as a permutation of the finite set of reduced forms of discriminant D. This set
being finite, let n be the order of R. Then the set {R¥ | 0 <k <n —1}isa
cyclic group of permutations of the set of reduced forms of discriminant D. The
existence of a two-sided inverse of R as a permutation implies that each reduced
form of discriminant D has exactly one left neighbor. Thus the existence and
uniqueness of neighbors on one side for reduced forms, in the presence of the
finiteness of the set, implies existence and uniqueness on the other side. |
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PROOF OF THEOREM 1.8c. We continue with R as the operation of passing from
a reduced form to its unique reduced right neighbor, letting {R* |0 <k < n —1})
be the finite cyclic group of powers of R. This group acts on the set of reduced
forms of discriminant D, and the cycles in question are the orbits under this action.
To see that each orbit has an even number of members, we recall that a reduced
form (a, b, ¢) has a and c of opposite sign. Thus if, for example, a is positive,
then R!(a, b, c) = (a’, b, ¢’) has (—1)'a’ positive. If the orbit of (a, b, ¢) has
k members, then R¥(a, b, ¢) = (a, b, ¢). Consequently (—1)a has to have the
same sign as a, and k has to be even. Finally the members of each orbit are
properly equivalent to one another because, as we observed before the statement
of the theorem, a form is properly equivalent to each of its neighbors. 0

EXAMPLES WITH POSITIVE DISCRIMINANT, CONTINUED.

(1) D = 5. The forms with D = 5 satisfying the inequalities of Theorem
1.8a are (1,1, —1) and (—1, 1, 1), and these consequently represent all proper
equivalence classes. They form a single cycle and are properly equivalent by
Theorem 1.8c. Thus again we obtain the easy conclusion that #(5) = 1.

(2) D = 13. The forms with D = 13 satisfying the inequalities of Theorem
1.8aare (1, 3, —1) and (—1, 3, 1), which make up asingle cycle. Thus 2(13) = 1.

(3) D = 21. The forms with D = 21 satisfying the inequalities of Theorem
1.8aare (1, 3, —2) and (-2, 3, 1), which make up one cycle, and (—1, 3, 2) and
(2,3, —1), which make up another cycle. Thus 2(21) = 2.

4. Composition of Forms, Class Group

The identity (x12 + ylz)(xg + yzz) = (x1x2— 1 y2)2 4+ (x1y2 +x2) )2, which can be
derived by factoring the left side in Q(+/—1)[x1, y1, X2, y»] and rearranging the
factors, readily generalizes to an identity involving any form x> + bxy + cy? of
nonsquare discriminant D = b*> — 4c. We complete the square, writing the form
as (x — %by)2 — }‘yzD and factoring it as (x — %by—l— %y«/ﬁ)(x — %by — %y\/ﬁ),
and we obtain

(e + bxyy 4 eyD) (x5 + bxays + ¢y3)
= (x1X2 — ey1y2)? + b(x1x2 — ey1y2) (X1y2 + X2y1 + by1y2)
+ c(x1y2 + X231 + by1y2)*.

Improving on an earlier attempt by Legendre, Gauss made a thorough inves-
tigation of how one might multiply two distinct forms of the same nonsquare
discriminant, not necessarily with first coefficient 1, and Dirichlet reworked the
theory and simplified it. Out of this work comes the following composition
formula, of which the above formula is manifestly a special case.
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Proposition 1.9. Let (a, b, ¢;) and (az, b, ¢;) be two primitive forms with the
same middle coefficient b and with the same nonsquare discriminant D, hence
with ajc; = apcy # 0. Suppose that j = claz_1 = czal_l is an integer. Then the
form (aja, b, j) is primitive of discriminant D, and it has the property that

(a1x] + bx1y1 + cyD)(@axs + bxays + cy3)
= ajax(x1x2 — jy1y2)> + b(x1x2 — jy1y2)(@ix1y2 + azxay1 + by1y2)
+ jarx1y2 + azxay1 + by y2)*.

REMARKS. Consequently if an integer m is represented by the form (ay, b, ¢1)
and an integer 7 is represented by the form (as, b, ¢3), then mn is represented by
the form (a;a;, b, j). For example we saw in an example with D = —20 imme-
diately following the statement of Theorem 1.6 that any prime that is congruent to
3 or 7 modulo 20 is representable as 2x? +2xy +3y2. If we have two such primes
p and ¢q, then p is representable by (2, 2, 3) and ¢ is representable by (3, 2, 2).
The proposition is applicable with j = 1 and shows that pqg is representable by

;’f ’Z) = <_i ?) changes this form to the

properly equivalent form (5, 0, 1). Thus pgq is representable as x? + 5y2.

(6,2, 1). In turn, substitution using (

PROOF. The form (aja, b, j) is primitive because any prime that divides
GCD(ajay, b, j) has to divide either GCD(ay, b, j) or GCD(ay, b, j) and then
certainly has to divide GCD(ay, b, c¢;) or GCD(ay, b, ¢;). No such prime ex-
ists, and hence (ajay, b, j) is primitive. The discriminant of (ajas, b, j) is
b*> —4jajay = D + daic, — 4jajay = D + 4aic; — 4(c1a2_1)a1a2 =D,
as asserted, and the verification of the displayed identity is a routine computation.

O

Let us say that two primitive forms (ay, b, ¢;) and (az, by, ¢3) of the same
nonsquare discriminant are aligned if b; = b, and if j = cja; I = ca; is an
integer. In the presence of equal nonsquare discriminants D and the equal middle
entries b, the rational number j is automatically an integer if GCD(ay, a;) = 1.
In fact, the equality D — b? = —4a,cy = —4ayc, shows that D — b? is divisible
by 4a; and by 4a,; since GCD(a;,a;) = 1,D — b? is divisible by 4aa;, and the
quotient — j is an integer.

The idea is that each pair of classes of properly equivalent primitive forms
of discriminant D has a pair of aligned representatives, and a multiplication of
proper equivalence classes is well defined if the product is defined as the class of
the composition of these aligned representatives in the sense of Proposition 1.9.
This multiplication for proper equivalence classes will make the set of classes
into a finite abelian group. This group will be defined as the “form class group”
for the discriminant D, except that we use only the positive definite classes in the
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case that D < 0. Before phrasing these statements as a theorem, we make some
remarks and then state and prove two lemmas.

Let (a, b, ¢) be a form of nonsquare discriminant D, and let b’ be an integer
with &' = b mod 2a. In this case the number ¢’ = (b’> — D)/(4a) is an integer;
in fact, we certainly have the congruences »'> = b?> mod 2a and b'> = b> mod 4,
and thus we obtain the automatic’ consequence > = b> mod 4a, the rewritten
congruence b'> = D + 4ac mod 4a, and the desired result 5> — D = 0 mod 4a.
Hence (a, b’, ¢’) is another form of discriminant D. We call (a, b, ¢’) a translate
of (a, b, ¢). The key observation about translates is that the translate (a, b’, ¢’) is
properly equivalent to (a, b, ¢). This fact follows from the computation

1 0 2a b 1 1Y) _ 2a b+ 2al _(2a b
I 1 b 2¢)J\0 1) \b+2al 2@P+bl+c)) \b 2)
valid for any integer /.

Lemma 1.10. If (a, b, ¢) is a primitive form of nonsquare discriminant and if
m # 0 is an integer, then (a, b, c¢) primitively represents some integer relatively
prime to m.

PROOF. Let

wo = product of all primes dividing a, ¢, and m,
xo = product of all primes dividing a and m but not c,

yo = product of all primes dividing m but not a.

Referring to the definitions, we see that any prime dividing m divides exactly
one of wy, Xxg, and yg. In particular, GCD(xp, yo) = 1. We shall show that
GCD(m, ax3 + bxoyo + cy3) = 1, and the proof will be complete. Arguing by
contradiction, suppose that a prime p divides GCD(m, ax +bxoyo+cy?). There
are three cases for p, as follows.

Case 1. If p divides xg, then the fact that p divides axg + bxoyy + (:yo2 implies
that p divides cyg. Since p does not divide yg, p divides c, in contradiction to
the definition of xg.

Case 2. If p divides yy, then similarly p divides axg. Since p does not divide
Xo, p divides a, in contradiction to the definition of yg.

Case 3. If p divides wyg, then the fact that p divides a and c implies that p
divides bxgyp. Since p divides neither xy nor yy, p divides b, in contradiction to
the fact that (a, b, ¢) is primitive. O

7The argument being used here—that a congruence modulo 2a implies the congruence of the
squares modulo 4a — will be used again later in this section without detailed comment.
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Lemma 1.11. Suppose that (a;, b, c¢;) and (a, b, c;) are properly equivalent
forms of nonsquare discriminant. If / is an integer such that GCD(a;, az,[) = 1
and such that [ divides GCD(cy, ¢3), then (la;, b, '¢;) and (lap, b, 1" '¢,) are
properly equivalent forms.

REMARK. Even if (a1, b, c1) and (ay, b, ¢;) are primitive, it does not follow
that (lay, b, 1" '¢;) and (lay, b, 1" '¢,) are primitive. In fact, one need only take
I =2and (a1, b, c1) = (az, b, c0) = (1, 2,4).

PROOF. Since (ay, b, c1) and (ay, b, c;) are properly equivalent, there exists

(j ’: ) with
oy 2a; b a B\ _ (2a b
,3 1) b 2C1 Y 1) o b 262 ’

—1
We multiply both sides on the right by (;f g ) , and the result is the system of
four scalar equations

2a1a¢ + by = 2a6 — by,
2a18 + bé = bs — 2¢yy,
ba +2c1y = 22 + ba,
bB 4+ 2¢186 = —bB + 2c;0.

The second and third equations simplify to a1 8 + ¢,y = 0 and ax8 + c1y = 0.
Since [ divides c; and ¢, these two simplified equations show that / divides a; 8

and @y 8. Since GCD(ay, ay, ) = 1, it follows that [ divides S.
al7'B

Therefore the matrix ( Iy s

) of determinant 1 has integer entries. Direct
computation shows that

a ly 2la; b o 7B (2a b
I='p 6 b 27 '¢ ly 8 “\ b 2)

Consequently the forms (lay, b, [ e and (lay, b, 17 ¢,) are properly equivalent.
O

Theorem 1.12. Let D be a nonsquare discriminant, and let C; and C, be proper
equivalence classes of primitive forms of discriminant D.

(a) There exist aligned forms (ay, b, ¢;) € C; and (az, b, c3) € C;, and these
may be chosen in such a way that a; and a; are relatively prime to each other and
to any integer m # 0 given in advance.
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(b) If the product of C; and C, is defined to be the proper equivalence class
of the composition of any aligned representatives of C; and C,, as for example
the ones in (a), then the resulting product operation is well defined on proper
equivalence classes of primitive forms of discriminant D.

(c) Under the product operation in (b), the set of proper equivalence classes
of primitive forms of discriminant D is a finite abelian group. The identity is the
class of (1,0, —D/4) if D = 0 mod 4 and is the class of (1, 1, —(D — 1)/4) if
D = 1 mod 4. The group inverse of the class of (a, b, c) is the class of (a, —b, c).

REMARK. When D < 0, the proper equivalence classes of positive definite
forms are a subgroup. In fact, if (a;, b, c;) and (a3, b, c;) are positive definite
and are aligned, then a; and a, are positive, and therefore their composition
(a1a2, b, j) has aja, positive and is positive definite. As was indicated in the
discussion before Lemma 1.10, the form class group for discriminant D is defined
to be the group in (c) if D > 0, and it is defined to be the subgroup of classes of
positive definite forms if D < 0.

PROOF OF THEOREM 1.12a. By two applications of Lemma 1.10,C; primitively
represents some integer a; prime to m, and C, primitively represents some integer
ap prime to aym. Arguing as in the last part of the proof of Theorem 1.6b, we may
assume without loss of generality that (x, y) = (1, 0) yields these values in each
case. Then C; contains a form (ay, by, *) for some by, and C, contains a form
(ay, by, *) for some b,. By the remarks before Lemma 1.10, C; contains every
translate (ay, b1 + 2a1l;, *), and C, contains every translate (az, by + 2asls, *).

Let us make specific choices of /; and /,. We know that by = D = b, mod 2,
so that b, — b; is even. The construction of a; and a, was arranged to make
GCD(ay, a») = 1, and therefore GCD(2a,, 2a;) = 2. Since b, — by is even,
we can choose [ and [, such that 2a;l; — 2a3l, = b, — by. Then by + 2a,l; =
b, + 2a»l,, and we take the common value as b.

For this b, C; contains the form (ay, b, %), and C, contains the form (a,, b, *).
Since we have arranged that GCD(a;, ap) = 1, the remark immediately following
the definition of “aligned” shows that these forms are aligned. O

PROOF OF THEOREM 1.12b. Suppose that
(a}, b, %) is properly equivalent to (af, b”, %),
(a5, b', %) is properly equivalent to (a3, b”, %),
with the vertical pairs aligned. We are to show that

(ajas, b, %) is properly equivalent to  (ajay, b”, x). (%)

Theorem 1.12a applied to the integer m = ajajaa) gives us an aligned pair of

forms (ay, b, *) and (ay, b, *) in the respective proper equivalence classes such
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that GCD(ay, ay) = 1 and GCD(aja,, m) = 1. If we can show that

(ajas, b', %) is properly equivalent to  (ajaz, b, *),

(sk)
then we will have symmetrically that

(ajay,b”, *)

is properly equivalent to  (ajay, b, %),

and (x) will follow from this fact and () by transitivity of proper equivalence.
We can now argue as in the proof of Theorem 1.12a. We know thatb = D =

b’ mod 2, so that b’ — b is even. The construction of a; and a, was arranged

to make GCD(a;a,, aja,) = 1, and therefore GCD(2a,a,, 2aja,) = 2. Since

by — by is even, we can choose [ and I” such that 2a;a,! — 2ajajl’ = b’ — b. Then

b+ 2a1a;l = b’ 4 2aja)l’, and we take the common value as B. This B has

B =bmod2aja, and B =)' mod 2ad|a,.
Thus ) .
(ai, b, *) is properly equivalentto (aj, B, *),
(az, b, x) 1is properly equivalent to (a3, B, *), )
(a1az, b, x) is properly equivalent to (aja, B, %),
and similarly
(aj, b, %) is properly equivalent to  (a}, B, %),
(a5, b', %) is properly equivalent to (), B, %), ()

(ajas, b', %)

is properly equivalent to

(ajas, B, ).

By construction of b, (a1, b, %) is properly equivalent to (aj, b’, *). This equiv-
alence, in combination with the first line of (1) and the first line of (1), shows
that

(a1, B, *) is properly equivalent to

(ay, B, %). (€3

Let us check that Lemma 1.11 is applicable to the two properly equivalent
forms of (}) and to the integer / = a}. In fact, GCD(ay, az,!) = 1 follows
from GCD(ajaz, ajay) = 1, and the problem is to show that I = a} divides
(D — B?)/(4a)) and (D — B?)/(4d)). To see this divisibility, we observe that
D — b’ is divisible by 4aa), because (a}, b', ) and (a}, b', ¥) are given as
aligned; the congruence b’ = B mod 2a}a) implies that b'> = B? mod 4a|a),
and addition gives D — B?> = 0 mod 4aja,. Meanwhile, D — B? is divisible
by 4a, because the third member of (a;, B, *) is an integer. Since D — B2 is
divisible also by 4aja) and since GCD(a;, ajay) = 1, D — B? is divisible by
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4aiddy. Therefore (D — B?)/(4a;) and (D — B?)/(4a)) are divisible by a}, and
Lemma 1.11 is indeed applicable.
The application of Lemma 1.11 to (f) with / = a} shows that

(aras, B, *) is properly equivalent to (ajas, B, ).

Similarly (az, B, ) is properly equivalent to (a3, B, %), and an application of
Lemma 1.11 to this equivalence with [ = a; shows that

(a1az, B, %) is properly equivalent to (alaé, B, x).
The two results together show that
(araz, B, %) is properly equivalent to (ajaj, B, ).

Combining this equivalence with the third line of (1) and the third line of (§7),
we obtain (*x), and the proof of (b) is complete. O

PROOF OF THEOREM 1.12c¢. The set of proper equivalence classes is finite by
Theorem 1.6a, and commutativity of multiplication is clear. Define § to be O if
D =0mod 4 and to be 1 if D = 1 mod 4. Let us see that the class of (1, §, %)
is the identity. If (a, b, ¢) has discriminant D, then b = § mod 2, and hence
1,b,%) = (1,6 +2-1- %(b — §)) is a translate of (1,4, x). Consequently
(1, b, %) and (1, 8, *) are properly equivalent. Since Proposition 1.9 shows that
the composition of (a, b, ¢) and (1, b, *) is (a, b, *), Theorem 1.12b allows us to
conclude that the class of (1, §, ) is the identity.

For inverses Theorem 1.12b shows that the product of the classes of (a, b, ¢)
and (a, —b, c) is the product of the classes of (a, b, ¢) and (c, b, a), which is
the class of the composition (a, b, ¢)(c, b, a). Proposition 1.9 shows that this
composition is (ac, b, 1). Since (ac, b, 1) is properly equivalent to (1, —b, ac)
and since the latter is properly equivalent to (1, §, %), the class of the composition
(a, b, c)(c, b, a) is the identity.

To complete the proof, we need to verify associativity. Let C;, C;, and C3
be three proper equivalence classes of primitive forms of discriminant D. Let
(ay, by, c1) be a form in the class C;. Lemma 1.10 shows that C, represents an
integer a; prime to a; , and then it follows that the form (ay, b, ¢;) is in C; for some
integers b, and ¢;. A second application of Lemma 1.10 shows that C3 represents
an integer a3 prime to a;a, , and then it follows that the form (a3, b3, ¢3) is in Cs for
some integers b3 and c3. The middle components have b = b, = b3 = 6 mod 2,
and thus %(bj — §) is an integer for j = 1,2, 3. Since ay, a;, a3 are relatively
prime in pairs, the Chinese Remainder Theorem shows that the congruences
X = %(bj — &) mod a; have a common integer solution x for j = 1, 2, 3. Define
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b = 2x + 6. Then b is a solution of b = b; mod 2a; for j = 1,2,3. Write
b = b; + 2a;n; for suitable integers n;. Then (a;, b, *) = (a;, b; + 2a;jn;, *)
is a translate of (a;, b, c;) and consequently is properly equivalent to it. Thus
(aj, b, %) liesinC;. Taking into account Theorem 1.12b and using Proposition 1.9,
we see that C; (C,C3) and (C;C;)C5 are both represented by the form (a;asas, b, *)
and hence are equal. |

5. Genera

The theory of genera lumps proper equivalence classes of forms of a given dis-
criminant according to their values in some way. There are at least two possible
definitions of “genus,” and it is a deep result that they lead to the same thing
in all cases of interest. By way of background, we saw in Sections 2 and 3 for
discriminant D = —56 that the number of proper equivalence classes of binary
quadratic forms is exactly 4, representatives being x> + 14y2, 2x2 + 7y?, and
3x%242xy+5y2. The last two are improperly equivalent and take the same values
at integer points (x, y), and there are no other improper equivalences. Thus the
first two take on a disjoint set of prime values from the values of 3x% & 2xy + 5y?
for integer points (x, y), and the sets of prime values taken on by x? 4 14y? and
2x% + 7y? at integer points are disjoint from one another.

Two possible lumpings of proper equivalence classes arise for this discriminant.
One is to identify forms when their values modulo 56 include the same residues
prime to 56. It is just a finite computation to see that

x*+ 14y2 and 2x° + 7y2 take on the residues 1,9, 15, 23, 25, 39,
3x2+2xy+5y*  take ontheresidues 3,5, 13, 19, 27, 45.

Thus the first kind of lumping treats x> 4 14y? and 2x? + 7y? together because
of the residues they take on, and it treats 3x> 4+ 2xy + 5y? and 3x? — 2xy + 5y
together. Gauss proceeded by using this kind of lumping to define “genus.”

The other lumping is to identify integer forms that take on the same rational
values at rational points. Here 2x2 4+ 7y? =1 for (x,y) = (%, %), and of course
x% 4+ 14y?> = 1 for (x,y) = (1,0). Hence the sets of values of x> + 14y
and 2x2 + 7y? for x and y rational have a nonzero value in common. Lemma
1.13 below implies that the sets of rational values taken on by the two forms are
identical. The second kind of lumping treats x> + 14y? and 2x2 + 7y? together
because they take on the same rational values. We shall use this latter kind of
lumping because, as Theorem 1.14 below shows, this is the definition that more
quickly identifies the genus group once the form class group is known.
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Problems 2540 at the end of the chapter show that the two definitions of genus
lead to the same thing for discriminants that are “fundamental” in a sense that we
define in a moment.

We have defined two forms (a, b, ¢) and (a’, b’, ¢’) with integer entries to be

“properly equivalent” if there is a matrix (;l 'z ) in SL(2, Z) with

a y\{2a b a B\ _(2a Vb
B 4 b 2c)\y §8) \ b 2J)°

We say that two forms (a, b, ¢) and (da’, b’, ¢’) with rational entries are properly
equivalent over Q if there is a matrix <‘; ? ) in SL(2, Q) such that the displayed

equality holds. For emphasis we can refer to the original notion as “proper
equivalence over Z” when it is advisable to be more specific. It is evident that if
two forms with rational entries are properly equivalent over QQ, then their sets of
values at points (x, y) in Q x Q are the same.

Lemma 1.13. If (a, b, ¢) is a form with rational coefficients and with non-
square discriminant D that takes on a nonzero value ¢ € Q for some (xo, yo)
in Q x Q, then (a, b, ¢) is properly equivalent over Q to (¢,0, —D/(4q)).
Consequently two forms over QQ of the same discriminant that take on a nonzero
value in common over QQ are properly equivalent over Q.

PROOF. Suppose that axg + bxoyo + cyg = g. Put (i) = (;2) Since xg

and yy cannot both be 0, we can choose rationals g and § such thata§ — By = 1.

Then (i ? ) has determinant 1 and satisfies (z g) ( (1)) = (;‘2 ) The equality

axg + bxoyo +eyg = 300 ¥0) (5 o) (e

o=t o(s )% ) (= D(8)

It follows that (a, b, ¢) is properly equivalent over Q to some form (g, b’, ¢’)
with b’ and ¢’ rational. Using a translation with a rational parameter, we see that
(g, b, ") is properly equivalent over Q to a form (g, 0, *). Inspection of the
discriminant shows that this last form must be (¢, 0, —D/(4q)). O

2a b xo) therefore yields

Two primitive integer forms having the same discriminant are said to be in
the same genus (plural: genera) if they are properly equivalent over Q. In view
of Lemma 1.13 the condition is that they are primitive and take on a common
nonzero value over , or equivalently that they are primitive and take on the same
set of values over Q. Thus x? + 14y? and 2x? + 7y? furnish an example of two
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forms in distinct classes that are in the same genus. Two primitive integer forms
that are in the same proper equivalence class over Z are in the same genus. The
genus of the class C will be denoted by [C]. The identity class will be denoted
by &, and P = [£] is called the principal genus. If (a, b, ¢) is an integer form
representing a class C, then Theorem 1.12¢ shows that (a, —b, c) represents C~' .
On the other hand, C and C~! take on the same values over Z, as we see by
replacing (x, y) by (x, —y), and it follows that [C] = [C™'].

For the main theorem about genera, we shall introduce an extra hypothesis on
the discriminant D. A nonsquare integer D will be said to be a fundamental
discriminant if D is not divisible by the square of any odd prime and if when
D is even, D/4 is congruent to 2 or 3 modulo 4. It will be seen later that this
condition is equivalent to the requirement that D be the “field discriminant” of
some quadratic number field. Examples of discriminants that are not fundamental
are D = —12, —44, —108.

With this condition imposed on D, any integer form (a, b, ¢) of discriminant D
is automatically primitive. In fact, no odd prime p can divide GCD(a, b, c), since
then p2 would divide D. If 2 were to divide GCD(a, b, c¢), then (a/2,b/2, c/2)
would be an integer form, and D /4 = (b/2)?> — 4(a/2)(c/2) would be an integer
congruent to 1 or 4 modulo 4.

Theorem 1.14. For a fundamental discriminant D, the principal genus P of
primitive integer forms® is a subgroup of the form class group H , and the cosets
of P are the various genera. Thus the set G of genera is exactly the set of cosets
H /P and inherits a group structure from class multiplication. The subgroup P
coincides with the subgroup of squares in H, and consequently every nontrivial
element of G has order 2.

REMARKS. The group G is called the genus group of discriminant D. The
hypothesis that D is fundamental is needed only for the conclusion that every
member of P is a square in H. Since every nontrivial element of G has order
2 when D is fundamental, application of the Fundamental Theorem of Finitely
Generated Abelian Groups or use of vector-space theory over a 2-element field
shows that G is the direct sum of cyclic groups of order 2; in particular, the order
of G is a power of 2. Problems 25-29 at the end of the chapter show that the
order of G is 2%, where g + 1 is the number of distinct prime factors of D.

PROOF. Let V(C) denote the set of Q values assumed by forms in the class C
at points (x, y) in Q x Q. If § and S’ are two genera and if C is a class in S and
C'isaclassin S, we define S - S" = [CC'].

8 As usual, we exclude the negative definite classes in the discussion.
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To see that this product operation is well defined on the set G of genera, let C”
be in S" also. Then V(C') = V(C"). If g isin V(C) and ¢’ is in V(C') = V(C"),
then the prescription for multiplying classes shows that gg’ is in V(CC') and
V(CC"). Hence V(CC') = V(CC"), and [CC'] = [CC"]. Therefore multiplication
of genera is well defined. Define a function ¢ : H — G by ¢(C) = [C]. Then
the computation

9(CC) = [CCT=[CIICT = ¢(C)e(C)

shows that ¢ is a homomorphism of H onto G. The kernel of ¢ is [C] = P, which
is therefore a subgroup, and the image of ¢, which is the set G of genera with its
product operation, has to be a group.

For any class C, the equality [C] = [C™'] implies that [C?] = [C][C] =
[ClIC™'1 =[CC~'] = [£] = P. Hence P contains all squares. Conversely let C
be in P. Then C takes on the value 1 over Q. If (a, b, ¢) is a form in the class C,
then there exist rationals 7 and s with ar? + brs + c¢s> = 1. Clearing fractions,
we see that there exist integers x and y such that ax? + bxy + cy*> = n? for some
integer n % 0. Without loss of generality, we may assume that n is positive.
Since (a, b, c) is primitive, a familiar argument allows us to make a substitution
for which the value n? is taken on at (x, y) = (1,0). In other words, (a, b, c)
is properly equivalent over Z to a form (n?, b', ¢’) for suitable integers b and
¢’. The composition formula in Proposition 1.9 shows that the composition of
(n,b', ¢'n) with itself is (n?, b’, ¢’), and hence C is exhibited as the square of the
class of (n, b’, ¢'n). Since (n, b’, ¢'n) has the same discriminant D as (n?, ¥, ¢')
and therefore as (a, b, ¢) and since D is fundamental, (n, b, ¢'n) is primitive.
Therefore C is the square of a class of primitive forms. If C is positive definite,
then the above choice of the sign of n as positive makes (n, b, ¢'n) positive
definite. Hence the class of (n, b’, ¢’n) isin H. O

EXAMPLE. The discriminant D = —56 is fundamental, and we have seen that
the form class group is of order 4 with representatives x2 4 14y?,2x? 4 7y?, and
3x% 4 2xy +5y?. We have seen also that x> 4+ 14y? and 2x2 + 7y both lie in the
principal genus P. A group of order 4 must be isomorphic to the cyclic group
Cyorto Cy x C;. In the first case the subgroup of squares has order 2, and in the
second case the subgroup of squares has order 1. Since we have already found
two elements in P, P has order exactly 2. By the theorem we must be in the first
case. Hence H is of type C4, and the genus group G is of type C». It is possible to
check directly that 3x2 + 2xy + 5y has order 4 by making computations similar
to those for Problem 4d at the end of the chapter.
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6. Quadratic Number Fields and Their Units

In this section we review material about quadratic number fields that appears in
various places in Basic Algebra, and we determine the units in the ring of integers
of such a number field.

Quadratic number fields are extension fields K of Q with [K : Q] = 2. Sucha
field is necessarily of the form K = Q(4/m ), where m is a uniquely determined
square-free integer not equal to 0 or 1. The set {1, ,/m } is a vector-space basis
of K over Q.

The extension K/Q is a Galois extension, and the Galois group Gal(K /Q)
of automorphisms of K fixing Q has two elements. We denote the nontrivial
element of the Galois group by o; its values on the members of the vector-space
basis are 6 (1) = 1 and o (V/m ) = —/m.

The norm N = Nk g and trace Tr = Trg g are given by N(a) = o -0 () and
Tr(a) = o + o (). Thus N(a + by/m) = a* — mb* and Tr(a + b/m ) = 2a.
These values are members of Q. The norm is multiplicative in the sense that
N(ap) = N(@)N(B),and N(1) = 1.

The ring R of algebraic integers in K is the integral closure of Z in K . It works
out to be

VAN if m =2 or 3 mod 4,
N { ZIi(Jm—1]  ifm=1mod4
and is therefore a free abelian group of rank 2. The automorphism o carries R to
itself. The norm and trace of any member of R are in Z; conversely any member
of K whose norm and trace are in Z is in R. We define the algebraic integer § to
be given by
—Jm if m =2 or 3 mod 4,
§ = { 1 e
51— /m) if m = 1 mod 4.

Then {1, 6} is a Z basis of R. The norm and trace of § are given by

—m if m =2 or 3 mod 4,

N(S)ZS.O(CS)::%(I_,”) if m = 1 mod 4,

if m =2 or 3 mod 4,

0
@) =0+00) {1 if m = 1 mod 4.

There is a general notion of field discriminant D, or absolute discriminant,
for an algebraic number field, whose definition will be given in Chapter V. We
shall not give that definition in general now but will be content to give the formula
for D in the quadratic number field Q(/m ), namely

D 4dm if m =2 or 3 mod 4,
A m if m =1 mod 4.
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The units of K are understood to be the members of the group R* of units in
the ring R. These are the members € of R with N(e) = %1. In fact, if ¢ is a unit,
then the equality es~! = 1 implies that 1 = N(1) = N(ee~!) = N(e)N(e™!)
and shows that N (¢) is aunitin Z. Thus N(¢) = £1. Conversely if N(¢) =
then +e0 () = 1 shows that o (¢) = +e~!; since o (¢) is in R, ¢ is exhibited as
in R* and is therefore a unit.

For m < 0, the units of Q(4/m ) are easily determined. In fact, if ¢ = a + b
with @ and b in Z, then N(¢) = (a + b8)(a + ba (8)) = a> + bTrs + b>N(5)
with each term equal to an integer and with the end terms > 0. Sorting out the
possibilities, we see that

{1, £V/-1} iftm=—1,
R =1 {£1iE1x£V/=3)} ifm=-3,
{1} for all other m < 0.

The respective orders of R* are 4, 6, and 2.
Determination of the units when m > 0 is more delicate. We require a lemma.

Lemma 1.15. If « is a real irrational number and if N > 0 is an integer, then
there exist integers A and B with

1
|Ba—A|<N and 0<B<N.

For this A and this B

PROOF. Put «;, = na — [n«], where [ - ] denotes the greatest-integer function.
Then 0 < «, < 1. We partition the half-open interval [0, 1) into N subintervals
(5 1{,) with 1 <t < N. For0 < n < N, the expression a, takes on N + 1
distinct values because o, = o, would imply that (n — m)a is in Z. Hence
there exist «, and «, with n > m that lie in the same subinterval [ ~ 1(,)
Then |a, — a,| < % If we take B = n — m and A = [na] — [ma], then
|Ba — Al = |, — @], and the inequality |Ba — A| < % follows. Dividing this
inequality by B gives |o — —| < W’ and this is < 2 because N > B. ]

Proposition 1.16. For K = Q(y/m ) with m > 0, the units are the members

of the infinite group
={(EDe] Ine€Z} 2L x Cy,

where ¢ is the fundamental unit, defined as the least unit > 1.
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REMARK. For example, when m = 2, the fundamental unitise; = 1 + V2.

PROOF. The units w with |w| = 1 are %1, since the members of K are real
numbers. We shall show shortly that there exists a unit w with || % 1. Then w or
o~ ! has absolute value > 1. Letus say that |@| > 1. Thenone of w and —wis > 1.
Let us say that @ > 1. Write w = a + b/m, so that o (w) = a — by/m = +o™!
has |o(w)| < 1. Then

24| = o + 0 (0)| < |0 + |0 ()] < |o| + 1
and 2bv/m| = |o — 0 (0)| < |o| +|o(@)] < o] +1

together show that there are only finitely many units " with 1 < |o'| < |o|.
Hence the existence of aunitw with || # 1 implies the existence of a fundamental
unit &7.

If @' is any unit > 1,then we can choose a power ” of &; with el ™! > o' > ¢,
by the archimedean property of R. Then e ™" is a unit > 1 with |w'e;"| < &;.
Since ¢ is fundamental, w’ef” is 1, and thus @’ = &. Then it follows that the
group of units has the asserted form.

Thus we need to exhibit some unit w with |w| # 1. We apply Lemma 1.15
with « = \/m and with N arbitrary. Then we obtain infinitely many pairs (A, B)
of integers with |/m — 4| < 2 < 1,hence with |A/B| < 1 4 /m. For each
such pair (A, B), the member r = A — B/m of R has

IN()| = [(A+ Bym)(A— BJ/m)| = |4 — /m||B*||4 + V/m|
< 2 B2 +2¢m) = 14 2Jm.

Thus there are infinitely many r in R with |N(r)| < 1 + 2./m. Since the norm
of an algebraic integer is in Z, there is some integer n such that infinitely many
r € R have N(r) = n. Among the elements r € R with N(r) = n, which
we write as r = A + B./m with A and B in %Z, we consider the finitely many
congruence classes of (A, B) modulo n, saying that two such (A, B) and (A’, B')
are congruent if A — A’ and B — B’ are integers divisible by n. Since infinitely
many r € R have N(r) = n, there must be infinitely many of these in some
particular congruence class. Take three such, say «;, o, and «3. Then

N(a;) = N(az) = N(a3) =n

with
o) —ay . o] — a3
in R and
n n

Since n = N(ap) = apo (arp), we see that

in R.

ﬁ:w(‘xl_o{2
(%)

)U(az).
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Thus a1 /ay is exhibited as in R, and it has N («; /ap) = N(a)/N(ay) = n/n =
1. Hence o /ay is a unit different from +1. Arguing similarly with o /a3, we
see that «; /o3 is a unit different from +1 and not equal to «; /. Hence one of
o1 /o and o /a3 is a unit whose absolute value is not 1. ]

7. Relationship of Quadratic Forms to Ideals

We continue with K as the quadratic number field Q(4/m ) and R as the ring of
algebraic integers in K. Here R = Z[8], where § = —/m if m = 2 or 3 mod 4
and§ = %(1 —/m)if m =1 mod 4. Let D be the field discriminant of Q(y/m )
as defined in Section 6.

The topic of this section is a relationship between nonzero ideals in R and
binary quadratic forms with discriminant D. Binary quadratic forms with D as
discriminant are automatically primitive.

The relationship is not a one-one correspondence of ideals to forms but a one-
one correspondence of a certain kind of equivalence class of ideals to proper
equivalence classes of forms. We saw in Theorem 1.12 that the latter collection
has the structure of a finite abelian group, and we shall see in this section that the
former collection has the natural structure of a finite abelian group as well. The
correspondence is a group isomorphism, according to Theorem 1.20 below.

Consider nonzero ideals / in R. The first observation is that 7 is additively a
free abelian group of rank 2. In fact, R itself is additively a free abelian group of
rank 2, and the additive subgroup 7 has to be free abelian of rank < 2. If r is a
nonzero element in /, then N(r) = ro (r) is in I, and thus / contains a nonzero
integer. If n is an integer in I, then ny/m is in I, and thus / contains a noninteger.
Therefore [ is a free abelian group of rank exactly 2, as asserted.

Certainly I can then be generated as an ideal by two elements, and our cus-
tomary notation has been to write I = (ry, r3) in this case. However, without an
extra condition on them, the two ideal generators need not together be a Z basis
for I because they need not generate all of / additively. It will be helpful to have
separate notation when the generators are known to give a Z basis. Accordingly
we shall write I = (ry, rp) when r, r, give a Z basis of /. In this case it will
be helpful also to regard the set {r;, r,} as ordered with r preceding r,, and we
shall often do so.

Now suppose that I = (r;, rp) is a nonzero ideal, and consider the expression

rio(ry) — o(r))rp = det <r1 G(r1)> .

ry o(r2)

If 1 is written in terms of a second ordered Z basis as I = (s, s;), then the two
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ordered bases are related by a matrix (;‘ ? ) in GL(2, Z), the relationship being
rny_(a BY(s
rn) \y 3§ s2 )
<r1 o*(rl))z(a ﬁ)(S1 a(S1)>
ra o(r2) y 8)\s2 o(s2) )’

ri o)y _ 51 o(s1)
det(rz 0(r2)>_idet<Sz o(Sz))’

where +1 is the determinant of (3 g ) Consequently the expression

Hence

and therefore

[rio(r2) — o (r)rs]

IvD|

where D is the field discriminant of K, is independent of the choice of Z basis.
It is called the norm of the ideal /. The factor of ~/D in the denominator is a
normalization factor that arranges for the norm of the ideal / = R to be 1; in fact,
we can write R = (1, §) with ¢ as in the first paragraph of this section, and then

N(I) =

|/m+/m | : —
N(R)_ |O‘(§)—8| _ lm‘ if m =2 or3 mod 4 _
= = | ! = 1.
VD] DA UL i = 1 mod 4

Since the norm of an element of R is given by N(r) = ro (r), it is immediate
from the definition that

N@rl)=|Nr)|NU) forr € R.
Consequently the norm of the principal ideal (r) is given by
N({(r)) =|N@T)INR) =|N@)|1 =|N(r)| forr € R.
Still with I = (ry, rp), let us observe that
o(rio(r2) —o(rr) = —(rio(r2) — o (rr2).

It follows that

real ifm >0,

rio(r) —o(rpra s { . .
imaginary ifm < 0.
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Since r0 () — o (r1)r, changes sign when r| and r, are interchanged, let us say
that the expression I = (ry, ry) for I is positively oriented if rio (r2) — o (r|)r>
is positive or positive imaginary,9 negatively oriented if rjo (r;) — o (r))r; is
negative or negative imaginary. If I = (ry, r,), then exactly one of the expressions
I = (r1,ry) and I = (r, ry) is positively oriented. The notion of orientation will
be critical to setting up the correspondence between classes of ideals and classes
of forms.

The set of nonzero ideals of R has a commutative associative multiplication
that was introduced in Basic Algebra: if I and J are nonzero ideals, then 7J is
defined to be the set of sums of products from the two ideals, the product 1J
again being an ideal. Later in this section we shall recall some properties of this
multiplication that were proved in Basic Algebra.

We define two equivalence relations on the set of nonzero ideals of 7. We say
that / and J are equivalent if there exist nonzero r and s in R with (r)I = (s)J.
Here () and (s) are understood to be principal ideals. The ideals I and J are
strictly equivalent, or narrowly equivalent, if equivalence occurs and if  and
s can be chosen with N(rs~') > 0. Both relations are certainly reflexive and
symmetric. To see transitivity, let (r1)I; = (r2)I, and (s3)I, = (s3)I3. Then
(r1s2) 11 = (r282) I = (r2s3) 13, and 1 is equivalent to /3. If also N(rlrgl) >0
and N(szsgl) > 0, then the product N((r;s2)(r2s3)~") is positive, and I is
strictly equivalent to /3. In other words, “equivalent” and “strictly equivalent”
are equivalence relations.

The principal ideals form one full equivalence class under “equivalent.” First
of all, (r) is equivalent to (s) because (s)(r) = (rs) = (r)(s). In the reverse
direction, if / and (1) are equivalent, let ()1 = (s). Then there exists x € I with
rx =s. Hence sr 'isin I, and (sr~') € I. In fact, equality holds: if y isin 7,
then the equality ry = sz with z in R says that y = (sr ')z, and y is in (sr ™).
In other words, I = (sr™).

In a sense, therefore, equivalence of ideals measures the extent to which
nonprincipal ideals exist.

Multiplication is a class property of ideals relative to equivalence and to
strict equivalence. In fact, if (r)I = (r')I’ and (s)J = (s')J’, then (rs)IJ =
(r’s’)I'J’, and the assertion follows.

The theorem will be that multiplication of strict equivalence classes of ideals
of R makes the set of such classes into an abelian group that is isomorphic to the
finite abelian form class group of discriminant D. This result is not as beautiful as
one might hope, since the identity class of ideals under strict equivalence need not
match the set of all principal ideals. However, we can quantify the discrepancy.
The relevant result is as follows.

9If m < 0, we adopt the convention that \/m is positive imaginary.
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Proposition 1.17. Equivalence and strict equivalence are the same for ideals
of R if and only if either
(a) m > 0 and the fundamental unit £ has N(¢;) = —1 or
(b) m < 0.
In the contrary case when m > 0 and the fundamental unit &; has N(¢) = +1,a
nonzero principal ideal (r) is strictly equivalent to (1) if and only if N(r) > 0O;
in particular, the principal ideal (y/m ) is not strictly equivalent to (1).

REMARKS. When m > 0, there are examples with N (e;) = +1 and examples
with N(e;) = —1. Specifically when m = 2, & = 1 + «/5 and this has
N(e;) = —1. When m > 0 and m has any odd prime divisor p with p =
3 mod 4, then N(g1) = +1; in fact, otherwise &1 = x + yﬂ would imply that
—1 = N(&1) = x> —my? and therefore that —1 = x> mod p, but this congruence
has no solutions by Theorem 1.2a.

PROOF. Supposethatm > 0and N(g;) = —1. If (r)I = (s)J with N(rs~') <
0, then (e;7)I = (s)J with N(g;rs~') > 0. Thus equivalence implies strict
equivalence in this case.

Suppose that m < 0. Then all norms of nonzero elements are > 0. Hence
N(rs~'") > 0 is an empty condition, and equivalence implies strict equivalence.

Conversely suppose thatm > 0 and N (¢;) = +1. Proposition 1.16 shows that
the most general unitis e = £e/',and consequently N(e) = N(£1)N(e))" = +1
for every unit. The element \/m is in R, and N(y/m) = —m < 0. We know
that the principal ideals (1) and (4/m ) are equivalent. Arguing by contradiction,
suppose that they are strictly equivalent. Then (r) = (r)(1) = (s)(ym) =
(s4/m ) for some r and s with N(rs~') > 0. Since the principal ideals generated
by r and s/m are the same, these elements must be related by r = e5.+/m for some
unit &. Then N(rs~') = N(e/m) = N(e)N(y/m) = —m < 0, contradiction.
The proposition follows. |

Once we have introduced group structures on the set of equivalence classes of
ideals and the set of strict equivalence classes of ideals, it follows that the map that
carries a strict equivalence class to the equivalence class containing it is a group
homomorphism onto. If either of the conditions (a) and (b) in Proposition 1.17
is satisfied, then this homomorphism is one-one. Otherwise its kernel consists of
the two strict equivalence classes of principal ideals—those whose generator has
positive norm and those whose generator has negative norm.

Atthis point we could establish that the set of strict equivalence classes of ideals
is a finite abelian group. The finiteness of the set of strict equivalence classes
could be established directly by a geometric argument we give in Chapter V,
and the group structure could be derived from the group structure on the set of
“fractional ideals” of K that were introduced in Problems 48-53 at the end of
Chapter VIII of Basic Algebra.
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Although we could proceed with proofs along these lines, it is instructive to
proceed in a different way. Rather than give a stand-alone proof of the finiteness
of the number of strict equivalence classes of ideals, we prefer to derive this
finiteness as part of the correspondence with proper equivalence classes of binary
quadratic forms, since the number of such classes of binary quadratic forms has
already been proved to be finite in Theorem 1.6a. The group structure then readily
follows from this finiteness and the fact that R is a Dedekind domain.

Let us pause for a moment, therefore, to use results we already know in order
to show how the group structure on the set of strict equivalence classes follows
once it is known that there are only finitely many such classes. We know from
Theorems 8.54 and 8.55 of Basic Algebra that R is a Dedekind domain and that
R has unique factorization for its nonzero ideals. In other words, in terms of the
already-defined multiplication of ideals, each nonzero ideal / in R is of the form
I = ]_[f=l Pjn/ , where the P; are distinct nonzero prime ideals, the n; are positive
integers, and k is > 0; moreover, this product expansion is unique up to the order
of the factors.

Lemma 1.18. Let H be the set of strict equivalence classes of nonzero ideals
in R, with its inherited commutative associative multiplication. If H is finite,
then H is a group under this multiplication.

REMARKS. The group H will be seen in Theorem 1.20 to be isomorphic to the
form class group of D. The set of ordinary equivalence classes is a quotient and
is called the ideal class group of K. It will be generalized in Chapter V.

PROOF. The identity element of H is the strict equivalence class of the ideal
R = (1), and we are to prove the existence of inverses. Thus let / be given. For
the sequence of ideals I, 1 2 3, ..., the finiteness of 7 shows that two of these
ideals must be strictly equivalent. Suppose that I is equivalent to I** for some
k > 0 and [ > 0. Then there exist nonzero principal ideals (r) and (s) such that
(r)I*¥ = (s)I**'. The uniqueness of factorization of ideals implies that we can
cancel I* from both sides of this equality, thereby obtaining (r) = (s)I'. Let us
define an element ¢ in R. If N(rs~!) > 0, we take ¢ to be 1. Otherwise m must
be positive, and we let 1 = /m, so that N(t) < 0. In both cases we then have
(rt)(1) = (s)(t)I" with N(rts~') > 0, and the ideal (z)I' is strictly equivalent
to (1). Hence the strict equivalence class of (#)/'~! is an inverse to the strict
equivalence class of I, and H is a group. g

Now we define the mappings F and Z that we shall use to establish the main
result of this section. Let I be a nonzero ideal in R, and suppose that [ is given
by an expression I = (ry, rp) that is positively oriented. We regard x and y as
integer variables. To I, we associate the binary quadratic form

F,r1,r2) = NAD)T'N(rix +r2y) = NUD) 7' (r1x + ) (o (r)x + o (r2)y).
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The associated 2-by-2 matrix for this form is

1 ( 2rio(r1) r10(r2)+r20(r1))
N(I) \ri0(r2) +r20(r1) 210 (r2)

_ 1 (n U(H)) o(r) o)
N(I) \r2 o(r) r rn )’
and the discriminant of the quadratic form is therefore

1 ri o)) (o) o@)\] _ ) 2
_det[m <r2 G(r2))< e )]_N(I) (rio(r2) — o (r1)r2)

(rio(r2) —Cf(rl)rz)2
ri0(r2) — o (r)r |’

= |D|(sgnm) = D.

=|D|

Thus we have associated a quadratic form F(I, ry, rp) of discriminant D to an
ideal I when [ is given by a positively oriented expression I = (rj,ry). If
m < 0, this quadratic form is positive definite because the coefficient of x2,
namely N(I)~'rio(r)) = N(I)"'N(r}), is positive when m < 0.

In the reverse direction we associate to an arbitrary form (a, b, ¢) of dis-
criminant D an ideal I = Z(a, b, ¢) given by a positively oriented expression
(r1, r2). To begin with, if b is an integer with b = D mod 2, let us define »’
to be %b if D = 0 mod 4 and to be %(b — 1) if D = 1 mod 4; in other words,

b = %(b — Tr(5)) in both cases. The definition of 7 is to be
(a, b’ + ) ifa >0,
(8a, (b + 68)) ifa <O.

The right sides in the above display make sense as ideals if the angular brackets
are replaced by parentheses. To see that the definitions make sense, we thus need
to check that (a,b’ + 8) = (a, b’ + §) for all a and that the orientations are
positive. Lemma 1.19a below shows that (a, b’ + 8§) = (a, b’ + §) if it is proved
that a divides N (b’ + 8), and the computation that verifies this equality is

NB +8) =b?+b'(S+0(8))+80(8)

I(a,b,c) = !

{b’2+b/+;{(1—m) if D =1 mod 4,
e -m if D =0 mod 4,
{%(b—1)2+§(b—1)+§(1—0) if D =1mod4,
) 121 ) —

ib*— 3D if D =0 mod 4,
=3 (0 = D)

=dac.
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From the definitions near the beginning of this section, the orientation of {ry, ;)
is given by the sign of (y/m )~! (rlo"(rg) — o(rl)rz). Thus

orientation{a, b’ + §) = sgn ((\/ﬁ)_la(o ) — 8)) = sgna,
orientation(da, §(b' + 8)) = sgn ((v/m) ™" (8ac (8b' + 6*) — 0 (8)as (b +5)))
= sgn ((v/m)™'N(®)a(o(8) — 8)) = —sgna,

and the orientations are positive in both cases.

Lemma 1.19.

(a) If a # 0 and b’ are integers such that a divides N(b' + 8) in Z, then
(a, b’ +8) = (a, b’ +§) in the sense that the free abelian subgroup of R generated
by @ and b’ + § coincides with the ideal generated by a and b + 4.

(b) If I is any nonzero ideal in R, then [ is of the form I = (a, r) for some
integer @ > 0 and some r in R.

PROOF. For (a), we are to show that I’ = Za + Z(b' + §) is closed under
multiplication by the generators 1 and § of R. Closure of I’ under multiplication
by 1 is evident, and the formula §a = —b’a + a(b’ + §) shows that §(Za) C I'.
Addition of 85’ to the sum of the two formulas §2 = §(8 + o (8)) — 8o (8) =
8Tr(8) — N(8) and N(b' + 8) = b'> 4+ b’ Tr(8) + N (8) yields

S +8) = —N® +8) + (b +Tr(8)(® +9),

which shows that § (b’ + 8) C I’ because N (b’ + §) is by assumption an integer
multiple of a.

For (b), we start from any Z basis {r;, r,} of I, say with r; = a; + b;6 and
rp = ay + b8, and let d = GCD(by, by). Choose integers n; and n, with
niby + nyby = d. Then GCD(ny, ny) = 1, and we can therefore find integers

k1 and k, with det(kl k2> = 1. Consequently (z;) = (k‘ k2> (2) is a new Z

ny np np ny
basis of I of the form
51 = Cq + kd&,

S» = ¢y +d§.

If we put a = 51 — ks, and possibly replace a by its negative, then {a, s} is a Z
basis of I of the required form. ]

Theorem 1.20. The set H of strict equivalence classes of nonzero ideals
relative to the field K = Q(4/m ) is a finite abelian group. Moreover, the mapping
JF that carries a positively oriented expression I = (r;, r,) for a nonzero ideal
of R to a binary quadratic form depends only on 7, not the ordered Z basis, and
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descends to an isomorphism of the group H onto the form class group H for
the discriminant D of the field K , i.e., the group of proper equivalence classes of
binary quadratic forms of discriminant D, subject to the remark below. Moreover,
the mapping Z with domain all binary quadratic forms whose discriminant equals
the field discriminant of K , sending such a form to a positively oriented expression
for a nonzero ideal of R, descends to be defined from H to H, and the descended
map is the two-sided inverse of the isomorphism induced by F.

REMARK. If m < 0, H is understood as usual to include only the classes of
the positive definite forms.

PROOF. The proof proceeds in six steps.

Step 1. We show that the proper equivalence class of the quadratic form
F(,ry,ry) depends only on the ideal 7, not the positively oriented expression
I = (r, ry) for it. Thus the class of the form can be abbreviated as F([I).

Suppose that I = (s1, s») is another positively oriented expression for /. Then

we can write (:;) = (;{ g) <§;) for a matrix (;“/ ’g) in GL(2, Z), and we have

rior) _ ([« B s1 o(sy)
(rz U(rz))_<}/ 8>(szcr(s2)>’ ()

det("] a(m)) _ :I:det(sl 0(51))

r2 0(r2) 52 0(s2)

seen that

and that

where *1 is the determinant of (i ? ) Since both expressions I = (ry, r;) and
I = (s1, sp) are positively oriented, it follows that the sign in the determinant

'g ) is in SL(2, Z). Substituting from () into the
formula for the matrix associated to the binary quadratic form F(/, ry, r), we

obtain the matrix
—1(ap 51 0(s1) a(s1) a(s2) ay
vt (53) (o) () () (+)
The product of the coefficient N(I)~! and the middle two matrices is the matrix

associated to the quadratic form F(/, sy, s2), and () therefore exhibits the two
quadratic forms as properly equivalent.

equation is plus, hence that (;‘

Step 2. We show that the proper equivalence class F(I) does not change when
we replace I by a strictly equivalent ideal.

Thus let I = (r;,7;) and J = (s, s») be expressions for / and J, and
suppose that (r) and (s) are nonzero principal ideals such that (r)I = (s)J
and N(s/r) > 0. The formula

rry o(rra) r2 o(r2) r2 0(r2)

det (170 ) =ro(ydet (1000 ) = Ny det (1100
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shows that the expression (r)I = (rry,rry) is positively oriented if N(r) > 0
and is negatively oriented if N(r) < 0. Similarly (s)J = (ss1, s52) is positively
oriented if N(s) > 0 and is negatively oriented if N(s) < 0. Since N(r/s) > 0,
N(r) and N (s) are both positive or both negative. Possibly replacing r and s by
r4/m and s/m, we may assume that N (r) and N (s) are both positive. Then the
matrix associated to the quadratic form F((r)I, rry, rry) is

-1 (rry) o(rry) o(rrp)
N(rl) (:2 Z(i%))( e ,,22)
— =1 (rio@) r 0 o(r) 0 o(r1) o(r2)
- N(rl) ("; U(”;)) (0 cr(r)) ( 0 r) 1l Vz

=NeDTNG (o) (007

r rn

_ -1 -1 (r1) o(r1) o(r2)
= INOIT'NOTNE) (R en) (0 )
— =1 (ro@) o(ry) o(r2)
- N(I) (fz U(’z)) ( 1 I ) ’
while the matrix associated to F((s)J, s, $52), by a similar computation, is

NJ)~! (Sl U(Sl)) (U(S1) U(Sz)) _

52 0(s2) 1 52

Since (r)I = (s)J, Step 1 shows that F((r)1, rry, rry) is properly equivalent to
F((s)J, ss1,852).

Step 3. We show that Z(a, b, ¢) depends only on the proper equivalence class
of the binary quadratic form (a, b, ¢).
Problem 37 at the end of Chapter VII of Basic Algebra shows that SL(2, Z)

is generated by o = (?_(1)> and g = (_(1) _i) hence by of = ((l) :) and

a ! = (_(1) é) Thus it is enough to handle «f and a~'.

11
01

(a,b+2a, *). Define b’ = %(b — Tr(8)) in the same way as when Z was defined.
Ifa > 0,thenZ(a, b, c¢) = (a, b’ +68),and Z(a, b+2a, *) = (a, (b+2a) +5) =
(a, b'+a+3); thus the two image ideals are the same. Ifa < 0, then the respective
images are (8)(a, b’ + &) and (8)(a, b’ + a + §), and again the image ideals are
the same.

To handle ! = (7?(]) s

I(c, —b, a) are strictly equivalent. We saw just after the definition of Z that
N(®' + 8) = ac. There are four cases to the proof of the strict equivalence
according to the signs of a and c. Let us use the symbol ~ to denote “is strictly
equivalent to.”

The operation of o = ( ) on forms sends (a, b, ¢) into the translate

we are to show that the ideals Z(a, b, ¢) and
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Suppose that @ > 0 and ¢ > 0, so that N(b' + §) > 0. Then

La,b,c) = (a,b' +8) ~ @' +0a(8)(a,b +8) = (a(®d +0(8)), N +9))
= (a(®' +0(8)),ac) = (@b +0(8),c)
~ (e, b’ +0(8) = (c, =b' = 0(8)) = (¢, (=b) + ),

the last equality holding because b’ + (—b)' = —Tr§ = —8 — 0(8). The right

side equals Z(c, —b, a), and the strict equivalence is proved in this case.
Suppose that a < 0 and ¢ < 0, so that N(b' 4+ &) > 0. Then

I(a,b,c) = (8)(a, b +8) ~ (b +0(8)(8)(a,b + )
=) (@a®d +0(8), Nb" +8)) = (8)(a® +0(8)),ac)
= (@@} +0(8),¢) ~ ) (c,b' + ()
= (8)(c, =b' = a(8)) = O)(c, (=b) +8) = I(c, —b, a),
and the strict equivalence is proved in this case.
Suppose that a > 0 and ¢ < 0, so that N(»' + §) < 0. Then N(§)N (D' + 5)
is positive, and
I(a,b,c) = (a,b' +8) ~ (8)(b' + 0 (8))(a, b + )
= (8)(a(d' +0(8)), N(b' +8)) = (8)(a(d’ + 5 (8)), ac)
= @@} +0a(8),c) ~ ()(c,b +0(8) = (8)(c,=b —0a(8))
= (8)(c, (=b)' +8) =I(c, —b, a),
and the strict equivalence is proved in this case.

Suppose that a < 0 and ¢ > 0, so that N(b' +8) < 0. Then N(8) "' N (b’ +6)
is positive, and

Z(a,b,c) = ) a, b +8) ~ @B +0(8))(a,b +9)
=@ +0@),NbO' +8)=@@® +05(8)),ac)=(@a)® +(),c)
~ (c,=b' —a(8) = (c, (=b) +8) =Z(c, —b, a),

and the strict equivalence is proved in this case.

Step 4. We show that the mapping of the set H of proper equivalence classes
of forms to itself induced by FZ is the identity.

Let the given form be (a, b, ¢). With b’ defined to be %(b — Tr(8)) as usual,
we have seen that N (b’ + 8) = ac. Therefore a divides N (b’ + §), and Lemma
1.19a shows that (a, b’ + 8) = (a, b’ + §) in the sense that the ideal generated by
a and b’ + § matches the free abelian group generated by these two elements.



48 L. Transition to Modern Number Theory

First suppose that a > 0. Then Z(a, b, ¢) = (a, b’ + ) = {(a, b’ + §), and we
know that this expression is positively oriented. Calculation gives

-1
N = WD det (45 i)

= alvD| 'o(5) — )|

{|M|/|ﬁ| if D=1 mod 4,
- 21/m|/|V4m|  if D=0mod 4,
=a (t)

Therefore the quadratic form FZ(a, b, c) is

N ax + @'+ 8)y)(ax + B + 0 (9)y)
=a'(a®x* +a(2b' + (5 + 0 (8))xy + N +8)y?)
= ax’ + (20" + Tr(8))xy + cy*
= ax® + bxy + ¢y,

and we see that FZ(a, b, c) = (a, b, c) whena > 0.

Next suppose that a < 0. Then Z(a, b, ¢) = (8a, §(b' +38)) = (8a, (b’ +6)),
and we know that this expression is positively oriented. Since a < 0 cannot occur
for m < 0, N(J) is negative. Thus calculation gives

N(I) = N((®)(a,b' +8)) = N(8)(—a,b' +8)) = IN®)IN((—a, b +39))
= |N(®)lla] = N(d)a,

the next-to-last equality following from the calculation that gives (). Therefore
the quadratic form FZ(a, b, ¢) is

N~ (@dx + (&' + 8)8y)(ao (8)x + (b + 0 (8)a (8)y)
= N()'N@)(ax + (b + 8)y)(ax + B + 0 (8))y)
=a'(a®x* +a(2b' + (5 + 0 (8)))xy + N +8)y?)
= ax” + (20" + Tr(8))xy + cy*
= ax? + bxy + ¢y?,

and we see that FZ(a, b, c) = (a, b, ¢) whena < 0.
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Step 5. We show that the mapping of the set H of strict equivalence classes of
ideals to itself induced by Z F'is the identity. In view of Step 4, it follows that F
and 7 are both one-one onto. Since Theorem 1.6a shows H to be finite, H has to
be finite, and Lemma 1.18 shows that the multiplication on H makes H into an
abelian group.

Let anideal I be given, and apply Lemma 1.19b to write / = (a, r) witha > 0
an integer. The expression deciding orientation isdo (r) — o (@)r = a(o (r) —r),
and this is multiplied by —1 if r is replaced by —r. Possibly changing r to —r in
the expression for I, we may therefore assume that the expression I = (d, r) is
positively oriented. Write r = ¢ + d4. Then

0=t W m=renms)

The orientation of I is given by @(o (r) —r) = @d~/D, and we deduce thatd > 0
and that
N() = |vVD| dlo@r) —r| =ad.

The definition of Fgives F(I,d,r) = N(I)~'N(ax+ry), which is a quadratic
form whose x2 coefficient isa = N(I)~'@? = d~'d and whose xy coefficient is

b=N)'aTe(r) =d "' Tr(r) = d~'Q2c + d Tr(8)) = 2d "¢ + Tr(s).

With &’ defined as usual to be b’ = %(b — Tr(8)), we see that b’ = d~'c.
Consequently ZF(I,d,r) = (a,b' +8) = (d~'a@,d 'c + 8). The product of
this ideal with (d) is (d, ¢ +d8) = (a,r) = I, and thus ZF(I, d, r) is strictly
equivalent to 7.

Step 6. We show that the mapping induced by Z from the set H of proper
equivalence classes of forms to the set H of strict equivalence classes of ideals
respects the group operations in H and ‘H and hence is an isomorphism.

Let two proper equivalence classes of forms with discriminant D be given,
and use Theorem 1.12a to choose representatives (a, b, ¢) and (d, b, ¢) with
GCD(a, @) = 1. The composition of the forms is well defined and is (a@, b, *)
for a suitable third entry in Z. Let b’ be %(b — Tr(5)) as usual. We divide matters
into cases according to the signs of @ and @.

Suppose that @ > 0 and @ > 0. The definition of Z shows that the ideals
corresponding to the three quadratic forms in question are

(a, b +8), @b +8), and (ad,b +39).

The product of the first two ideals is (a@, a(b’ + 8), (b’ + ), (b' + 8)?), and we
are to show that this equals (aa, b’ + 8). In fact, the inclusion

(ad,ad' +8),a(b’' +8), W' +8)*) C (ad, b’ + 8)
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is clear. For the reverse inclusion we use the fact that GCD(a, a ) = 1 to write
kia + kpa = 1 for suitable integers ki and kp. Then we see that b’ + § =
ki(a(® + 8)) + ky(@(b’ 4 §)), and the reverse inclusion follows.

Suppose that @ and @ are of opposite sign. By symmetry we may assume that
a > 0and ad < 0. The three ideals are then

(a,b'+98), (as, (b'+838), and (aas, D' +8)3),

while the product of the first two ideals is (a@8, a(b'+8)8, a(b'+8)8, (b'+8)%8) =
(8)(a2i, al’' +8),ald +8), (b + 8)2). From the previous paragraph this last
ideal equals (8)(ad, b’ + 8) = (ads, (b’ + 8)8), and we have the required match.

Suppose that @ < 0 and @ < 0. This time the product ideal is given by
(as, (b' + 8)8)(@s, (b' + 8)8) = (8*)(ad, a(d’ + 8),a®’ + 8), (V' + 8§)*) =
(6*)(ad, b’ + §), the second equality following from the computation in the
paragraph for a and @ both positive. The ideal (8%)(ad, b'+8) is strictly equivalent
to (ad, b’ + 8) because N(8?) = N(8)? is positive. Thus we have the required
match on the level of strict equivalence classes. We conclude that the mapping
of H to H is a group isomorphism. O

8. Primes in the Progressions 4n + 1 and 4n + 3

This section is the first of three sections about Dirichlet’s Theorem on primes in
arithmetic progressions, whose statement is as follows.

Theorem 1.21 (Dirichlet’s Theorem). If m and b are relatively prime integers
with m > 0, then there exist infinitely many primes of the form km + b with k a
positive integer.

We begin with the earlier treatment of the arithmetic progressions 4n 4 1 and
4n 4 3 by Euler. In 1737 Euler made the stunning discovery of the formula
=1

o= Tl

_ s
n=1 p prime 1 P

valid for s > 1. Actually, the formula is valid for complex s with Res > 1, but
Euler had not considered powers n* with s complex by this time and did not need
them for his purpose. Euler’s formula is a consequence of unique factorization
of integers. In fact, the product for p < N is

1 ( 11 ) 1
pI<NI 1—p= ,,LNI p P nzwi_m n’
no prlme

divisors >N
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Letting N — oo, we obtain the desired formula.

Built into the formula is the result of Euclid’s that there are infinitely many
primes, i.e., infinitely many primes in the arithmetic progression n. There are
two ways to see this. In both cases one starts from the observation that the sum
Yoo 1/nis > [[(1/x*)dx = 1/(s — 1), from which it follows that the sum
tends to infinity as s decreases to 1. In one case the argument continues with the
observation thatif there were only finitely many primes, then [, ime # would
certainly have finite limit as s decreases to 1, and we arrive at a contradiction.
In the other case the argument continues with the observation that the logarithm
of # is comparable in size to 1/p*, hence that log Y 2 | 1/n* is comparable
t0 3", prime 1/P°- Since 3_2, 1/n* tends to infinity, Y-, .. 1/p* must tend to
infinity, and we conclude that there are infinitely many primes. We shall return
to this observation shortly in order to justify it more rigorously.”

Euclid’s proof was much simpler: if there were only finitely many primes,
then the sum of 1 and the product of all the primes would be divisible by none of
the primes and would give a contradiction. The difficulty with Euclid’s argument
is that there is no apparent way to adapt it to treat primes of the form 4n + 1.
Euler’s argument, by contrast, does adapt to treat primes 4n + 1.

Before continuing, let us make rigorous the notion of comparing sizes of factors
of an infinite product with terms of an infinite series. An infinite product [T~ ¢,
with ¢, € C and with no factor O is said to converge if the sequence of partial
products converges to a finite limit and the limit is not 0. A necessary condition
for convergence is that ¢, tend to 1.

Proposition 1.22. If |a,| < 1 for all n, then the following conditions are
equivalent:

(@) 152, (1 + |ay|) converges,
(b) Y02, lan| converges,
(©) [T,Z,(1 — las|) converges.
In this case, [])—, (1 + a,) converges.
PROOF. Condition (c) is equivalent to
() T2, (1 = lau))~" converges.

For each of (a), (b), and (¢), convergence is equivalent to boundedness above.

Since
N N

N
1+ Z |an| E 1_[ (1 + |an|) 5 ]_[ lfl\a,,"
n=I

n=1 n=1

101n fact, this argument is showing that 3" 1/p diverges, which says something more than just
that there are infinitely many primes.



52 L. Transition to Modern Number Theory

we see that (¢/) implies (a) and that (a) implies (b). To see that (b) implies (¢’),
we may assume, without loss of generality, that |a, | < % for all n. Since |x| < %
implies that

1 d 1 1
log 7= < x| sup |“Llogt=|=Ix| sup (&) =<2lx|,
ltl<Ix|<i ltl<lx|<i

we have
N N 1 N
log< [1 m) =2 log (m> <23 lanl.
n=1 n=1 n=1

Thus (b) implies (¢/).
Now suppose that (a) holds. To prove that [] 7, (1+a,) converges, it is enough
to show that 1—[,1;/: y(1+a,)tendsto 1 as M and N tend to oo. In the expression

N
]_[ (1+an)_l'y

n=M

we expand out the product, move the absolute values in for each term, and
reassemble the product. The result is the inequality

N
< II A +la,)—1.
n=M

N
1_[ (1 + an) -1
n=M

By (a), the right side tends to 0 as M and N tend to co. Therefore so does the
left side. This proves the proposition. g

Using this proposition and its proof, we can give a more rigorous justification
for the comparison of log ) 7~ n™* and > prime P~ in Euler’s argument. An-
ticipating the notation that Riemann was to use for the function a century later,

we introduce
1
{(s) = X; ;9
n=

at the moment just for real s with s > 1. (This function subsequently was
named the Riemann zeta function and is defined and analytic for complex s
with Res > 1. We postpone a more serious discussion of ¢ (s) to Proposition
1.24 below.) We begin from the formula

ogs) = ¥ lorrim = ¥ (g bt ).
p prime p prime

Let us see that this expression equals

> o +boundedterm  ass | 1.

p prime
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Going over the second displayed line in the proof of Proposition 1.22, which
applied when |x| < %, we have

|logﬁ —x| < |x| sup |%(logl%l —t)\

lr<lx| <1
— A = | <21x|?
=|x| sup |3 =|x| sup || =2lx|%
[t1<lx|<3 lt1<lx|<3

For x = p™ with s > 1, this inequality becomes

1 1
‘log —p= = p*

< 2p—2s‘

Consequently

logs) = ¥ H[=| ¥ [log = 4]

p prime p prime
1 1 —2s
= Z|10g1__p—&_F <2 > p .
p prime p prime

The right side is < 2 Y > n=2 forall s > 1,and we arrive at the desired formula

1
log¢(s) = Z - + bounded term ass | 1.

p prime

Since we know that log ¢ (s) increases without bound as s decreases to 1, we
can immediately conclude that there are infinitely many primes in the arithmetic
progression 7.

With this argument well understood as a prototype, let us modify it to treat
primes 4k + 1 separately from primes 4k + 3. Euler needed one further key idea
to succeed. It is tempting to replace the sum over all primes of p~* in the above

argument by
| 1
D oo > oo

p prime, p p prime, p
p=1mod4 p=3mod4
trace backward, and see what happens. What happens is that the expansion of
the corresponding product of (1 — p~*)~! as a sum does not yield anything very
manageable. For example, with the first of the two sums, we are led to the
logarithm of the series Zzil c(n)n=", where c(n) is 1 if n is a product of primes
4k 4+ 1 and is O otherwise, and we have no direct way of deciding whether this
diverges or converges as s decreases to 1.
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Euler’s key additional idea was to work with the sum and difference of the
displayed series, rather than the two terms separately, and then to recover the two
displayed series at the end. Let us see what this idea accomplishes. Tracing back-
ward in the derivation of the formula log¢(s) = >, ime P~° + bounded term,

we want to obtain a series Zp prime dpP " from the logarithm of a product

I1 »(I—ap p~*)~! and be able to recognize this product as equal to a manageable
series Y -, b,n~*. Guided by what happens for ¢ (s), we can hope that b, will be
readily computable from the a,’s and the unique factorization of n. The relevant
identities, which we shall verify below, are as follows:

1 1
=15 ’

n odd p prime, o p_s
p odd
(=1)20-D 1 1
ST (T (T )
n odd p prime, p prime,
p:4k+] p=4k+3

In more detail let us write

(n) = 0 ifn=0 mod 2,
XOW=1"1 ifn=1 mod 2,
0 ifn=0 mod 2,

1 ifn=1 mod4,
—1 ifn=3 mod 4.
With x equal to xo or x;, we have y(mn) = x(m)x(n) for all m and n.

. | (_1)%(;171)
Consequently the two expressions ), 4 -+ and Y nodd = are both of

the form N
x(n)
L 9 = b
(s, ) ;:l PR

x1(n) = {

the function x being xo for the first series and being y; for the second series. As
we shall verify rigorously in the next section, the same argument via unique
factorization that yields Euler’s identity > oo, n™" = Y gives a

1
p prime [—p—s
factorization

o0

Loo=3 20—

n=1 n p prime - X(p)p_s

because of the identity x (mn) = yx(m)x(n). Going over the argument that

log¢(s) is the sumof 3, ... p~* and a bounded term, we find that

x(p)

N

logL(s, x)= )

p prime

+g(s, x)
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with g(s, x) bounded as s | 1. The sum and difference for the two choices of
x (n) gives

1
log(L(s, X)) L(s, x1)) =2 Y — + (g(s, x0) + &(s. x1))

p prime
p=4k+1
and

1
log(L(s, x))L(s, x)™) =2 Y — 4 (g(s, x0) — g(s. x1)).-

p prime
p=4k+3

The function L(s, xo) is the product of ¢(s) and an elementary factor. In fact,
a change of index of summation in the formula defining ¢ (s) gives 275¢(s) =
D nevent " . Subtracting this formula from the definition of £ (s) gives

1
L(s, xo) = ) — = (1=27)¢(s).

s =
n odd

Therefore
lim L(s, x9) = +o0.
sl

. . TS 1O .
Meanwhile, the series L(s, x1) = Y, oad % is alternating and converges

for s > 0 by the Leibniz test. The convergence is uniform on compact sets, and
the sum L(s, x1) is continuous for s > 0. Grouping the terms of this series in
pairs, we see that L(1, x;) is positive.!! Hence we have

0 < lim L(s, x1) < 4o00.
sl

Putting together the two limit relations for L(s, xo) and L(s, x1) as s decreases
to 1, we see that

log (L(s, x0)L(s, x1)) ~ and  log (L(s, x0)L(s. x1)~")

both tend to +o00 as s | 1. Referring to the values computed above for these
expressions and taking into account that > 1/p exceeds Y 1/p* when s > 1,

we see that
1 1
>lowm oy !
p prime p p prime p
p=4k+1 p=4k+3

1'We can even recognize the value of L(1, ;) as 77 /4 from the Taylor series of arctan x, but the
explicit value is not needed in the argument.
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are both infinite. Hence there are infinitely many primes 4k + 1, and there are
infinitely many primes 4k + 3.

The proof of the general case of Dirichlet’s Theorem (Theorem 1.21) will
proceed in similar fashion. We return to it in Section 10 after a brief but systematic
investigation of the kinds of series and products that we have encountered in the
present section.

9. Dirichlet Series and Euler Products

A series 220:1 a,n—* with a, and s complex is called a Dirichlet series. The
first result below shows that the region of convergence and the region of absolute
convergence for such a series are each right half-planes in C unless they are equal
to the empty set or to all of C. These half-planes may not be the same: for
example, Y o7, (—1)"n"* is convergent for Res > 0 and absolutely convergent
forRes > 1.

Proposition 1.23. Let Y | a,n~* be a Dirichlet series.

(a) If the series is convergent for s = sg, then it is convergent uniformly on
compact sets for Res > Re s¢, and the sum of the series is analytic in this region.

(b) If the series is absolutely convergent for s = s, then it is uniformly
absolutely convergent for Re s > Re sp.

(c) If the series is convergent for s = sy, then it is absolutely convergent for
Res > Resp + 1.

(d) If the series is convergent at some sy and sums to O in a right half-plane,
then all the coefficients are 0.

REMARK. The proof of (a) will use the summation by parts formula. Namely
if {u,} and {v,} are sequences and if U, = ) ;_, uy forn > 0,then1 <M < N
implies

N N—1
Yo upy = Y Uy(Uy — vpq1) + Uyvy — Uy—ivy. ()
n=M n=M

PROOF. For (a), we write a,n™ = a,n™* -n~~%) = y,v, and then apply the
summation by parts formula (). The given convergence means that the sequence
{U,} is convergent, and certainly v, tends to O uniformly on any proper half-plane
of Res > Resy. Thus the second and third terms on the right side of (x) tend
to 0 with the required uniformity as M and N tend to oo. For the first term, the
sequence {U,} is bounded, and we shall show that

Zl|Un—Un+1|=Z =0 T )y
n=

n=1
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is convergent uniformly on compact sets for which Res > Re so. Use of (x) and
the Cauchy criterion will complete the proof of convergence. Forn <t <n+1,

we have

|n*(S*S0) _ t*(S*SO)| < sup ’di(n—(s—so) _ t—(S—So))’
= t

n<t<n+l
_ $—S0 Is—sol
- sup IJ—A'0+1 —= nH»Re(x—xO) .
n<t<n+l
Thus
Vg — Ut | = |07 6750 — (n 4 1)~ 650 < _Ls=sl_
n n+l1l — = [ THRe(s—s0) *

and fo: 1 vy —V,41] is uniformly convergent on compact sets with Re s > Re s,
by the Weierstrass M-test. It follows that the given Dirichlet series is uniformly
convergent on compact sets for which Res > Resg. Since each term is analytic
in this region, the sum is analytic.

For (b), we have

an
"

an

n*o

An
n*o

| <

Since the sum of the right side is convergent, the desired uniform convergence
follows from the Weierstrass M -test.
For (c), let € > 0 be given. Then

an

_n | — |G
nso+i+e

n'o

—(14€)

n

with the first factor on the right bounded and the second factor contributing to a
finite sum. Therefore we have absolute convergence at 5o + 1 + €, and (c) follows
from (b).

For (d), we may assume by (c) that there is absolute convergence at sg. Suppose

thata; = --- = ay_; = 0. By (b), > ;- ya,n* = 0 for Res > Resy. The
series
S o
> a,(n/N)~* ()
n=N

is by assumption absolutely convergent at sy, and Re s > Re s implies
|a,(n/N)~*| < |an(n/N)~®|.
By dominated convergence we can take the limit of () term by termas s — +-o00.

The only term that survives is ay. Since (%) has sum O for all s, we conclude
that ay = 0. This completes the proof. |
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Proposition 1.24. The Riemann zeta function ¢(s) = Y .-, n™*, initially
defined and analytic for Res > 1, extends to be meromorphic for Res > 0. Its
only pole is at s = 1, and the pole is simple.

REMARK. Actually, ¢(s) extends to be meromorphic in C with no additional
poles, but we do not need this additional information.

PROOF. For Res > 1, we have
1 0 g okl
= [t de=Y [Tt dt.
n=1

Thus Re s > 1 implies

o o
(o =+ L (F- i a) = A e = ar
n=I n=1

It is enough to show that the series on the right side converges uniformly on
compact sets for Res > 0. Thus suppose that Res > o > 0 and |s| < C. The
proof of Proposition 1.23a showed that [n™* —t~*| < |s| n~U+Re9) Hence

D L B )
fnn+ (n= —t S)dt’ Sf:+ In= —t=5|dt < |s|n (14+Res) <Cn (I+0)

Since > 07 n=1%9) < oo, the desired uniform convergence follows from the
Weierstrass M-test. g

Proposition 1.25. Let Z(s) = Zzozl a,n—* be a Dirichlet series with all
a, > 0. Suppose that the series is convergent in some half-plane and that the sum
extends to be analytic for Res > 0. Then the series converges for Res > 0.

PROOF. By assumption the series converges somewhere, and therefore 5o =
inf {s >0 | > agn™* converges} is a well-defined real number > 0. Arguing
by contradiction, suppose that so > 0. Since ) a,n~* converges uniformly on
compact sets for Res > sy by Proposition 1.23a and since the terms of the series
are analytic, we can compute the derivatives of the series term by term. Thus

o0 1 N
ZM(so+1) =y @Clen (*)

ns0+1
n=1

The Taylor series of Z(s) about 5o + 1 is
o

Z(s) =Y (s —s0— DNZM (s + 1)
N=0
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and is convergent at s = %so, since Z(s) is analytic in the open disk centered at

so + 1 and having radius so 4+ 1. Thus
1 o 1 1
Z(350) = > 71+ 350N (=DVZW (50 + 1),
N=0
with the series convergent. Substituting from (), we have
ZOs) = 3 3 wloen’ (4 LN,
N=0n=1

This is a series with terms > 0, and Fubini’s Theorem allows us to interchange
the order of summation and obtain

I\JI"

o0 00 N Lo \N 0
a, (logn)"™ (14+350) G _ logn)(1+1s —Ls
= 3 > g (el - S o o = 3 g,
n=1 N=0 n=1

In other words, the assumption 5o > 0 led to a point between 0 and sy (namely %so)
for which there is convergence. This contradiction proves that so = 0. Therefore
Y o2, ayn~* converges for Res > 0. g

We shall now examine special features of Dirichlet series that allow the
series to have product expansions like the one for {(s), namely Y 02 n™* =
[, prime 1= L . Consider a formal product

l_[ (1+app_s+...+apmp_ms+...)‘

p prime

If this product is expanded withoutregard to convergence, the result is the Dirichlet

series Z _ja,n"°,where a; = 1 and a, is given by
e - DY 1 —_— rl ... rk
an = an a, ifn = p, j 2

Suppose that the Dirichlet series Y -, a,n™ is in fact absolutely convergent in
some right half-plane. Then every rearrangement is absolutely convergent to the
same sum, and the same conclusion is valid for subseries. If E is a finite set of
primes and if N(E) denotes the set of positive integers requiring only members
of E for their factorization, then we have

l_[ (1+app—s+...+apmp—ms+_..)= Z ann—s.
pekE neN(E)

Letting E swell to the whole set of positive integers, we see that the infinite
product has a limit in the half-plane of absolute convergence of the Dirichlet
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series, and the limit of the infinite product equals the sum of the series. The sum
of the series is O only if one of the factors on the left side is 0. In particular, the
sum of the series cannot be identically 0, by Proposition 1.23d. Thus the limit of
the infinite product can can be given by only this one Dirichlet series.

Conversely if an absolutely convergent Dirichlet series > -, a,n™* has the
property that its coefficients are multiplicative, i.e.,

ap=1 and a,, =aua, whenever GCD(m,n) =1,

then we can form the above infinite product and recover the given series by ex-
panding the product and using the formulaa, = Ay ey whenn = pi' - pit.
In this case we say that the Dirichlet series Y .- a,n~* has the infinite product
as an Euler product. Many functions in elementary number theory give rise
to multiplicative sequences; an example is a, = ¢(n), where ¢ is the Euler ¢
function.

If the coefficients are strictly multiplicative, i.e., if
ay=1 and a,, =aya, forallmandn,

then the p™ factor of the infinite product simplifies to

1+a pis_f_..._’_(a pi‘x)m_’_zi
P p l—a,p—*

As a consequence we obtain the following proposition.

Proposition 1.26. If the coefficients of the Dirichlet series Y oo, a,n™* are
strictly multiplicative, then the Dirichlet series has an Euler product of the form

Z " l_[ 1
K —s’
n=1 n p prime 1 app

valid in its region of absolute convergence.

REMARK. We refer to the kind of Euler product in this proposition as a first-
degree Euler product.

This is what happens with ¢ (s), for which all the coefficients are 1, and with
a, = xo(n) and a, = x;(n) as in the previous section. Conversely an Euler
product expansion of the form in the proposition forces the coefficients of the
Dirichlet series to be strictly multiplicative.

A Dirichlet series Z;’;l a,n~* with |a,| < n¢ for some real c is absolutely
convergent for Res > ¢ + 1. This fact leads us to a convergence criterion for
first-degree Euler products.
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Proposition 1.27. A first-degree Euler product [[(1 — a,p~*)~' with
lap,| < p© for some real ¢ and all primes p defines an absolutely convergent
Dirichlet series for Res > ¢ + 1 and hence a valid identity Y .- a,n~* =

[, prime (1 — @, p~*)~" in that region.

PROOF. The coefficients a, are strictly multiplicative, and thus |a,| < n¢ for
all n. The absolute convergence follows. ]

10. Dirichlet’s Theorem on Primes in Arithmetic Progressions

In this section we shall prove Dirichlet’s Theorem as stated in Theorem 1.21.
Recall from Section 8 that the proof of Dirichlet’s Theorem for the progressions
4n + 1 and 4n + 3 required taking the sum and difference of two expressions,
working with them, and then passing back to the original expressions. Generaliz-
ing this step involves recognizing this process as Fourier analysis on the 2-element
group (Z/47)*. This kind of Fourier analysis was discussed in Section VII.4
of Basic Algebra. Let us begin by reviewing what is needed from that section
of Basic Algebra and then pinpoint the Fourier analysis that was the key to the
argument in Section 8.

Let G be a finite abelian group, such as (Z/mZ)* . A multiplicative character
of G is a homomorphism of G into the circle group § ! € C*. The multiplicative
characters of G form a finite abelian group G under pointwise multiplication:

xxH(©) = x(@)x'(g).

In this setting we recall the statement of the Fourier inversion formula.

THEOREM 7.17 OF Basic Algebra (Fourier inversion formula). Let G be a
finite abelian group, and introduce an inner product on the complex vector space
C (G, C) of all functions from G to C by the formula

(F,F) =Y F(@F(g),

geG

the corresponding norm being || F|| = (F, F)'/?. Then the members of G form an
orthogonal basis of C(G, C), each x in G satisfying || x||> = |G|. Consequently
|G| = |G|, and any function F : G — C is given by the “sum of its Fourier

series”: |
F&) = i 2 (2 Fooxm)x @

4G heG
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EXAMPLE. With the two-element group G = {1}, there are two multiplicative
characters, with xo(4+1) = xo(—=1) = 1, x;(+1) = 1,and x;(—1) = —1. We
can think of the Fourier-coefficient mapping as carrying any complex-valued
function F on G to the function F on G given by F(X) = ) heG F(h))((h)
The inversion formula says that F is recovered as F = 5 (F (x0) xo + F (x1) Xl)
A basis for the 2-dimensional space of complex-valued functlons on G consists
of the two functions F™ and F~, with F* equal to 1 at +1 and 0 at —1 and
with F~ equal to O at +1 and 1 at —1. The multiplicative characters are given
by xo=Ft + F~ and x1=Ft —F~ For these two functions the inversion
formulareads F™ = 3 L(xo+ x1) and F~ =3 L (xo — x1). In Section 8 the roles of
F* and F~ are played by functions of s, not by scalars, Wlth F™T corresponding
0> ,—imoda P~ * and F~ corresponding t0 Y ,_3 044 P~ °- We are to consider
the functions of s corresponding to their sum xo and to their difference ;. The
results of Section 9 show that these are the series that come from Euler products.
The role of the Fourier inversion formula is to ensure that we can reconstruct
D p=tmoaa P° and 3 5.4, p~° from the sum and difference. The general
proof of Dirichlet’s Theorem is a direct generalization of this argument form = 4.

Fix an integer m > 1. A Dirichlet character modulo m is a function
x 1 Z — S' U {0} such that

(1) x(j) =0if and only if GCD(j, m) > 1,
(i) x(j) depends only on the residue class j mod m,
(iii)) when regarded as a function on the residue classes modulo m, x is a
multiplicative character of (Z/mZ)*.

In particular, a Dirichlet character modulo m determines a multiplicative character
of (Z/mZ)*. Conversely each multiplicative character of (Z/mZ)> defines a
unique Dirichlet character modulo m as the lift of the multiplicative character on
the set {j € Z | GCD(j, m) = 1} and as O on the rest of Z. For example the
multiplicative character on (Z/47)* that is 1 at 1 mod 4 and is —1 at 3 mod 4
lifts to the Dirichlet character that is 1 at integers congruent to 1 modulo 4,
is —1 at integers congruent to 3 modulo 4, and is O at even integers. It will
often be notationally helpful to use the same symbol for the Dirichlet character
and the multiplicative character of (Z/mZ)*. Because of this correspondence,
the number of Dirichlet characters modulo m matches the order of G for G =
(Z/mZ)*, which matches the order of G and is ¢(m), where ¢ is the Euler ¢
function. The principal Dirichlet character modulo m, denoted by o, is the one
built from the trivial character of (Z/mZ)*:

1 ifGCD(j, m) = 1,

x0(/) = {0 if GCD(j, m) > 1.
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Each Dirichlet character modulo m is strictly multiplicative, in the sense of
the previous section. We assemble each as the coefficients of a Dirichlet series,
the associated Dirichlet L function, by the definition

L(s, x) = Z X(i?).
n=1

n

Proposition 1.28. Fix m, and let x be a Dirichlet character modulo m.

(a) The Dirichlet series L(s, x) is absolutely convergent for Res > 1 and is
given in that region by a first-degree Euler product

Les, 0= ]] :

orime | — X (PP

(b) If x is not principal, then the series for L(s, x) is convergent for Res > 0,
and the sum is analytic for Res > 0.

(c) For the principal Dirichlet character o modulo m, L(s, xo) extends to be
meromorphic for Res > 0. Its only pole for Res > 0 is at s = 1, and the pole is
simple. It is given in terms of the Riemann zeta function by

Lis.x)=¢) [[ a-p™.
p prime,
p dividing m

PROOF. For (a), the boundedness of y implies that the series is absolutely
convergent for Res > 1. Since y is strictly multiplicative, L(s, x) has a first-
degree Euler product by Proposition 1.26, and the product is convergent in the
same region.

For (b), let us notice that x # o implies the equality

m
x(n+b)=0 for any b, (%)
n=1

since the member of (Z/mZ)* that corresponds to x is orthogonal to the trivial
character, by the Fourier inversion formula as quoted above from Basic Algebra.
For s real and positive, let us write

er?) = X(I’l) . % = Uply

in the notation of the summation by parts formula that follows the statement of
Proposition 1.23, and let us put U, = ZZ:I uy. Equation () implies that {U,}
is bounded, say with |U,| < C. Summation by parts then gives

N
> xn)
n=M "

N—1

1 1 c , C _ 2

< %C<;—m)+m+m—w-
n=
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This expression tends to 0 as M and N tend to co. Therefore the series L(s, x) =
e X,ff‘) is convergent for s real and positive. By Proposition 1.23a the series
is convergent for Re s > 0, and the sum is analytic in this region.

For (c),let Res > 1. From the product formula in (a) with x set equal to xo,

we have

L(s, x0) = [T L.

. l—p=*
p prime,
p not dividing m

Using the Euler product expansion of ¢ (s), we obtain the displayed formula of (c).
The remaining statements in (c) follow from Proposition 1.24, since the product
over primes p not dividing m is a finite product. |

By Proposition 1.28b, L(s, x) is well defined and finite at s = 1 if x is not
principal. The main step in the proof of Dirichlet’s Theorem is the following
lemma.

Lemma 1.29. L(1, x) # 0 if x is not principal.

PROOF. Let Z(s) = Hx L(s, x). Exactly one factor of Z(s) has a pole at
s = 1, according to Proposition 1.28. If any factor has a zero at s = 1, then Z(s)
is analytic for Res > 0. Assuming that Z(s) is indeed analytic, we shall derive
a contradiction.

Being the finite product of absolutely convergent Dirichlet series for Res > 1,
Z(s) is given by an absolutely convergent Dirichlet series. We shall prove that
the coefficients of this series are > 0. More precisely we shall prove for Res > 1

that 1
zo= [] : ()

— \&(p)
p with GCD(p,m)=1 (1 —p f(p)s)fg p

where f(p) is the order of p in (Z/m7Z)> and where g(p) = ¢(m)/f (p), ¢ being
Euler’s ¢ function. The factor (1 — p~/ %)~ is given by a Dirichlet series with
all coefficients > 0. Hence so is the g(p)™ power, and so is the product over p
of the result. Thus (x) will prove that all coefficients of Z(s) are > 0.

To prove (%), we write, for Res > 1,

Z(S)ZUL(S’X):U<HTP)17) [ <H1—x(p)p“>

p with X
GCD(p,m)=1

Fix p not dividing m. We shall show that

[TO=xp™)=(1-p ), ()

X
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where f is the order of p in (Z/mZ)* and where g = ¢(m)/f; then (%) will
follow.

The function ¥ — x(p) is a homomorphism of (Z/mZ)* into the subgroup
{e¥Tk/T} of S' and is onto some cyclic subgroup {e***//'} with f’ dividing
f. Letus see that f/ = f. In fact, if f' < f, then p/" # 1 mod m, while
X(pf/) = X(p)f/ = 1 for all x; since X(pf/) = x (1) for all x, the x’s cannot
span all functions on (Z/mZ)> , in contradiction to the Fourier inversion formula
(Theorem 7.17 of Basic Algebra).

Thus x — x(p) is onto {€?"**//} . In other words, x (p) takes on all ™ roots
of unity as values, and the homomorphism property ensures that each is taken on
the same number of times, namely g = ¢(m)/f times. If X is an indeterminate,
we then have

1_[ (1=x(p)X) = (ﬁ a- ezmk/fX))g = (1 - x7)s.
X k=0

Then (xx) follows and so does (x). Hence all the coefficients of the Dirichlet
series of Z(s) are > 0. We have already observed that this series, as the finite
product of absolutely convergent series for Res > 1, is absolutely convergent for
Res > 1. Thus Proposition 1.25 applies and shows that the Dirichlet series of
Z(s) converges for Res > 0.

Since the coefficients of the series are positive, the convergence is absolute
for s real and positive. By Proposition 1.23b the convergence is absolute for
Res > 0. Therefore the Euler product expansion (x) is valid for Res > 0.

For primes p not dividing m and for real s > 0, we have

1 - : ' '
g = (U p T T S 2 L pT g p T
(1—p=79)
1
_ —p(m)s “20m)s oo ©
—1—|—p +P + l_pftp(m)s'

In combination with (), this inequality gives

z0( T1 1)

p dividing m

ST T ) [e——

I A Y4
p with GCD(p,m)=1 (L=p7/H)s/ % dividing m
o0

1 1
[ == = 2

p prime

The sum on the right is 400 for s = 1/¢(m), while the left side is finite for that
s. This contradiction completes the proof of the lemma. O
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PROOF OF THEOREM 1.21. First we show for each Dirichlet character y modulo
m that

logL(s.x)= > L +g(s.x) (*)
p prime
for real numbers s > 1, with g(s, x) remaining bounded as s | 1. In this
statement we have not yet specified a branch of the logarithm, and we shall
choose it presently. Fix p and define, for s > 1, a value of the logarithm of the
p™ factor of the Euler product of L(s, x) in Proposition 1.28a by

1 1 x(p? 1 xp?
IOg(l—x(p)p*S):%“‘i% 5%4_”':%_{_“&}7’){)' Gx)

In Section 8 we obtained the inequality |log(1 — x)~! — x| < 2|x|* for real x
with |x| < %, but the proof remains valid for complex x with |x| < % Since

x = x(p)p~* is complex with |x (p)p~*| < % we obtain

g (s, P, 01 = 1og (1=57=) — X (P)P~*| < 2lx(P)p~* P < 2p~>.
Since Y, pime P70 < Do n77 < 00, the series Y- g(s, p, x) is uniformly

convergent for s > 1. Let g(s, x) be the continuous function Zp g(s, p, x).
Summing () over primes p, we obtain

> log (W) = Z% +g(s, x).
P P

Because of the validity of the Euler product expansion of L(s, x) in Proposition
1.28a, the left side represents a branch of log L (s, x). This proves (x).
For each b prime to m, define a function Fj on the positive integers by

1 if n = b mod m,
Fy(n) = {0 otherwise.

The Fourier inversion formula (Theorem 7.17 of Basic Algebra) gives

> x(B)x(n) = p(m) Fy(n). )
X

Multiplying (x) by x (b), summing on yx, and using () to handle the term that is
summed over p prime, we obtain

pm) > p* =3 x®B)logL(s, x) — Y x(b)g(s, x). (1)
X X

p prime,

p=km-+b
The term ), x(b)g(s, x) is bounded as s | 1, according to (x). The term
Xxo(b) log L(s, xo) is unbounded as s | 1, by Proposition 1.28c. For x nonprin-
cipal, the term x (b) log L(s, x) is bounded as s | 1, by Proposition 1.28b and
Lemma 1.29. Therefore the left side of () is unbounded as s | 1. Hence the
number of primes contributing to the sum is infinite. |
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11. Problems

Fix an odd integer m > 1. Let P be the set of odd primes p > 0 such that
x? = m mod p is solvable and such that p does not divide m. Show that P is
nonempty and that there is a finite set S of arithmetic progressions such that the
members of P are the odd primes > O that lie in at least one member of S.

Let D be a nonsquare integer, and let m be an odd integer with GCD(D, m) = 1.

By suitably adapting the proof of Theorem 1.6,

(a) prove that if m is primitively representable by some binary quadratic form
of discriminant D, then x2 = D mod m is solvable,

(b) prove that if x> = D mod m is solvable and m is odd, then m is primitively
representable by some binary quadratic form of discriminant D.

For a fixed discriminant D, let H be the group of proper equivalence classes
of binary quadratic forms of discriminant D, and let H' be the set of ordinary
equivalence classes of discriminant D. Inclusion of a proper equivalence class
into the ordinary equivalence class that contains it gives a map f of H onto H'.
Give an example in which H’ can admit no group structure for which f is a group
homomorphism.

(a) Show that if (a, b, ¢) has order 3 in the form class group, then the product
of any two integers of the form ax? + bxy + cy? is again of that form.

(b) Show that h(—23) = 3.

(c) Using the general theory, show that the class of 2x2 + xy + 3y has order 3.

(d) Find an explicit formula for (X, Y) in terms of (x1, y;) and (x2, y2) such
that (2x7 + x1y1 + 3y7)(2x5 + x2y2 + 3y3) = 2X2 + XY + 32,

If two integer forms are improperly equivalent over Z, prove that they are properly
equivalent over Q.

Verify for the fundamental discriminant D = —67 that h(D) = 1. (Edu-
cational note: It is known that the only negative fundamental discriminants
D with h(D) = 1 are —3,—4,-7, -8, —11,—-19, —43, —67, —163. It is
known also that the only other nonsquare D < O for which 2(D) = 1 are
—-12, -16, —28, —=27.)

This problem carries out the algorithm suggested by Theorem 1.8 to find repre-
sentatives of all proper equivalence classes of binary quadratic forms (a, b, c¢) of
discriminant 316 = 4 - 79. For each of these, b will be even.

(a) For each even positive b with b < /4 - 79, factor (b> —4-79) /4 as a product
ac in all possible ways such that a > 0 and such that both |a| and |c| lie
between /79 — b/2 and +/79 + b/2, obtaining 16 forms (a, b, ¢). Expand
the list by adjoining each form (—a, b, —c), so that the expanded list has 32
members.
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(b) Arrange the 32 members of the expanded list of (a) into 6 cycles, obtaining
2 cycles of length 4 and 4 cycles of length 6.
(c) Conclude that h(4 - 79) = 6.

8. For discriminant D = —47, the class number is 7(—47) = 5, and the reduced
binary quadratic forms are (1, 1, 12), (2, 1,6), (2, —1,6), 3, 1,4), (3, —1,4).
Show what the multiplication table is for the proper equivalence classes of these
forms.

Problems 9-11 concern the Jacobi symbol, which is a generalization of the Legendre
symbol. Let m and n be integers withn > 0 odd, and letn = plf‘ -+ p* be the prime
factorization of n. The Jacobi symbol () is defined to be 0 if GCD(m, n) > 1 and

is defined to be [T/_; (5 ) if GCD(m, n) = 1, where (5 ) is a Legendre symbol. The
Jacobi symbol therefore extends the domain of the Legendre symbol, and it depends
only on the residue m mod n. Even when GCD(m, n) = 1, the Jacobi symbol does
not encode whether m is a square modulo n, however, since (5—1') = +1 and since the
residue —1 is not a square modulo 21.

9. Suppose that n and n’ are odd positive integers and that m and m’ are integers.
Verify that
@ (55) = (),

(b) (&) = (%) = 1if GCD(m, n) = 1.
10. Prove for all odd positive integers n that
@ (5) =D,
(b) ()= (=150
11. (Quadratic reciprocity) Prove for all odd positive integers m and n satisfying
GCD(m, n) = 1 that (%) = (=)= DIz @-DI(n),

Problems 12-13 indicate, without spelling out what the group G is, two uses of
Dirichlet’s Theorem in the subject of “elliptic curves.” No knowledge of the subject
of elliptic curves is assumed, however.

12. Suppose that G is a finite abelian group whose order |G| divides p + 1 for all

sufficiently large primes p with p = 3 mod 4. It is to be shown that |G| divides

4 by means of multiple applications of Dirichlet’s Theorem.

(a) Deduce that 8 does not divide |G| by considering the arithmetic progression
8k + 3.

(b) Deduce that 3 does not divide |G| by considering the arithmetic progression
12k + 7.

(c) Deduce that no odd prime g > 3 divides |G| by considering the arithmetic
progression 4gk + 3.
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Suppose that G is a finite abelian group whose order |G| divides p + 1 for all

sufficiently large primes p with p = 2 mod 3. It is to be shown that |G| divides

6 by means of multiple applications of Dirichlet’s Theorem.

(a) Deduce that 4 does not divide |G| by considering the arithmetic progression
12k + 5.

(b) Deduce that 9 does not divide |G| by considering the arithmetic progression
9k + 2.

(c) Deduce that no odd prime g > 3 divides |G| by considering the arithmetic
progression 3gk + 2.

Problems 14-19 develop some elementary properties of ideals and their norms in
quadratic number fields. Notation is as in Sections 6—7. In particular, the number
field is K = Q(4/m), the ring R of algebraic integers in it has Z basis {1, 8}, and o
is the nontrivial automorphism of K fixing Q.

14.

15.

16.

17.

18.

19.

Prove that if / = {(a, r) is a nonzero ideal in R witha € Z and r € R, then a
divides N (s) for every s in I.

Prove that any nonzero ideal / in R can be written as I = (a, b + gé) with a,
b,and g in Z and witha > 0,0 < b < a,and 0 < g < a. Prove also that the
Z basis with these properties is unique, and it has the properties that g divides a
and b and that ag divides N (b + g§).

Let a, b, and g be integers satisfyinga > 0,0 < b < a,and0 < g < a
with g dividing a and b and with ag dividing N (b + g6). Prove that the ideal
I = (a,b+ gé)in R has {a, b + gb} as a Z basis.

Prove thatif I = (a, r) is anonzero ideal in R witha € Z,r € R,andr = c+d$
for integers ¢ and d, then N(I) = |ad)|.

(a) Prove that if I is a nonzero ideal in R, then N (/) is the number of elements
inR/I.

(b) Deduce that if I C J are nonzero ideals in R, then N (J) divides N (I), and
I = Jifandonly if N(J) = N(I).

(a) Using the Chinese Remainder Theorem, prove that if / and J are nonzero
idealsin R with I +J = R,then N(IJ) = N(I)N(J).

(b) Let P be a nonzero prime ideal in R, and let p > 0 be the prime number
such that P N Z = (p)Z. Then R/ P is a vector space over Z/pZ, and its
order is of the form p/ for some integer f > 0. Show by induction on the
integer e > 0 that R/P¢ has order p*/.

(c) Using unique factorization of ideals, deduce that if / and J are any two
nonzero ideals in R,then N(IJ) = N(I)N(J).

(d) Prove that any nonzero ideal I of R has Io (1) = (N(1)).

Problems 20-24 concern the splitting of prime ideals when extended to quadratic
number fields. Fix a quadratic number field Q(y/m ), and let R, D, §, and o be as
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in Sections 6—7. Let p > 0 be a prime in Z. According to Theorem 9.62 of Basic
Algebra, the unique factorization of the ideal (p)R in R is one of the following:
(p)R = (p) is already prime in R, (p) R = Py P; is the product of two distinct prime
ideals, or (p)R = P? is the square of a prime ideal.

20. Deduce from the formula N((p)R) = p2 that if P is a nontrivial factor in the
unique factorization of the ideal (p)R, then N(P) = p.

21. This problem concerns the prime p = 2.

(a) Use Problem 15 to prove that if D = 5 mod 8, then (2)R is a prime ideal
in R.

(b) Provethatif D = 1 mod 8, then (2) R factors into the product of two distinct
prime factors as (2)R = (2, §)(2, 1 + 4).

(c) Provethatif Disevenand D/4 = 3 mod 4,then (2)R = (2, 1+68)? exhibits
(2)R as the square of a prime ideal.

(d) Prove that if D is even and D/4 = 2 mod 4, then (2)R = (2, 8)? exhibits
(2) R as the square of a prime ideal.

22. Let p be an odd prime.

(a) Prove that if D is odd, then (p)R has a nontrivial factorization into prime
ideals if and only if x4+ x+ %(l — D) = 0 mod p has a solution, and in
this case a factorization of (p)R is as (p)R = (p, x + §)(p, x + a(5)).

(b) Prove that if D is even, then (p) R has a nontrivial factorization into prime
ideals if and only if x2 = 0 mod (D/4) has a solution, and in this case a
factorization of (p)R is as (p)R = (p, x + 8)(p, x + 0 (9)).

(c) Deduce from (a) and (b) that (p) R has a nontrivial factorization into prime
ideals if and only if D is a square modulo p.

23. Let p be an odd prime such that D is a square modulo p, so that Problem 22¢
gives a nontrivial factorization of (p)R into prime ideals of the form (p)R =
(p,x +8)(p,x + o0(5)) for some integer x. Let I = (p, x +§).

(a) Prove thatif D is odd, then o (/) = I if and only if the integer x is %(p —1).
(b) Prove that if D is even, then o (/) = [ if and only if the integer x is 0.

24. Let p be an odd prime such that D is a square modulo p, so that Problem 22c¢
gives a nontrivial factorization of (p)R into prime ideals of the form (p)R =
(p, x +8)(p, x + o (8)) for some integer x. Using the previous problem, show
that the two factors on the right are the same ideal if and only if p divides D.

Problems 25-29 seek to identify the genus group explicitly for fundamental discrim-
inants D. Let K = Q(4/m ) be the corresponding quadratic number field, let R be
the ring of algebraic integers in K, and let o be the nontrivial automorphism of K
fixing Q. Let E = {p1, ..., pg+1} with g > 0 be the set of distinct prime divisors
of D. The goal of this set of problems is to prove that the order of the genus group
is 28 and to exhibit ideals in R representing each genus. Recall from Theorem 1.20
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that strict equivalence classes of ideals correspond to proper equivalence classes of
binary quadratic forms and therefore that each genus corresponds to a set of proper
equivalence classes of binary quadratic forms.

25.

26.

217.

28.

Let the form class group H for discriminant D be isomorphic to a product of cyclic
groups of orders 2k, 2k’,qi‘, ...,qf,f, where ki, ...,k and Iy, ..., [ are
positive integers and g1, . . ., g; are odd primes that are not necessarily distinct.
Prove that the genus group has order 2" and is abstractly isomorphic to the
subgroup of H of elements whose order divides 2. (Educational note: Thus a
goal of the present set of problems is to show thatr = g.)

According to Problems 20-24, the nonzero prime ideals of R are of three kinds:

(i) uniquedistinctideals I = (p, b+38)ando (1) = (p, b+0(8)) with prod-
uct (p)R if p is an odd prime not dividing D such that x> = D mod p
is solvable,orif p =2 and D = 1 mod 8,
(i) the ideal (p)R if p is an odd prime not dividing D such that x> =
D mod p is not solvable, or if p =2 and D = 5 mod 8,
(iii) a unique ideal I, with 15 = (p)Rif p divides D.

For each subset § € E of the g 4 1 distinct prime divisors of D, define J; =

l_[pGS IP .

(a) Using unique factorization of ideals in R, show that any nonzero proper ideal
I in R with o (I) = I is of the form (a)Js for some a € Z and some subset
SCE.

(b) By considering norms of ideals, show that / uniquely determines S in (a).

(a) The element x = —1 of K has N(x) = 1 and factors as x = o (y)y~! for
the element y = /m of K. For all other elements x of K with norm 1,
verify the formula

1+x (14 x)x (I+x)x  (+x)x

1+0x) (U+o0@Nx x4x0()  I+x

’

and explain why it shows that x is of the form o (y)y~! for some y # 0in K.
(Educational note: This result is a special case of Hilbert’s Theorem 90,
which is a theorem in the cohomology of groups and appears in Chapter III.
The general theorem says for a finite Galois extension K/k with Galois
group I that the cohomology H' of the group I' with coefficients in the
abelian group K> is 0.)

(b) Show that the element y in (a) can be taken to be in R and that all such y’s
in R are Z multiples of one of them yy, which is unique up to a factor of —1.

Let I be a nonzero ideal in R whose class in the ideal class group H has order 2,
i.e., an ideal I such that 1> = (x) for some element x € R.
(a) Show that the element x N(/)~! of K has norm 1.
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(b) Show that the corresponding element yy of R from the previous problem has
the property that o ((y9)I) = (yo)I.

(¢) Using either yo or yg+/m from (b), deduce that for any nonzero ideal I in
R with I? principal, there is a strictly equivalent ideal Jg for some subset
S C E of the g+ 1 prime divisors of E. Consequently the order of the genus
group is a power of 2 equal to at most 281

This problem shows that the number of ideals Jg in the previous problem that

are mutually strictly inequivalent is exactly 28. To get at this fact, the problem

investigates properties of principal ideals I = (x) in R with the properties that

o(l) =1 and N(x) > 0. Since o(I) = I, it must be true that o (x) = ex for

some unit € in R, and then N (o (x)) = N(x) implies that N(¢) = +1. Matters

now split into cases along the lines of the hypotheses of Proposition 1.17.

(a) Under the assumption that m < 0 and that m is neither —1 nor —3, show that
if a principal ideal I = (x) in R has o (I) = I, then x is in Z or in Z/m.

(b) Under the assumption that m < 0, show that the only subsets S of E for
which the ideal Jg is principal are S = & and S equal to the set of all
prime divisors of m, i.e., S equal to E for D odd and for D even with
D/4 =2 mod 4 and S equal to £ — {2} for D even with D /4 = 2 mod 4.

(¢) Under the assumption that m < 0, Proposition 1.17 says that strict equiv-
alence for ideals coincides with equivalence. Show how to conclude from
this fact and the results of (a) and (b) that the order of the genus group is 28
when m < 0.

(d) Under the assumption that m > 0 and that the fundamental unit £; has norm
—1, Proposition 1.17 says that strict equivalence for ideals coincides with
equivalence. With 7, x, and ¢ as in the statement of the problem, show that
&= isf” for some integer n > 0. Deduce that o (¢]x) = s&{x for a suitable
choice of sign s, and show as a consequence that Jy is principal for the same
S’s as in (b) and that the order of the genus group is 2¢.

(e) Under the assumption that m > 0 and that the fundamental unit &; has
norm +1, Proposition 1.17 says that strict equivalence for ideals is distinct
from equivalence; in particular, there are two strict equivalence classes of
principal ideals: those with a generator of positive norm and those with a
generator of negative norm. Let yar and y, be the elements produced by
Problem 27 that satisfy &1 = o (y7)(yy) ' and —&; = o' () (y;)~'. Prove
that exactly one of yg and y, has positive norm, so that two of the principal
ideals (1), (yg ), (¥y)s (/m) are strictly equivalent to (1), and two are not.
Prove that all four of these principal ideals are of the form Js and that they
are distinct. By expressing elements arising from Problem 27 for the most
general unit in R in terms of yg and &1, show that no other Jg is a principal
ideal. Show as a consequence that the number of strict equivalence classes
of ideals among the Jg’s is 2%.
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Problems 30-34 show that proper equivalence over Q for two integer forms of
fundamental discriminant D implies proper equivalence over Z/DZ. Consequently
the order of the genus group is at most the number of classes of integer forms of
discriminant D under proper equivalence over Z/DZ. It will follow from the next
set of problems, concerning “genus characters,” that the number of such classes is at
least 28, where g + 1 is the number of distinct prime divisors of D. In combination
with Problem 29, this result shows that the number of genera equals 2¢. Throughout
this set of problems, let D be a fundamental discriminant.

30.

31.

32.

33.

Let (a1, b1, c1) be a binary quadratic form over Z of discriminant D. Using
Lemma 1.10, prove that (ap, by, c1) is properly equivalent over Z to a form
(a, b, ¢) of discriminant D such that GCD(a, D) = 1.

Suppose that (a, b, ¢) is a binary quadratic form over Z of discriminant D such

that GCD(a, D) = 1.

(a) Prove that if D is odd, then (a, b, c) is properly equivalent over Z to a form
(a, kD, ID) for some integers k and /.

(b) Prove thatif D is even, then (a, b, c) is properly equivalent over Z to a form
(a,2kD, —a(D/4) + ID) for some integers k and [.

Suppose that (a, kD, I D) is a form over Z having odd discriminant D, satisfying
GCD(a, D) = 1, and taking on an integer value r relatively prime to D for some
rational (x, y). Write x and y as fractions with a positive common denominator
as small as possible: x = u/w and y = v/w.

(a) Prove that GCD(w, D) = 1, and conclude that ¢ = d?r mod D for some
integer d relatively prime to D.

(b) Suppose that (a’, k' D, I’ D) is a second form over Z having discriminant D,
satisfying GCD(a’, D) = 1, and taking on the value r at some rational point.
Prove that ¢’ = as? mod D for some s relatively prime to D.

(c) Suppose that (a, b, c) and (@, b, ¢’) are forms over Z of the same odd
discriminant with GCD(a, D) = GCD(d’, D) = 1, and suppose that these
forms are properly equivalent over Q. Deduce that (a, b, ¢) and (¢’, ¥', ¢’)
are properly equivalent over Z/DZ in the sense that there exists a matrix

(;l ’z) in SL(2, Z/DZ) such that substitution of x = ax’ + 8y’ and y =

yx' + 8y’ leads from ax? + bxy + c¢y? modulo D to a’x'> + b'x'y’ + ¢'y"?

modulo D.

Suppose that (a, 2k D, —a(D/4)+1D) is a form over Z having even discriminant

D, satisfying GCD(a, D) = 1, and taking on an integer value r relatively prime

to D for some rational (x, y). Write x and y as fractions with a positive common

denominator as small as possible: x = u/w and y = v/w.

(a) Prove that GCD(w, D) = 1, and obtain a congruence relating a and r
modulo D.
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(b) Suppose that (a’,2k'D, —a’(D/4) + I'D) is a second form over Z hav-
ing discriminant D, satisfying GCD(a’, D) = 1, and taking on the value
r at some rational point. Prove that (%) = (“;) for every odd prime p
dividing D.

(c) In the setting of (b), suppose in addition that D/4 = 3 mod 4. Prove that
a =a mod 4.

(d) In the setting of (b), suppose in addition that D/4 =2 mod 4. Prove for
D/4 = 2 mod 8 that a’ = +a mod 8, and prove for D/4 = 6 mod 8 that
either @’ = a mod 8 or a’ = 3a mod 8.

(e) Suppose that (a, b, ¢) and (d’, b, ¢’) are forms over Z of the same even
discriminant with GCD(a, D) = GCD(d’, D) = 1, and suppose that these
forms are properly equivalent over Q. Deduce that (a, b, ¢) and (a’, ', ¢’)
are properly equivalent over Z/DZ.

34. Why does it follow from Problems 30-33 that the order of the genus group for
discriminant D is at least as large as the number of proper equivalence classes
under SL(2, Z/ DZ) of integer forms of discriminant D?

Problems 35-40 introduce “genus characters.” In fact, genus characters are already
implicit in Problems 32 and 33. Throughout this set of problems, let D be a fun-
damental discriminant, and suppose that D has exactly g + 1 distinct prime factors.
The content of these problems will be summarized in Problem 40. Call two binary
quadratic forms over Z of discriminant D similar modulo D if they take on the same
residues r modulo D that are relatively prime to D. Proper equivalence over Z via
SL(2, Z) implies proper equivalence modulo D via SL(2, Z/DZ), and this in turn
implies similarity modulo D in the sense that was just defined. Problems 30-31 show
that it is enough to study forms ax? mod D for D odd, where GCD(a, D) = 1, and
to study forms a(x2 — (D/4)y?) for D even, again where GCD(a, D) = 1. Initially
the genus characters are functions of pairs (similarity class, r), where r is a residue
modulo D with GCD(r, D) = 1 such that r is represented by the form modulo D.
The values of these functions are (5) for each odd prime p > 0 dividing D, as well
as the indicated one of the following for p = 2 if D is even:

£0r) = (3) = (-2 if D is even and D/4 = 3 mod 4,
nr)= (3) = (—1)F¢*=D if D iseven and D/4 =2 mod 8,

r

Ern(r) = (_72) = (=12 D+C* =D i b s even and D/4 = 6 mod 8.

Thus g 4 1 expressions have been defined for each ordered pair (similarity class, r).

35. Using Problems 32 and 33, show that the genus characters are independent of the
residue r modulo D with GCD(r, D) = 1 such that r is represented by the form
modulo D. Therefore the residue a in the quadratic form, either ax? mod D for
D oddora(x*>— (D /4) yz) for D even, can be used as r, and the genus characters
are g + 1 functions defined on the set of similarity classes modulo D.
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37.

38.

39.

40.
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Prove that the genus characters respect the operation of multiplication of proper
equivalence classes of forms over Z.

The product of all g + 1 genus characters is 1 in every case. A sketch of the
argument for D odd is as follows: Since D = 1 mod 4, D has an even number
2t of prime factors 4k + 3. Use of the Jacobi symbol with a odd and p varying
over the (odd) prime divisors of D gives

MG =11 ¢ I G=t@* II ¢ II &)=

p p=dk1 7 p=dk13 p=dit 1 p=dkt3

and the right side is +1 by Problem 2a. Using this sketch as a guide, show that
the product of all g 4 1 genus characters is 1 for the cases that D is even and
(a) D/4=3mod4,

(b) D/4=2mod 8,

(c) D/4 =6 mod 8.

If D is even, let o be £ if D/4 = 3mod4, nif D/4 = 2mod 8§, and &7
if D/4 = 6mod8. Let p > s, be any function to {£1} from the set of
distinct prime divisors of D. Using Dirichlet’s Theorem on primes in arithmetic
progressions, prove that there exists a prime g such that (%) = s, for each odd

prime divisor p of D and w(g) = s7 in case D is even.

With o as in the previous problem, let p > s, be any function to {£1} from the
set of distinct prime divisors of D such that ]_[p sp, = +1, and choose a prime
q as in the previous problem. Prove that g is primitively representable by some
integer binary quadratic form of discriminant D and that the values of the genus
characters on this form are the numbers s,,. Conclude that the number of distinct
similarity classes modulo D is at least 2¢.

For the quadratic number field K = Q(4/m ) with discriminant D, suppose that
D has g + 1 distinct prime divisors. Conclude that the following equivalence
classes of binary quadratic forms over Z of discriminant D coincide and that the
number of such classes is 28:

(i) classes relative to proper equivalence over Q, i.e., genera,
(i1) classes relative to proper equivalence over Z/DZ,
(iii) classes relative to similarity modulo D.



CHAPTER 11

Wedderburn-Artin Ring Theory

Abstract. This chapter studies finite-dimensional associative division algebras, as well as other
finite-dimensional associative algebras and closely related rings. The chapter is in two parts that
overlap slightly in Section 6. The first part gives the structure theory of the rings in question, and
the second part aims at understanding limitations imposed by the structure of a division ring.

Section 1 briefly summarizes the structure theory for finite-dimensional (nonassociative) Lie
algebras that was the primary historical motivation for structure theory in the associative case. All
the algebras in this chapter except those explicitly called Lie algebras are understood to be associative.

Section 2 introduces left semisimple rings, defined as rings R with identity such that the left
R module R is semisimple. Wedderburn’s Theorem says that such a ring is the finite product of
full matrix rings over division rings. The number of factors, the size of each matrix ring, and the
isomorphism class of each division ring are uniquely determined. It follows that left semisimple
and right semisimple are the same. If the ring is a finite-dimensional algebra over a field F', then the
various division rings are finite-dimensional division algebras over F. The factors of semisimple
rings are simple, i.e., are nonzero and have no nontrivial two-sided ideals, but an example is given
to show that a simple ring need not be semisimple. Every finite-dimensional simple algebra is
semisimple.

Section 3 introduces chain conditions into the discussion as a useful generalization of finite
dimensionality. A ring R with identity is left Artinian if the left ideals of the ring satisfy the
descending chain condition. Artin’s Theorem for simple rings is that left Artinian is equivalent to
semisimplicity, hence to the condition that the given ring be a full matrix ring over a division ring.

Sections 4-6 concern what happens when the assumption of semisimplicity is dropped but some
finiteness condition is maintained. Section 4 introduces the Wedderburn—Artin radical rad R of a
left Artinian ring R as the sum of all nilpotent left ideals. The radical is a two-sided nilpotent ideal.
It is 0 if and only if the ring is semisimple. More generally R/rad R is always semisimple if R is
left Artinian. Sections 5—6 state and prove Wedderburn’s Main Theorem — that a finite-dimensional
algebra R with identity over a field F' of characteristic O has a semisimple subalgebra S such that R
is isomorphic as a vector space to S @ rad R. The semisimple algebra S is isomorphic to R/ rad R.
Section 5 gives the hard part of the proof, which handles the special case that R/ rad R is isomorphic
to a product of full matrix algebras over F. The remainder of the proof, which appears in Section 6,
follows relatively quickly from the special case in Section 5 and an investigation of circumstances
under which the tensor product over F' of two semisimple algebras is semisimple. Such a tensor
product is not always semisimple, but it is semisimple in characteristic 0.

The results about tensor products in Section 6, but with other hypotheses in place of the condition
of characteristic 0, play a role in the remainder of the chapter, which is aimed at identifying certain
division rings. Sections 7-8 provide general tools. Section 7 begins with further results about tensor
products. Then the Skolem—Noether Theorem gives a relationship between any two homomorphisms
of a simple subalgebra into a simple algebra whose center coincides with the underlying field of

76
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scalars. Section 8 proves the Double Centralizer Theorem, which says for this situation that the
centralizer of the simple subalgebra in the whole algebra is simple and that the product of the
dimensions of the subalgebra and the centralizer is the dimension of the whole algebra.

Sections 9-10 apply the results of Sections 6-8 to obtain two celebrated theorems — Wedderburn’s
Theorem about finite division rings and Frobenius’s Theorem classifying the finite-dimensional
associative division algebras over the reals.

1. Historical Motivation

Elementary ring theory came from several sources historically and was already in
place by 1880. Some of the sources are field theory (studied by Galois and others),
rings of algebraic integers (studied by Gauss, Dirichlet, Kummer, Kronecker,
Dedekind, and others), and matrices (studied by Cayley, Hamilton, and others).
More advanced general ring theory arose initially not on its own but as an effort
to imitate the theory of “Lie algebras,” which began about 1880.

A brief summary of some early theorems about Lie algebras will put matters
in perspective. The term “algebra” in connection with a field F refers at least to
an F vector space with a multiplication that is F bilinear. This chapter will deal
only with two kinds of such algebras, the Lie algebras and those algebras whose
multiplication is associative. If the modifier “Lie” is absent, the understanding is
that the algebra is associative.

Lie algebras arose originally from “Lie groups”—which we can regard for
current purposes as connected groups with finitely many smooth parameters—
by a process of taking derivatives along curves at the identity element of the
group. Precise knowledge of that process will be unnecessary in our treatment,
but we describe one example: The vector space M,,(R) of all n-by-n matrices over
R becomes a Lie algebra with multiplication defined by the “bracket product”
[X,Y] = XY — YX. If G is a closed subgroup of the matrix group GL(n, R)
and g is the set of all members of M, (R) of the form X = ¢’(0), where c is a
smooth curve in G with ¢(0) equal to the identity, then it turns out that the vector
space g is closed under the bracket product and is a Lie algebra. Although one
might expect the Lie algebra g to give information about the Lie group G only
infinitesimally at the identity, it turns out that g determines the multiplication rule
for G in a whole open neighborhood of the identity. Thus the Lie group and Lie
algebra are much more closely related than one might at first expect.

We turn to the underlying definitions and early main theorems about Lie alge-
bras. Let F be a field. A vector space A over F with an F bilinear multiplication
(X,Y) — [X, Y]is a Lie algebra if the multiplication has the two properties

(1) [X,X]=O0forall X € A,
(ii) (Jacobi identity) [X, [Y, Z]] + [Y,[Z, X]] + [Z,[X, Y]] = O for all
X,Y,Z e A.
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Multiplication is often referred to as bracket. It is usually not associative. The
vector space M, (F) with [X,Y] = XY — Y X is a Lie algebra, as one easily
checks by expanding out the various brackets that are involved; it is denoted by
gl(n, F).

The elementary structural definitions with Lie algebras run parallel to those
with rings. A Lie subalgebra S of A is a vector subspace closed under brackets,
anideal / of A is a vector subspace such that [X, Y]isin/ for X e [and Y € A,
a homomorphism ¢ : A} — A, of Lie algebras is a linear mapping respecting
brackets in the sense that ¢[X, Y] = [¢(X), ¢(Y)] for all X,Y € A;, and an
isomorphism is an invertible homomorphism. Every ideal is a Lie subalgebra.
In contrast to the case of rings, there is no distinction between “left ideals” and
“right ideals” because the bracket product is skew symmetric. Under the passage
from Lie groups to Lie algebras, abelian Lie groups yield Lie algebras with all
brackets 0, and thus one says that a Lie algebra is abelian if all its brackets are 0.

Examples of Lie subalgebras of gl(n, F') are the subalgebra sl(n, F) of all
matrices of trace 0, the subalgebra so(n, F) of all skew-symmetric matrices, and
the subalgebra of all upper-triangular matrices.

The elementary properties of subalgebras, homomorphisms, and so on for Lie
algebras mimic what is true for rings: The kernel of a homomorphism is an
ideal. Any ideal is the kernel of a quotient homomorphism. If / is an ideal in
A, then the ideals of A/I correspond to the ideals of A containing /, just as
in the First Isomorphism Theorem for rings. If / and J are ideals in A, then
I+ J)/I =J/(INJ),]justas in the Second Isomorphism Theorem for rings.

The connection of Lie algebras to Lie groups makes one want to introduce
definitions that lead toward classifying all Lie algebras that are finite-dimensional.
We therefore assume for the remainder of this section that all Lie algebras under
discussion are finite-dimensional over F'. Some of the steps require conditions
on F, and we shall assume that F' has characteristic O.

Group theory already had a notion of “solvable group” from Galois, and this
leads to the notion of solvable Lie algebra. In A, let [A, A] denote the linear span
of all [X, Y] with X,Y € A; [A, A] is called the commutator ideal of A, and
A/[A, A] is abelian. In fact, [A, A] is the smallest ideal / in A such that A/I
is abelian. Starting from A, let us form successive commutator ideals. Thus put
Ag= A, AL =[Ap, Aol,... , A, =[A,-1, A,—1], so that

A=A 2AI2- DA D .

The terms of this sequence are all the same from some point on, by finite dimen-
sionality, and we say that A is solvable if the terms are ultimately 0. One easily
checks that the sum I + J of two solvable ideals in A, i.e., the set of sums, is
a solvable ideal. By finite dimensionality, there exists a unique largest solvable
ideal. This is called the radical of A and is denoted by rad A. The Lie algebra



1. Historical Motivation 79

A is said to be semisimple if rad A = 0. It is easy to use the First Isomorphism
Theorem to check that A/ rad A is always semisimple.

In the direction of classifying Lie algebras, one might therefore want to see how
all solvable Lie algebras can be constructed by successive extensions, identify
all semisimple Lie algebras, and determine how a general Lie algebra can be
constructed from a semisimple Lie algebra and a solvable Lie algebra by an
extension.

The first step in this direction historically concerned identifying semisimple
Lie algebras. We say that the Lie algebra A is simple if dim A > 1 and if A
contains no nonzero proper ideals.

Working with the field C but in a way that applies to other fields of
characteristic 0, W. Killing proved in 1888 that A is semisimple if and only
if A is the (internal) direct sum of simple ideals. In this case the direct summands
are unique, and the only ideals in A are the partial direct sums.

This result is strikingly different from what happens for abelian Lie algebras,
for which the theory reduces to the theory of vector spaces. A 2-dimensional
vector space is the internal direct sum of two 1-dimensional subspaces in many
ways. But Killing’s theorem says that the decomposition of semisimple Lie
algebras into simple ideals is unique, not just unique up to some isomorphism.

E. Cartan in his 1894 thesis classified the simple Lie algebras, up to isomor-
phism, for the case that the field is C. The Lie algebras sl(n, C) for n > 2 and
so(n, C) forn = 3 and n > 5 were in his list, and there were others. Killing had
come close to this classification in his 1888 work, but he had made a number of
errors in both his statements and his proofs.

E. E. Levi in 1905 addressed the extension problem for obtaining all finite-
dimensional Lie algebras over C from semisimple ones and solvable ones. His
theorem is that for any Lie algebra A, there exists a subalgebra S isomorphic to
A/rad A such that A = S @ rad A as vector spaces. In essence, this result says
that the extension defining A is given by a semidirect product.

The final theorem in this vein at this time in history was a 1914 result of Cartan
classifying the simple Lie algebras when the field F is R. This classification is a
good bit more complicated than the classification when F is C.

With this background in mind, we can put into context the corresponding
developments for associative algebras. Although others had done some earlier
work, J. H. M. Wedderburn made the first big advance for associative algebras in
1905. Wedderburn’s theory in a certain sense is more complicated than the theory
for Lie algebras because left ideals in the associative case are not necessarily two-
sided ideals. Let us sketch this theory.

For the remainder of this section until the last paragraph, A will denote a finite-
dimensional associative algebra over a field F of characteristic 0, possibly the 0
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algebra. We shall always assume that A has an identity. Although we shall make
some definitions here, we shall repeat them later in the chapter at the appropriate
times. For many results later in the chapter, the field F will not be assumed to be
of characteristic 0.

As in Chapter X of Basic Algebra, a unital left A module M is said to be simple
if it is nonzero and it has no proper nonzero A submodules, semisimple if it is the
sum (or equivalently the direct sum) of simple A submodules. The algebra A is
semisimple if the left A module A is a semisimple module, i.e., if A is the direct
sum of simple left ideals; A is simple if it is nonzero and has no nontrivial two-
sided ideals. In contrast to the setting of Lie algebras, we make no exception for
the 1-dimensional case; this distinction is necessary and is continually responsible
for subtle differences between the two theories.

Wedderburn’s first theorem has two parts to it, the first one modeled on Killing’s
theorem for Lie algebras and the second one modeled on Cartan’s thesis:

(i) The algebra A is semisimple if and only if it is the (internal) direct sum
of simple two-sided ideals. In this case the direct summands are unique,
and the only two-sided ideals of A are the partial direct sums.

(i1) The algebra A is simple if and only if A = M,,(D) for some integern > 1
and some division algebra D over F. In particular, if F is algebraically
closed, then A = M,,(F) for some n.

E. Artin generalized the Wedderburn theory to a suitable kind of “semisimple
ring.” For part of the theory, he introduced a notion of “radical” for the associative
case—the radical of a finite-dimensional associative algebra A being the sum of
the “nilpotent” left ideals of A. Here a left ideal / is called nilpotent if I¥ = 0
for some k. The radical rad A is a two-sided ideal, and A/rad A is a semisimple
ring.

Wedderburn’s Main Theorem, proved later in time and definitely assuming
characteristic 0, is an analog for associative algebras of Levi’s result about Lie
algebras. The result for associative algebras is that A decomposes as a vector-
space direct sum A = S @rad A, where S is a semisimple subalgebra isomorphic
to A/rad A.

The remaining structural question for finite-dimensional associative algebras
is to say something about simple algebras when the field is not algebraically
closed. Such a result may be regarded as an analog of the 1914 work by Cartan.
In the associative case one then wants to know what the F isomorphism classes of
finite-dimensional associative division algebras D are for a given field F. We now
drop the assumption that the field F has characteristic 0. In asking this question,
one does not want to repeat the theory of field extensions. Consequently one
looks only for classes of division algebras whose center is F. If F is algebraically
closed, the only such D is F itself, as we shall observe in more detail in Section 2.
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If F is a finite field, one is led to another theorem of Wedderburn’s, saying that D
has to be commutative and hence that D = F'; this theorem appears in Section 9.
If F is R, one is led to a theorem of Frobenius saying that there are just two such
D’s up to R isomorphism, namely R itself and the quaternions H; this theorem
appears in Section 10. For a general field F, it turns out that the set of classes
of finite-dimensional division algebras with center F' forms an abelian group.
The group is called the “Brauer group” of F'. Its multiplication is defined by the
condition that the class of D; times D, is the class of a division algebra D3 such
that D; ® r D, = M,,(D3) for some n; the inverse of the class of D is the class
of the opposite algebra D, and the identity is the class of F. The study of the
Brauer group is postponed to Chapter III. This group has an interpretation in terms
of cohomology of groups, and it has applications to algebraic number theory.

2. Semisimple Rings and Wedderburn’s Theorem

We now begin our detailed investigation of associative algebras over a field. In
this section we shall address the first theorem of Wedderburn’s that is mentioned
in the previous section. It has two parts, one dealing with semisimple algebras
and one dealing with finite-dimensional simple algebras. The first part does not
need the finite dimensionality as a hypothesis, and we begin with that one.

Let R be a ring with identity. The ring R is left semisimple if the left R
module R is a semisimple module, i.e., if R is the direct sum of minimal left
ideals.! In this case R = @D, g [; for some set S and suitable minimal left
ideals ;. Since R has an identity, we can decompose the identity according to
the direct sum as 1 = 1;, + --- 4+ 1; for some finite subset {iy, ..., i,} of S,
where 1; is the component of 1 in ;. Multiplying by r € R on the left, we
see that R € @;_, I;,. Consequently R has to be a finite sum of minimal left
ideals. A ring R with identity is right semisimple if the right R module R is a
semisimple module. We shall see later in this section that left semisimple and
right semisimple are equivalent.

EXAMPLES OF SEMISIMPLE RINGS.

(1) If D is a division ring, then we saw in Example 4 in Section X.1 of Basic
Algebra that the ring R = M, (D) is left semisimple in the sense of the above
definition. Actually, that example showed more. It showed that R as a left R
module is given by M,,(D) = D" @ --- @ D", where each D" is a simple left R
module and the j™ summand D" corresponds to the matrices whose only nonzero
entries are in the j™ column. The left R module M, (D) has a composition series
whose terms are the partial sums of the n summands D". If M is any simple
left M, (D) module and if x # 0 is in M, then M = M,(D)x. If we set
I ={r €e M,,(D) | rx = 0}, then [ is a left ideal in M,,(D) and M = M, (D)/I

By convention, a “minimal left ideal” always means a “minimal nonzero left ideal ”
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as a left M, (D) module. In other words, M is an irreducible quotient module
of the left M, (D) module M, (D). By the Jordan—Holder Theorem (Corollary
10.7 of Basic Algebra), M occurs as a composition factor. Hence M = D" as
a left M, (D) module. Hence every simple left M, (D) module is isomorphic to
D". We shall use this style of argument repeatedly but will ordinarily include
less detail.

(2) If Ry, ..., R, are left semisimple rings, then the direct product R =
]_[:‘:1 R; is left semisimple.2 In fact, each minimal left ideal of R;, when included
into R, is a minimal left ideal of R. Hence R is the sum of minimal left ideals
and is left semisimple. By the same kind of argument as for Example 1, every
simple left R module is isomorphic to one of these minimal left ideals.

Lemma 2.1. Let D be a division ring, let R = M, (D), and let D" be the
simple left R module of column vectors. Each member of D acts on D" by
scalar multiplication on the right side, yielding a member of Endz (D"). In turn,
Endg (D") is aring, and this identification therefore is an inclusion of the members
of D into the right D module Endg (D"). The inclusion is in fact an isomorphism
of rings: D’ = Endg(D"), where D? is the opposite ring of D.

PROOF. Let ¢ : D — Endg(D") be the function given by ¢(d)(v) = vd.
Then ¢(dd")(v) = v(dd') = (vd)d" = p(d')(vd) = ¢(d")(¢(d)(v)). Since the
order of multiplication in D is reversed by ¢, ¢ is a ring homomorphism of D°
into Endg (D"). It is one-one because D° is a division ring and has no nontrivial
two-sided ideals. To see that it is onto Endg(D"), let f be in Endgz(D"). Put

1 d
0 dz . . .
fl-]1=1 .| Since f is an R module homomorphism,
0 dy
a a 00 1 a -0 1
a a 0.0 0 a 0--0 0
a, a, 0 0 0 a, 0 0 0
a; 00 d ayd ai
ar 00 d> azd ap
a, 0 --- 0 dy, a,d a,
Therefore ¢(d) = f, and ¢ is onto. O

2Some comment is appropriate about the notation R = [T, Ri and the terminology “direct
product.” Indeed, [T}_; R; is a product in the sense of category theory within the category of rings
or the category of rings with identity. Sometimes one views R alternatively as built from n two-sided
ideals, each corresponding to one of the n coordinates; in this case, one may say that R is the “direct
sum” of these ideals. This direct sum is to be regarded as a direct sum of abelian groups, or perhaps
vector spaces or R modules, but it is not a coproduct within the category of rings with identity.
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Theorem 2.2 (Wedderburn). If R is any left semisimple ring, then
R = M, (Dy) X -+ x My, (Dy)

for suitable divisionrings Dy, ..., D, and positive integers ny, . .., n,. The num-
ber r is uniquely determined by R, and the ordered pairs (n;, Dy), ..., (n,, D,)
are determined up to a permutation of {1, ...,r} and an isomorphism of each
D;. There are exactly r mutually nonisomorphic simple left R modules, namely
(D)™, ..., (D)™

PROOF. Write R as the direct sum of minimal left ideals, and then regroup
the summands according to their R isomorphism type as R = @;:1 n;V;, where
n;V; is the direct sum of n; submodules R isomorphic to V; and where V; 2 V;
fori # j. The isomorphism is one of unital left R modules. Put D{ = Endz(V;).
This is a division ring by Schur’s Lemma (Proposition 10.4b of Basic Algebra).
Using Proposition 10.14 of Basic Algebra, we obtain an isomorphism of rings

r r
RozEndRR%HomR(@niVi,@njVj) (%)
i=1 j=1

Define p; : @;zl n;V, — n;V; to be the ith projection and ¢g; : n;V; —
EB;:I n;V; to be the i inclusion. Let us see that the right side of (x) is iso-
morphic as a ring to [ [, Endg (n; V;) via the mapping f — (pi fqi. ..., prfqr).
What is to be shown is that p; fg; = 0 for i # j. Here p; fq; is a member
of Homg(n;V;, n;V;). The abelian group Homg(n;V;, n;V;) is the direct sum
of abelian groups isomorphic to Homg(V;, V;) by Proposition 10.12, and each
Hompg (V;, V;) is 0 by Schur’s Lemma (Proposition 10.4a).

Referring to (x), we therefore obtain ring isomorphisms

R’ = [[ Homg (n; V;, n;V;) = [ ] Endg(n; V;)
i=1 i=1

= [ M, (Endg(Vy)) by Corollary 10.13
i=1

~

112

M, (D?) by definition of D}.
i=1

Reversing the order of multiplication in R’ and using the transpose map to
reverse the order of multiplication in each M, (D?), we conclude that R =
H?:l M, (D;). This proves existence of the decomposition in the theorem.

We still have to identify the simple left R modules and prove an appropriate
uniqueness statement. As we recalled in Example 1, we have a decomposition
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M,,(D;) = D" & --- @ D" of left M,,(D;) modules, and each term D" is a
simple left M, (D;) module. The decomposition just proved allows us to regard
each term Df" as a simple left R module, 1 < i < r. Each of these modules
is acted upon by a different coordinate of R, and hence we have produced at
least » nonisomorphic simple left R modules. Any simple left R module must
be a quotient of R by a maximal left ideal, as we observed in Example 2, hence
a composition factor as a consequence of the Jordan—-Holder Theorem. Thus
it must be one of the V;’s in the previous part of the proof. There are only
r nonisomorphic such V;’s, and we conclude that the number of simple left R
modules, up to isomorphism, is exactly 7.

For uniqueness suppose that R = M, (D) x --- x My (D) as rings. Let
Vi= (D})”} be the unique simple left M, (D}) module up to isomorphism, and
regard V] as a simple left R module. Then we have R = @;‘:1 n; V! as left
R modules. By the Jordan—-Holder Theorem we must have r = s and, after a
suitable renumbering, n; = n; and V; = V/ for 1 < i < r. Thus we have ring
isomorphisms

(D))’ = Endy, (p) (V) by Lemma 2.1
= Endg (lVl-/ )
= Endz (V) since V; = V/
=Dy.
Reversing the order of multiplication gives D; = D;, and the proof is complete.
g
Corollary 2.3. For aring R, left semisimple coincides with right semisimple.

REMARK. Therefore we can henceforth refer to left semisimple rings unam-
biguously as semisimple.

PROOF. The theorem gives the form of any left semisimple ring, and each ring
of this form is certainly right semisimple. g

Wedderburn’s original formulation of Theorem 2.2 was for algebras over a
field F, and he assumed finite dimensionality. The theorem in this case gives

R= MnI(Dl) X X Mn,(Dr)v

and the proof shows that DY = Endg(V;), where V; is a minimal left ideal of
R of the i™ isomorphism type. The field F lies inside Endg(V;), each member
of F yielding a scalar mapping, and hence each D; is a division algebra over
F. Each D; is necessarily finite-dimensional over F', since R was assumed to be
finite-dimensional.
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We shall make occasional use in this chapter of the fact that if D is a finite-
dimensional division algebra over an algebraically closed field ', then D = F'.
To see this equality, suppose that x is a member of D but not of F,i.e.,is not an
F multiple of the identity. Then x and F together generate a subfield F (x) of D
that is a nontrivial algebraic extension of F, contradiction. Consequently every
finite-dimensional semisimple algebra R over an algebraically closed field F is
of the form

R=M, (F)x - x M, (F),

for suitable integers ny, ..., n,.

As we saw, the finite dimensionality plays no role in decomposing semisim-
ple rings as the finite product of rings that we shall call “simple.” The place
where finite dimensionality enters the discussion is in identifying simple rings
as semisimple, hence in establishing a converse theorem that every finite direct
product of simple rings, each equal to an ideal of the given ring, is necessarily
semisimple. We say that a nonzero ring R with identity is simple if its only
two-sided ideals are 0 and R.

EXAMPLES OF SIMPLE RINGS.

(1) If D is a division ring, then M, (D) is a simple ring. In fact, let J be a
two-sided ideal in M, (D), fix an ordered pair (i, j) of indices, and let

I = {x € D | some member X of J has X;; = x}.

Multiplying X in this definition on each side by scalar matrices with entries in
D, we see that I is a two-sided ideal in D. If I = O for all (i, j), then J = 0.
So assume for some (i, j) that / # 0. Then I = D for that (i, j), and we may
suppose that some X in J has X;; = 1. If Ej; denotes the matrix that is 1 in
the (k, )" place and is O elsewhere, then E;; X E;; = E;; has to be in J. Hence
Ey = EuE;jEjhastobein J,and J = M, (D).

(2) Let R be the Weyl algebra over C in one variable, namely

d\n
= { E P"(x)<d_) ‘ each P, is in C[x], and the sum is ﬁnite}.
X
n>0

To give a more abstract construction of R, we can view R as (C[ ] subject to
the relation dd X =x7 + 1; this is not to be a quotient of a polynomlal algebra
in two variables but a quotlent of a tensor algebra in two variables. We omit the
details. We shall now prove that the ring R is simple but not semisimple.

To see that R is a simple ring, we easily check the two identities
1) %(x’" i) =mxm1 L4 xm d,M by the product rule,

dx" dx"

(i1) dx,l xX=n d S +x d - by induction when applied to a polynomial f(x).
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Let I be a nonzero two-sided ideal in R, and fix an element X # 0 in /. Let x™

be the highest power of x appearing in X, and let d{:" be the highest power of %
appearing in terms of X involving x™. Let/ and r denote “left multiplication by”
and “right multiplication by, and apply (/(4) —r(£))" to X. Since (i) shows

dx dx
that

(G = r (DA () = k' ()
the result of computing (1(%) — r(%))mX is a polynomial in % of degree

exactly n with no x’s. Application of (r(x) — I(x))" to the result, using (ii),
yields a nonzero constant. We conclude that 1 is in / and therefore that / = R.
Hence R is simple.

To show that R is not semisimple, first note that C[x] is a natural unital left R
module. We shall show that R has infinite length as a left R module, in the sense
of the length of finite filtrations. In fact,

R2R(L)2R(L) 2 2 R(L)" (+)

is a finite filtration of left R submodules of R. If R(%)k = R(% , then

(%)k = r((;ix)kJrl for some r € R. Applying these two equal expressions for
a member of R to the member x* of the left R module C[x], we arrive at a
contradiction and conclude that every inclusion in (x) is strict. Therefore R has

infinite length and is not semisimple.

)k—i-l

The extra hypothesis that Wedderburn imposed so that simple rings would
turn out to be semisimple is finite dimensionality. Wedderburn’s result in this
direction is Theorem 2.4 below. This hypothesis is quite natural to the extent
that the subject was originally motivated by the theory of Lie algebras. E. Artin
found a substitute for the assumption of finite dimensionality that takes the result
beyond the realm of algebras, and we take up Artin’s idea in the next section.

Theorem 2.4 (Wedderburn). Let R be a finite-dimensional algebra with
identity over a field F'. If R is a simple ring, then R is semisimple and hence
is isomorphic to M, (D) for some integer n > 1 and some finite-dimensional
division algebra D over F. The integer n is uniquely determined by R, and D is
unique up to isomorphism.

PROOF. By finite dimensionality, R has a minimal left ideal V. For r in R,
form the set Vr. This is a left ideal, and we claim that it is minimal or is 0. In
fact, the function v + vr is R linear from V onto Vr. Since V is simple as a
left R module, Vr is simple or 0. The sum I = 3 i v, V7 is a two-sided
ideal in R, and it is not O because V1 # 0. Since R is simple, / = R. Then the
left R module R is exhibited as the sum of simple left R modules and is therefore
semisimple. The isomorphism with M, (D) and the uniqueness now follow from
Theorem 2.2. |
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3. Rings with Chain Condition and Artin’s Theorem

Parts of Chapters VIII and IX of Basic Algebra made considerable use of a
hypothesis that certain commutative rings are “Noetherian,” and we now extend
this notion to noncommutative rings. A ring R with identity is left Noetherian if
the left R module R satisfies the ascending chain condition for its left ideals. It is
left Artinian if the left R module R satisfies the descending chain condition for
its left ideals. The notions of right Noetherian and right Artinian are defined
similarly.

We saw many examples of Noetherian rings in the commutative case in Basic
Algebra. The ring of integers Z is Noetherian, and so is the ring of polynomials
R[X] in an indeterminate over a nonzero Noetherian ring R. It follows from the
latter example that the ring F[X1, ..., X,] in finitely many indeterminates over
a field is a Noetherian ring. Other examples arose in connection with extensions
of Dedekind domains.

Any finite direct product of fields is Noetherian and Artinian because it has a
composition series and because its ideals therefore satisfy both chain conditions.
If p is any prime, the ring Z/ p*Z is Noetherian and Artinian for the same reason,
and it is not a direct product of fields.

In the noncommutative setting, any semisimple ring is necessarily left Noe-
therian and left Artinian because it has a composition series for its left ideals and
the left ideals therefore satisfy both chain conditions.

Proposition 2.5. Let R be aring with identity, and let M be a finitely generated
unital left R module. If R is left Noetherian, then M satisfies the ascending
chain condition for its R submodules; if R is left Artinian, then M satisfies the
descending chain condition for its R submodules.

PROOF. We prove the first conclusion by induction on the number of generators,
and the proof of the second conclusion is completely similar. The result is trivial
if M has O generators. If M = Rx, then M is a quotient of the left R module
R and satisfies the ascending chain condition for its R submodules, according to
Proposition 10.10 of Basic Algebra. For the inductive step with > 2 generators,
write M = Rxy +---+ Rx, and N = Rx; + --- 4+ Rx,_;. Then N satisfies
the ascending chain condition for its R submodules by the inductive hypothesis,
and M/N is isomorphic to Rx,/(N N Rx,), which satisfies the ascending chain
condition for its R submodules by the inductive hypothesis. Therefore M satisfies
the ascending chain condition for its R submodules by application of the converse
direction of Proposition 10.10. O

Artin’s theorem (Theorem 2.6 below) will make use of the hypothesis “left
Artinian” in identifying those simple rings that are semisimple. The hypothesis
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left Artinian may therefore be regarded as a useful generalization of finite dimen-
sionality. Before we come to that theorem, we give a construction that produces
large numbers of nontrivial examples of such rings.

EXAMPLE (triangular rings). Let R and S be nonzero rings with identity, and
let M be an (R, S) bimodule.> Define a set A and operations of addition and
multiplication symbolically by

R M r o m
=5 §)=1( %)

with r m r'm'\ _ (rr" rm’ 4+ ms'
0 s 0 s/J \o ss’ )

Then A is a ring with identity, the bimodule property entering the proof of
associativity of multiplication in A. We can identify R, M, and S with the

additive subgroups of A given by (I; 8), (g Ag), and <8 g) Problems 8—11 at

the end of the chapter ask one to check the following facts:
(i) The left ideals in A are of the form I @ I,, where I, is a left ideal in S
and /; is a left R submodule of R & M containing M I,.
(i1) The right ideals in A are of the form J; & J,, where J; is a right ideal in
R and J, is a right S submodule of M @ S containing J; M.
(iii) The ring A is left Noetherian if and only if R and S are left Noetherian
and M satisfies the ascending chain condition for its left R submodules.
The ring A is right Noetherian if and only if R and S are right Noetherian
and M satisfies the ascending chain condition for its right § submodules.
(iv) The previous item remains valid if “Noetherian” is replaced by
“Artinian” and “ascending” is replaced by “descending.”

reR,meM,seS}

W) If A= <§ 1;) is a ring such as (% S) in which § is a (commutative)

Noetherian integral domain with field of fractions R and if S # R, then
A is left Noetherian and not right Noetherian, and A is neither left nor

right Artinian.
(vi) If A = ( § 1; ) isaring such as ( Q(()x) Qg) ) in which R and S are fields with

S C R and dimg R infinite, then A is left Noetherian and left Artinian,
and A is neither right Noetherian nor right Artinian.

From these examples we see, among other things, that “left” and “right” are
somewhat independent for both the Noetherian and the Artinian conditions. We

3This means that M is an abelian group with the structure of a unital left R module and the
structure of a unital right S module in such a way that (rm)s = r(ms) forallr € R,m € M, and
seS.
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already know from the commutative case that Noetherian does not imply Artinian,
Z being a counterexample. We shall see in Theorem 2.15 later that left Artinian
implies left Noetherian and that right Artinian implies right Noetherian.

Theorem 2.6 (E. Artin). If R is a simple ring, then the following conditions
are equivalent:

(a) R isleft Artinian,

(b) R is semisimple,

(c) R has a minimal left ideal,

(d) R = M, (D) for some integer n > 1 and some division ring D.

In particular, a left Artinian simple ring is right Artinian.

REMARK. Theorem 2.4 is a special case of the assertion that (a) implies
(d). In fact, if R is a finite-dimensional algebra over a field F, then the finite
dimensionality forces R to be left Artinian.

PROOF. It is evident from Wedderburn’s Theorem (Theorem 2.2) that (b) and
(d) are equivalent. For the rest we prove that (a) implies (c), that (c) implies (b),
and that (b) implies (a).

Suppose that (a) holds. Applying the minimum condition for left ideals in R,
we obtain a minimal left ideal. Thus (c) holds.

Suppose that (c) holds. Let V be a minimal left ideal. Then the sum [ =
> ,er Vr is atwo-sided ideal in R, and it is nonzero because the term for r = 1
is nonzero. Since R is simple, / = R. Then the left R module R is spanned by
the simple left R modules Vr, and R is semisimple. Thus (b) holds.

Suppose that (b) holds. Since R is semisimple, the left R module R has a
composition series. Then the left ideals in R satisfy both chain conditions, and it
follows that R is left Artinian. Thus (a) holds. ]

4. Wedderburn—-Artin Radical

In this section we introduce one notion of “radical” for certain rings with identity,
and we show how it is related to semisimplicity. This notion, the “Wedderburn—
Artin radical,” is defined under the hypothesis that the ring is left Artinian. It is
not the only notion of radical studied by ring theorists, however. There is a useful
generalization, known as the “Jacobson radical,” that is defined for arbitrary rings
with identity. We shall not define and use the Jacobson radical in this text.

Fix a ring R with identity. A nilpotent element in R is an element a with
a" = 0 for some integer n > 1. A nil left ideal is a left ideal in which every
element is nilpotent; nil right ideals and nil two-sided ideals are defined similarly.
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A nilpotent left ideal is a left ideal / such that /" = 0 for some integer n > 1,
i.e., for which q; - - - a, = 0 for all n-fold products of elements from /; nilpotent
right ideals and nilpotent two-sided ideals are defined similarly.

Lemma 2.7. If I; and [, are nilpotent left ideals in a ring R with identity, then
I, + I is nilpotent.

PROOF. Let I{ = 0and I; = 0. Expand (/; + L)k as I, - - - I;, with each
ijequal to 1 or 2. Take k = r +s. In any term of the sum, there are > r indices 1
or > s indices 2. In the first case let there be ¢ indices 2 at the right end. Since
I, I, C I, we can absorb all other indices 2, and the term of the sum is contained
in I7 I} = 0. Similarly in the second case if there are ¢’ indices 1 at the right end,
then the term is contained in I3 I} = 0. O

Lemma 2.8. If [ is a nilpotent left ideal in a ring R with identity, then I is
contained in a nilpotent two-sided ideal J .

PROOF. Put J = ). _, Ir. This is a two-sided ideal. For any integer k > 0,

‘]k = (ZreR Ir)k = Zrl ..... Tk Iridry---Ire S Zrk Ikrk' If I = 0, then

Jk=o0. O

Lemma 2.9. If R is a ring with identity, then the sum of all nilpotent left ideals
in a nil two-sided ideal.

PROOF. Let K be the sum of all nilpotent left ideals in R, and let a be a member
of K. Writea = a; + - - - + a, with a; € [; for a nilpotent left ideal /;. Lemma
2.7showsthat I = )/ , I; isanilpotent left ideal. Sincea isin I,a is a nilpotent
element.

The set K is certainly a left ideal, and we need to see thata R is in K in order to
see that K is a two-sided ideal. Lemma 2.8 shows that I € J for some nilpotent
two-sided ideal J. Then J C K because J is one of the nilpotent left ideals
whose sum is K. Since a is in I and therefore in J and since J is a two-sided
ideal, a R is contained in J . Therefore a R is contained in K, and K is a two-sided
ideal. O

Theorem 2.10. If R is a left Artinian ring, then any nil left ideal in R is
nilpotent.

REMARK. Readers familiar with a little structure theory for finite-dimensional
Lie algebras will recognize this theorem as an analog for associative algebras of
Engel’s Theorem.

PROOF. Let I be a nil left ideal of R, and form the filtration

I’ 2.
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Since R is left Artinian, this filtration is constant from some point on, and we
have I* = [¥t1 = [¥*2 = ... for some k > 1. Put J = I*. We shall show that
J =0, and then we shall have proved that / is a nilpotent ideal.

Suppose that J # 0. Since J?> = I* = I¥ = J, we have J> = J. Thus the
left ideal J has the property that JJ # 0. Since R is left Artinian, the set of left
ideals K C J with JK # 0 has a minimal element Ky. Choose a € K( with
Ja # 0. Since Ja € JKy € Ko and J(Ja) = J*a = Ja # 0, the minimality
of Ky implies that Ja = K. Thus there exists x € J with xa = a. Applying
powers of x, we obtain x"a = a for every integer n > 1. But x is a nilpotent
element, being in 7, and thus we have a contradiction. O

Corollary 2.11. If R is a left Artinian ring, then there exists a unique largest
nilpotent two-sided ideal I in R. This ideal is the sum of all nilpotent left ideals
and also is the sum of all nilpotent right ideals.

REMARKS. The two-sided ideal I of the corollary is called the Wedderburn—
Artin radical of R and will be denoted by rad R. This exists under the hypothesis
that R is left Artinian.

PROOF. By Lemma 2.9 and Theorem 2.10 the sum of all nilpotent left ideals in
R is atwo-sided nilpotent ideal /. Lemma 2.8 shows that any nilpotent right ideal
is contained in a nilpotent two-sided ideal J. Since J is in particular a nilpotent
left ideal, the definition of / forces J C I. Hence the sum of all nilpotent right
ideals is contained in /. But [ itself is a nilpotent right ideal and hence equals
the sum of all the nilpotent right ideals. |

Lemma 2.12 (Brauer’s Lemma). If R is any ring with identity and if V is a
minimal left ideal in R, then either V2 = 0 or V = Re for some element e of V
with 2 = e.

REMARK. An element e with the property that > = e is said to be idempotent.

PROOF. Being a minimal left ideal, V' is a simple left R module. Schur’s
Lemma (Proposition 10.4b of Basic Algebra) shows that Endg V is a division
ring. If a is in V, then the map v = va of V into itself lies in Endg V' and hence
is the O map or is one-one onto. If it is the 0 map for all @ € V, then V2 = 0.
Otherwise suppose that a is an element for which v > va is one-one onto. Then
there exists e € V with ea = a. Multiplying on the left by e gives e’a = ea and
therefore (e — e)a = 0. Since the map v — va is assumed to be one-one onto,
we must have e> — e = 0 and ¢? = e. ]

Theorem 2.13. If R is a left Artinian ring and if the Wedderburn—Artin radical
of R is 0, then R is a semisimple ring.
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REMARKS. Conversely semisimple rings are left Artinian and have radical 0.
In fact, we already know that semisimple rings have a composition series for
their left ideals and hence are left Artinian. To see that the radical is 0, apply
Theorem 2.2 and write the ring as R = M,,, (D) X - - - X M,, (D, ). The two-sided
ideals of R are the various subproducts, with O in the missing coordinates. Such a
subproduct cannot be nilpotent as an ideal unless it is 0, since the identity element
in any factor is not a nilpotent element in R.

PROOF. Let us see that any minimal left ideal / of R is a direct summand as a
left R submodule. Since rad R = 0, I is not nilpotent. Thus / 2 # 0,and Lemma
2.12 shows that I contains an idempotent e. This element satisfies / = Re. Put
I"’={r € R|re=0}. Then I’ is a left ideal in R. Since I' NI C I and e is
not in I’, the minimality of I forces I’ NI = 0. Writing r = re + (r — re) with
reclandr —recl',weseethat R=1+1'. Therefore R=1&I'.

Now put I; = I. If I’ is not 0, choose a minimal left ideal I, C I’ by the
minimum condition for left ideals in R. Arguing as in the previous paragraph, we
have I, = Re; for some element e; with e% = e;. The argument in the previous
paragraph shows that R = I, @ I}, where I, = {r € R | re; = 0}. Define I” =
{r e R|rey =re, =0} =1'N1]. Since I, is contained in /', we can intersect
R=5L@ L, withl"andobtain I' =L & 1". ThenR=1,@I'=1,6 L ®I".
Continuing in this way, we obtain R = [ @ L, ® Is ® I"”, etc. As this construction

continues, we have I’ D I” 2 I D -... Since R is left Artinian, this sequence
must terminate, evidently in 0. Then R is exhibited as the sum of simple left R
modules and is semisimple. O

Corollary 2.14. If R is a left Artinian ring, then R/ rad R is a semisimple ring.

PROOF. Let I =rad R,and let ¢ : R — R/I be the quotient homomorphism.
Arguing by contradiction, let J be a nonzero nilpotent left ideal in R/, and let
J=¢! (J) € R. Since J is nilpotent, Jk C I for some integer k > 1. But
I, being the radical, is nilpotent, say with / "= 0, and hence J¥t' c ' = 0.
Therefore J is a nilpotent left ideal in R strictly containing /, in contradiction to
the maximality of 7. We conclude that no such J exists. Then rad(R/rad R) = 0.
Since R/rad R is left Artinian as a quotient of a left Artinian ring, Theorem 2.13
shows that R/ rad R is a semisimple ring. 0

We shall use this corollary to prove that left Artinian rings are left Noetherian.
We state the theorem, state and prove a lemma, and then prove the theorem.

Theorem 2.15 (Hopkins). If R is a left Artinian ring, then R is left Noetherian.

Lemma 2.16. If R is a semisimple ring, then every unital left R module M
is semisimple. Consequently any unital left R module satisfying the descending



4. Wedderburn—Artin Radical 93

chain condition has a composition series and therefore satisfies the ascending
chain condition.

PROOF. For each m € M, let R,, be a copy of the left R module R, and
define M = D,,cps Rm as aleft R ‘module. Since each R, is semisimple, M is
semisimple. Define a function ¢ : M — M as follows: if Ty + -7y, 1s given
with 7, in R, for each j,let o(rp, + - +7y,) = Z/ | 'm;m;. Then ¢ is an
R module map with the property that ¢(1,,) = m, and consequently ¢ carries M
onto M. As the image of a semisimple R module under an R module map, M is
semisimple.

Now suppose that M is a unital left R module satisfying the descending chain
condition. We have just seen that M is semisimple, and thus we can write
M=, cs M; as a direct sum over a set S of simple left R modules M;. Let us
see that S is a finite set. If S were not a finite set, then we could choose an infinite
sequence iy, i, ... of distinct members of S, and we would obtain

M2DMiz O M-
i#ip i#£iy,in
in contradiction to the fact that the R submodules of M satisfy the descending
chain condition. g

PROOF OF THEOREM 2.15. Let I = rad R. Since [ is nilpotent, /" = 0 for
some n. Each I* for k > 0 is a left R submodule of R. Since R is left Artinian,
its left R submodules satisfy the descending chain condition, and the same thing
is true of the R submodules of each I¥. Consequently the R submodules of each
1%/ I*+1 satisty the descending chain condition.

In the action of R on I*/I**! on the left, I acts as 0. Hence I*/I¥*! becomes
aleft R/I module, and the R/I submodules of this left R /I module must satisfy
the descending chain condition. Corollary 2.14 shows that R/I = R/rad R is
a semisimple ring. Since the R/I submodules of 7*/I**! satisfy the descend-
ing chain condition, Lemma 2.16 shows that these R/I submodules satisfy the
ascending chain condition. Therefore the R submodules of each left R module
I¥ /11 satisfy the ascending chain condition.

We shall show inductively for k > 0 that the R submodules of R/I**! satisfy
the ascending chain condition. Since /" = 0, this conclusion will establish that
R is left Noetherian, as required. The case k = 0 was shown in the previous
paragraph. Assume inductively that the R submodules of R/I* satisfy the
ascending chain condition. Since R/I* = (R/I**") /(I*/I**') and since the
R submodules of R/I* and of I*/I*+! satisfy the ascending chain condition, the
same is true for R/I**'. This completes the proof. |
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5. Wedderburn’s Main Theorem

Wedderburn’s Main Theorem is an analog for finite-dimensional associative
algebras over a field of characteristic 0 of the Levi decomposition of a finite-
dimensional Lie algebra over a field of characteristic 0. Each of these results says
that the given algebra is a “semidirect product” of the radical and a semisimple
subalgebra isomorphic to the quotient of the given algebra by the radical. In other
words, the whole algebra, as a vector space, is the direct sum of the radical and a
vector subspace that is closed under multiplication.

An example of this phenomenon occurs with a block upper-triangular subal-
gebra A of M, (D) whenever D is a finite-dimensional division algebra over the
given field. Let the diagonal blocks be of sizes ny, ..., n, withn;+---+n, = n.
The radical rad A is the nilpotent ideal of all matrices whose only nonzero entries
are above and to the right of the diagonal blocks, and the semisimple subalgebra
consists of all matrices whose only nonzero entries lie within the diagonal blocks.

Theorem 2.17 (Wedderburn’s Main Theorem). Let A be a finite-dimensional
associative algebra with identity over a field F' of characteristic 0, and let rad A be
the Wedderburn—Artin radical. Then there exists a subalgebra S of A isomorphic
as an F algebrato A/rad A such that A = § @ rad A as vector spaces.

REMARKS. The finite dimensionality implies that A is left Artinian, and
Corollary 2.14 shows that A/ rad A is a semisimple algebra. The decomposition
A = S @rad A is different in nature from the one in Theorem 2.2, which involves
complementary ideals. When there are complementary ideals, the identity of A
decomposes as the sum of the identities for each summand. Here the identity of
A is the identity of S and has 0 component in rad A. To see this, write 1 =a + b
witha € S and b € rad A. Multiplying 1 = a + b on the left and right by s € S,
we see that as = s = sa and that bs = sb = 0. Hence a = 1y is the identity of
S.Thenb*=(1—-15>=1-2-13+13=1-2-1g+1g=1—1g=b,and
b" = b for all n > 1. Since rad A is nilpotent, " = 0 for some n. Thus b = 0,
and 1 = 1y as asserted.

Theorem 2.17 is a deep result, and the proof will occupy all of the present
section and the next. The key special case to understand occurs when A/rad A =
M, (F) x --- x M, (F). We shall handle this case by means of Theorem 2.18
below, whose proof will be the main goal of the present section. Corollary 2.27 (of
Theorem 2.18) near the end of this section will show that Theorem 2.18 implies
this special case of Theorem 2.17 for r = 1, and Corollary 2.28 will deduce this
special case of Theorem 2.17 for general r from Corollary 2.27.
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Theorem 2.18. Let A be a left Artinian ring with Wedderburn—Artin radical
rad A, and suppose that A/ rad A is simple, i.e.,is of the form A/ rad A = M, (D)
for some division ring D. Then A is isomorphic as a ring to M,,(R) for some left
Artinian ring R such that R/rad R = D.

The idea behind the proof of Theorem 2.18 is to give an abstract characteri-
zation of a ring of matrices in terms of the elements E;; that are 1 in the (i, Dk
place and are O elsewhere. In turn, these elements arise from the diagonal such
elements E;;, which are idempotents, i.e., have El2l = E;;. The critical issue in
the proof of Theorem 2.18 is to show that each idempotent of A/ rad A, which is
assumed to be a full matrix ring M,,(D), has an idempotent in its preimage in A.
The lifted idempotents then point to M, (R) for a certain R.

Thus we begin with some discussion of idempotents. We shall intersperse
facts about general rings with facts about left Artinian rings as we go along. For
the moment let R be any ring with identity, and let e be an idempotent. Then
1 — e is an idempotent, and we have the three Peirce* decompositions

R =Re® R(1 —e),
R=eR®d (1 —¢e)R,
R=¢Re®eR(1—e)® (1 —e)Re® (1 —e)R(1 —e).

All the direct sums may be regarded as direct sums of abelian groups. The two
members of the right side in the first case are left ideals, and the two members of
the right side in the second case are right ideals. If » € R is given, then the first
decomposition is as ¥ = re + r(1 — e); the decomposition is direct because if
rie = ro(1 — e), then right multiplication by e gives rje = 0 since e*> = e. The
second decomposition is proved similarly, and the third decomposition follows
by combining the first two. In the third decomposition, eRe is a ring with e as
identity, and (1 — e)R(1 — e) is aring with 1 — e as identity.

EXAMPLE. Let R = M, (F), and let

1 0
e = , sothat 1—e=
0 1

4Pronounced “purse.” Charles Sanders Peirce (1839-1914).
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In block form we then have

eRe:(S 8), eR(l—e):(g S)

(1—e)Re=<2 8), (1—e)R(1—e)=(8 2)

Proposition 2.19. In a ring R with identity, let e be an element of R with
2

e“=e.

(a) If I is a left ideal in eRe, then eRI = [I. Hence I + RI is a one-one
inclusion-preserving map of the left ideals of e Re to those of R.

(b) If J is a two-sided ideal of eRe, then e(RJR)e = J. Hence J — RJR
is a one-one inclusion-preserving map of the two-sided ideals of ¢ Re to those of
R. This map respects multiplication of ideals.

(c) If~ J is a two-sided ideal of R, then eJe is a two-sided ideal of eRe, and
eRenNJ =ele.

PROOF. For (a), we have eRI = eR(el) = (eRe)l = I, the first equality
holding because e is the identity in e Re and the third equality holding because
e Re contains its identity e. The rest of (a) then follows.

For (b), J satisfies / = eJe, since ej = je = j for every j € eRe, and
therefore eRJRe = eReJeRe = (eRe)J(eRe) = J, the last equality holding
because eRe contains its identity e. To see that J +— RJR respects multi-
plication, we compute that (RJR)(RJ'R) = RJRJ'R = R(Je)R(eJ)R =
RJ(eRe)J'R = RJJ'R. _

For (c),eReNJ D eJe certainly. In the reverse direction, let j be ineReN J.
Then j = ere for some r € R, and hence e¢je = e’re? = ere = j shows that j
isinelJe. O

Corollary 2.20. In a left Artinian ring R, let e be an element with > = e.
Then the ring e Re is left Artinian, and

rad(eRe) = eRe Nrad R = e(rad R)e.

If R denotes the quotient ring R/ rad R and ¢ denotes the element ¢ 4rad R of the
quotient, then the quotient map carries e Re onto eRe and has kernel rad(eRe).
Consequently

eRe/rad(eRe) = eRe.

PROOF. The ring e Re is left Artinian as an immediate consequence of Propo-
sition 2.19a. For the first display we may assume that R and e Re are both left
Artinian. Then eRe Nrad R is a two-sided ideal of eRe, and (eRe Nrad R)" C



5. Wedderburn's Main Theorem 97

(rad R)" for every n. Since (rad R)" = 0 for some N, eRe Nrad R is nilpotent,
and eRe Nrad R C rad(eRe). Since the reverse inclusion is evident, we obtain
rad(eRe) = eRe Nrad R. The equality eRe Nrad R = e(rad R)e is the special
case of Proposition 2.19¢ in which J = rad R. This proves the equalities in the
first display.

For the isomorphism in the second display, the quotient mapping carries ere
toere+radR = (e +rad R)(r + rad R)(e + rad R) = e(r + rad R)e. Thus
the quotient map R — R carries eRe onto ¢Ré. The kernel is eRe Nrad R,
which we have just proved is rad(e Re). Therefore the quotient map exhibits an
isomorphism of rings eRe/ rad(eRe) = &Re. ]

Proposition 2.21. In aring R with identity, let e; and e, be idempotents. Then
the unital left R modules Re; and Re; are isomorphic as left R modules if and
only if there exist elements e, and e; in R such that

ejepe = ey, exer1e] = ey,

€12€21 = €1, €1€12 = €.

REMARK. In this case we shall say that e; and e, are isomorphic idempotents,
and we shall write e; = e,.

PROOF. Let ¢ : Re;y — Re; be an R isomorphism. Define ej; = ¢(e;)
and e;; = ¢ '(ez). Every element s of Re, has the property that se; = s
because e% = ep; since e lies in Re;, ejpep = e1p. Meanwhile, ejp = ¢(e)) =
<p(e%) = e1p(e1) = ejen. Putting these two facts together gives ej; = ejpe; =
erepey. This proves the first equality in the display, and the equality e;; =
epery e is proved similarly. Also, e; = (p_l((p(e])) = (p_l(elz) = (p_l(elzez) =
elz(p_l(ez) = eppey1, and similarly e;1e12 = ep. This completes the proof that
an R isomorphism Re; = Re; leads to elements e1, and e;; such that the four
displayed identities hold.

For the converse, suppose that e, and e;; exist and satisfy the four displayed
identities. Define ¢ : Re; — R by ¢(re;) = rejp. To see that this map is well
defined, suppose that re; = 0; then re;p = r(ejejnes) = (rep)ejpe; = 0, as
required. Similarly we can define i : Re; — R by ¥ (re;) = rez;. Then

Yo(er) = Y(en) = Ylene) = eny(er) = enex = ey,

and similarly ¢ (e;) = e;. Since ¥ ¢ and ¢ are R module homomorphisms,
each is the identity on its domain. ]

Corollary 2.22. Let R be a left Artinian ring. For eachr in R, letr be the coset
r +radR in R/rad R. If e; and e; are idempotents in R, then e; and e, are
isomorphic if and only if e; and e, are isomorphic.
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PROOF. If e¢; and e, are given as isomorphic in R, let ej; and ep; be as in
Proposition 2.21, and pass to R/ rad R by the quotient homomorphism to obtain
elements e, and e;; that exhibit e; and e, as isomorphic idempotents.

Conversely let e; and e, be isomorphic idempotents in R/rad R, and use
Proposition 2.21 to produce elements i1, and 5 in R/ rad R such that

eliiney = u1p, exln1e] = Uy, Ul =e1, Uiy = er.

Letu; anduy) be preimages of it 1, and 451 in R. Possibly replacing u > by ejuzes
and uy; by eyurie;, we may assume that ejupe; = ujp and epuzje; = up;. Our
construction is such that u o1y = e; —z; withz; inrad R and ejz; = z; = z1¢€1.
Since z; is a nilpotent element,

(el—zl)(el+Z1+Z%+--'+Z§’)=el

as soon as z’f“ = 0. Thus we have uuzi(e; + z1 + Z% + o420 = ey
Define e;p = uip and ey = us1(ey + 21 + z% + .-+ z¢). Then it is immediate
that e;p = upp, €21 = upy, and epen; = e;. Also, the equality ejujper = uip
implies that ejej2e; = ez, and the equality eruzieg (e + z1 + z% +--47)) =
uri(er +z1 + Z% —+ o4 Z?) implies that e;ep1e) = ey since ejz) = 71 = z71€].

In view of Proposition 2.21, we are left with checking the value of e;;e1,. We
know that epje1p = upju1» = e, and hence e>1e12» = e, — 7, for some z, inrad R.
Multiplying by e, on both sides, we see that

€7y = 2o = 22€). (*)

Now (ezienn)(eaienn) = exjerern = ejern, and thus (e2 — 22)> = ex — z2.
Expanding out this equality and using (x) gives e — 220 + 23 = e» — 22 and
therefore gives z% = z». Hence 75 = z; forevery n > 1. But z; is inrad R, and
every element of rad R is nilpotent. Thus z, = 0, and ejye5; = e as required. [J

The proof of Corollary 2.22 shows a little more than the statement asserts,
and we shall use this little extra conclusion when we finally get to the proof of
Theorem 2.18. The extra fact is that any elements i1, and i5; exhibiting e; and
e, have lifts to elements e}, and e;; exhibiting e; and e, as isomorphic.

The critical step of lifting a single idempotent from A/rad A to A is accom-
plished by the following proposition.

Proposition 2.23. Let R be a left Artinian ring. For each r in R, let 7 be the
element r 4+ rad R of R/rad R. If a is an element of R such that a is idempotent
in R/ rad R, then there exists an idempotent ¢ in R such thate = a.
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PROOF. Set b = 1 — a. The elements a and b commute, and ab = a(l — a)
maps to @ —a> = 01in R/ rad R, since a is idempotent. Therefore ab lies in rad R
and must satisfy (ab)" = 0 for some n. Since a and b commute, we can apply
the Binomial Theorem to obtain

2n
l=@+b™ =3 (V)™ bk,
k=0
n 2n
Define e=)Y (Zk”)a%z—kbk and f= Y (an)azn—kbk.
k=0 k=n+1

Each term of e contains at least the n'® power of a, and each term of b contains at
least the n™ power of b. Thus each term of ef contains at least a factor a"b" =
(ab)" = 0,and we see that ef = 0. Thereforee = el = e(e+ f) = > 4+0 = €2,
and e is an idempotent. Each term of e except the one for £ = 0 contains a factor
ab,and thus ¢ = a®" mod rad R. Since a is idempotent, a* = a mod rad R, and

therefore e = a. O

For the proof of Theorem 2.18, we need to lift an entire matrix ring to obtain a
matrix ring, and this involves lifting more than a single idempotent. In effect, we
have to lift compatibly an entire system ¢;; that behaves like the usual system of
E;; for matrices. The idea is that if R/rad R is a matrix ring M,,(K) with some
ring of coefficients K, then the i™ and j™ columns of M, (K) may be described
compatibly as M, (K)e;; and M,(K)e;;. Proposition 2.23 allows us to lift ¢;;
and ¢;; to idempotents e;; and ¢;;, and Corollary 2.22 shows that an isomorphism
e;; = e;; implies an isomorphism ¢;; = ¢;;. The isomorphism gives us elements
e;; and ¢;;, and then we can piece these together to form matrices.

Two idempotents e and f in a ring R with identity are said to be orthogonal
if ef =0 = fe. Suppose that ey, ..., e, are mutually orthogonal idempotents
such that ", ¢; = 1. Let us see in this case that

R=Re @ ---® Re,

as left R modules. In fact, the condition > ;_, ¢; = 1 shows thatr = ) \_, re;
foreachr € R,and thus R = Re; +---+ Re,. If r liesin Re; N Zi# Re;, then
r=sejandr =) zjli€i- Multiplying the first of these equalities on the right
by e; gives re; = sejz = se; = r. Hence the second of these equalities, upon
multiplication by e;, yields r =re; =}, ; rie;e; = 0. In other words, the sum
is direct, as asserted.

Corollary 2.24. Let R be a left Artinian ring. For eachr in R, letr be the coset
r +rad R in R/rad R. If x and y are orthogonal idempotents in R = R/ rad R
and if e is an idempotent in R with ¢ = x, then there exists an idempotent f in
R with f = yandef = fe =0.
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PROOF. By Proposition 2.23 choose an idempotent fo in R with fo =v. Then
foe has foe = yx = 0. Hence fye is in rad R, and (fye)"™' = 0 for some n.
Consequently 1+ foe 4+ (foe)? + - - - + (foe)" is a two-sided inverse to 1 — fye.
Define

f=0=e)(1+ foe+ (foe)> + -+ (foo)") fo(1 — foe).
Then f = (1—x)(y +0+---+0)y(1—0) = (1 —x)y = y—xy = y. Moreover,
fe=(0—-o(1+ foe+ (foe)* + -+ + (foe)")(foe — fye®) =0
since foe — fle> = foe — foe =0,and

ef =e(1—e)(1+ foe+ (foe)* + -+ (foe)") fo1 — foe) =0

since e(1 —e) = 0.
We still need to see that f2 = 0. Since fo(1 — foe) = fy(1 — e), we can write
f=0-e)d+ foe+---)fo(l —e)and

fF=0—-e(+ foet+--)foll —e)1 + foe + ) fo(l —e)
=0-eA+ foe+---) fo(l = foe)(1 + foe+---)fo(1 —e)
= -e)1+ foet+--)fo-1- fol —e)
=1 —e)(1+ foe+ ) fo(l = foe)

:f,

as required. O

Corollary 2.25. Let R be a left Artinian ring. Foreachr in R, let7 be the coset
r+radR in R/rad R. If {x;,...,xy} is a finite set of mutually orthogonal
idempotents in R = R/rad R, then there exists a set of mutually orthogonal
idempotents {e;, ..., ey} in R such that e; = x; for all i. If ZlNzl x; = 1, then
21{\]:1 e = 1.

PROOF. For the existence of {x, ..., xy}, we proceed by induction on N, the
case N = 1 being Proposition 2.23. Suppose we have found ey, ..., ¢, and we
want to find e,4;. Let e be the idempotent e; 4 - - - + ¢,, and apply Corollary
2.24 to the idempotent e in R and the idempotent x, 4 in R/ rad R. The corollary
gives us e, orthogonal to e with e, = x,+1. Since ¢; = ¢;e = ee; fori < n,
we obtain e,,1¢; = eyt1(ee;) = (e,+1€)e; = 0 and similarly e;e,; = O for
those i’s, and the induction is complete.

Finally >, x; = 1 implies that ), ¢; = 1 + r for some r in rad R. Then
the idempotent 1 — ) . ¢; is exhibited as in rad R and must be 0 because every
element of rad R is nilpotent. O



5. Wedderburn's Main Theorem 101

In a nonzero ring R with identity, a finite subset {eij li,j €{l,..., n}} is
called a set of matrix units in R if > ;_,e; = 1 and ¢;je; = §jxe; for all
i, j,k,l. It follows from these conditions that the e;; are mutually orthogonal
idempotents with sum 1, since e;;ej; = 8;je;j = 6;je;;. In view of the remarks
before Corollary 2.24, we automatically have R = @;_, Re;;. In addition, the
product rule giVCS ejjéjjejj = €jj, €jjejiejj = €ji, €;j€jj = €jj, and €jieij = €jj;
by Proposition 2.21 the idempotents ¢;; and e;; are isomorphic in the sense that
there is a left R module isomorphism Re;; = Re;;.

If A = M,(R), define E;; to be the matrix that is 1 in the (i, j)™ place and
is 0 elsewhere. Then it is immediate that {E;;} is a set of matrix units in A. To
recognize matrix rings, we prove the following converse.

Proposition 2.26. For a nonzero ring A with identity, suppose that

leij 1i,jef{l,....n}}

is a set of matrix units in A. Let R be the subring of A of all elements of A
commuting with all ¢;;. Then every element of A can be written in one and only
one way as Zi’j rije;j with r;; € R for all i and j, and the map A — M, (R)
given by a > [r;;] is a ring isomorphism. The ring R can be recovered from A
by means of the isomorphism R = ej; Aey.

PROOF. To each a € A, associate the matrix [r;;] in M, (A) whose entries are
given by r;; = ), exiaeji. Then

Tijeim = )_ exiaejkeim = )_ exiadyejm = €jiaejn, ()
k k
and eimlij = Y eimekiaejx = ) Smkeiaejx = e;;aejy,.
k k
Thus r;je;, = ejaej, = ey,ri;. Because of the definition of R, this equality
shows that r;; is in R. In particular, [r;;] is in M, (R). A special case of (%) is
that rijeij = ejjaej;. Hence

Zrijeij = Zeiiaejj = lal =a.
i,j i,j

This proves that a can be expanded asa = Y, ; 7i;.
For uniqueness, suppose that a = Zi‘ jSijeij is given with each s;; in R.
Multiplication on the left by ey, and right by e, followed by addition, gives

Fpg = D Ckpaeqr = Zekp(zsijeij)eqk = D Sij€kpCijeqk = D_ SpgCkk = Spq-
X X i ik X
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This proves that the map A — M,,(R) is one-one onto.

To see that the map A — M,,(R) respects multiplication, let @ and a’ be in
A, and let the effect of the map on a, a’, and aa’ be a — [r;j],a’ — [ri/l.], and
aa’ — [s;;]. Then we have '

/ / !/ !
Zrilr[j = ) eyaeyeidejp = eaeya'ej =) eyaadej = sij,
[ LkK Lk k

and the matrix product of the images of @ and @’ coincides with the image of aa’.

Finally consider the image Ej; = [r;;] of the element a = ey of A. It has
rij = Y g erienejk = 8i181; )y exk = 8;181;. If a is a general element of A and
its image is [r;;], then the result of the previous paragraph shows that ejjaeq;
maps to Eq1[r;;]E11 = r11 E11. Hence the map ej1aeq; = ri; is an isomorphism

of e;1 Aey; with R. O

PROOF OF THEOREM 2.18. Let {x;; | i, j € {1,...,n}} be a set of matrix
units for the matrix ring A/rad A = M, (D). Then xy, ..., x,, are mutually
orthogonal idempotents in A/rad A with sum 1. By Corollary 2.25 we can
choose mutually orthogonal idempotents e, ..., e,, in A with Zl’.lzl eii = 1
and with e¢;; = x;;.

We observed at the time of defining matrix units that xyy, .. ., x,, are isomor-
phic as idempotents. Corollary 2.22 shows as a consequence that ejq, ..., e;,

are isomorphic as idempotents. The remarks following Corollary 2.22 show that
the isomorphism of Rej; with Re;; can be exhibited by elements e;; and ¢;; in A
satisfying the usual properties

€11€1i€ii = €li, €ii€j1€11 = €i1, €lij1 = €11, €i1€li = €jj

and also the properties ¢;; = x; and ¢;; = x;. Here a is shorthand for a +rad A.
Define ¢;; = e;1ey;. Thene;; = e;1e1; = x;1x1; = x;;, and we readily check that
{ei;} is a set of matrix units for A.

By Proposition 2.26, A = M, (R) with R = ej; Ae;;. From Corollary 2.20
we know that e;; Aej;/rad(e;; Aer;) = ey (A/rad A)ey;, where e;; denotes the
element e;; + rad A of A/rad A. Hence

R/rad R = eé1(A/rad A)ey = e M, (D)é; = D,
and the proof is complete. |
Corollary 2.27. If A is a finite-dimensional algebra with identity over a field

F and if A/rad A = M, (F) as algebras, then there is a subalgebra S isomorphic
to M, (F) such that A = § @ rad A as vector spaces.
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REMARKS. This corollary shows that Theorem 2.18 implies Theorem 2.17
under the additional assumption that the algebra A of Theorem 2.17 satisfies
A/rad A = M, (F). It is not necessary to assume characteristic 0.

PROOF. Suppose that A is a finite-dimensional algebra with identity over
F such that A/rad A = M, (F). Then A is left Artinian, and Theorem 2.18
produces a certain ring R with A = M,(R). Here Proposition 2.26 shows
that R is isomorphic as a ring to e;; Ae;; for a certain idempotent e in A. It
follows that R is an algebra with identity over F', necessarily finite-dimensional
because A is finite-dimensional. The algebra R, according to Theorem 2.18, has
R/rad R = F. Therefore R = F @ rad R as F vector spaces. If we allow
M, (-) to be defined even for rings without identity, then we have F algebra
isomorphisms

A= M,(R) = M,(F ®radR) = M,(F) & M,(rad R)

in which the direct sums are understood to be direct sums of vector spaces. We
shall show that
rad(M,(R)) = M, (rad R), ()

and then the decomposition A = S @ rad A will have been proved with § =
M, (F).

To prove (x), let E;; be the member of M, (R) that is 1 in the (i, )™ place
and is O elsewhere. Suppose that J is a two-sided ideal in M, (R). Let I C R
be the set of all elements x1; for x € J. If r is in R, then r E{; is a member of
M, (R), and the (1, 1) entry of the element (r Ey;)x of J is rx;. Thus rxy; is
in /. Similarly x;;7 isin 7, and [ is a two-sided ideal in R. Let us see that

J=M,). (k%)

If x isin J, then so is E;;xE1; = x11 E;;, and hence I E;; is in J; taking sums
over i and j shows that M, (I) C J. In the reverse direction if x is in J, then so
is Ey;xE;1 = x;;E11, and hence x;; is in I; therefore / C M, (/). This proves
(*x). Let us apply (x*) with J = rad(M,(R)). The corresponding ideal I of R
consists of all entries x;; of members x of J. Using Corollary 2.20, we obtain

IEn=EnJE = Enrad(M,(R))E =rad(E\1M,(R)E1) =rad(REq1).

Thus I = rad R. Taking M,,( -) of both sides and applying (), we arrive at (x).
This completes the proof. O

Corollary 2.28. If A is a finite-dimensional associative algebra with identity
overafield Fandif A/rad A = M, (F)x---x M, (F),thenthereisasubalgebra
S of A isomorphic as an algebra to A/ rad A such that A = § @ rad A as vector
spaces.
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REMARKS. This corollary gives the conclusion of Theorem 2.17 under the
additional assumption that the semisimple algebra A/ rad A over F is of the form
A/rad A = M, (F) x --- x M, (F). If F is algebraically closed, then the
division rings Dy in Theorem 2.2 are finite-dimensional division algebras over
F and necessarily equal F, as was observed in the discussion after Corollary
2.3. Thus Theorem 2.2 shows that the additional assumption about the form of
A/rad A is automatically satisfied if F is algebraically closed. In other words,
Corollary 2.28 completes the proof of Theorem 2.17 if F' is algebraically closed.

PROOF. For 1 < j < r, let x; be the identity matrix of M, (F) when
M, (F) is regarded as a subalgebra of A/rad A. The elements x; are orthogonal
idempotents in A/rad A with sum 1, and Corollary 2.25 shows that they lift to
orthogonal idempotents ¢; of A with sum 1. For each j, Corollary 2.20 shows that
ejAej/rad(ejAej) = xj(A/rad A)x; = M, (F). By Corollary 2.27, ¢; Ae; has
a subalgebra §; = M, (F) with e; Ae; = §; @ rad(e; Ae;) as vector spaces. Put
S = EB;ZI S;, the direct sum being understood in the sense of vector spaces. The
subalgebra S; has identity e;, and the product of e; with any other §; is 0 because
eiej = eje; =0wheni # j. Ifs =3 . s;ands’ =}, s’ are two elements of S,
then ss’ = (), siei) (X ¢js]) = X, sieiejs; = Y sjejs; = 3. s;s;. Hence
S is a subalgebra. The element Z;:l e; is a two-sided identity in S.

Letus provethat SNrad A = 0. If s = Zj sjisin SNrad A,thens; = e;se; is
in §; = e¢;Se; and is in ¢;(rad A)e;, which equals rad(e; Ae;) by Corollary 2.20.
Since §; Nrad(e; Aej) = 0 by construction, s; = 0. Thus s = Zj s =0.

Consequently SNrad A = 0. A count of dimensions givesdim § = ) j dim §;
= Zj n]g = dim(A/rad A). Thusdim A = dim S+dim(rad A), and we conclude
that A = S @ rad A as vector spaces. ]

6. Semisimplicity and Tensor Products

In this section we shall complete the proof of Wedderburn’s Main Theorem
(Theorem 2.17). In the previous section we proved in Corollary 2.28 the special
case in which A/rad A is isomorphic to a product of full matrix rings over the
base field F. This special case includes all cases of Theorem 2.17 in which F is
algebraically closed.

The idea for the general case is to make a change of rings by tensoring A with
the algebraic closure of the underlying field F, or at least with a large enough
finite extension K of F for Corollary 2.28 to be applicable. That is, we first
consider Ax = A®r K and (A/rad A) ®r K in place of A and A/ rad A. Inside
Ak we can recognize (rad A) ® p K as a subalgebra defined over K, and we
expect that it is rad Ag and that we can find a complementary subalgebra S over
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K ; then the question is one of showing that S is of the form Sp ® p K for some
semisimple subalgebra Sy of A defined over F. The trouble with this style of
argument is that the tensor product (A/rad A) ® r K need not be semisimple and
there need not be a candidate for S. Some question about separability of field
extensions plays a role, as the following example shows, and the assumption of
characteristic 0 will ensure this separability.

EXAMPLE. We exhibit two extension fields K and L of a base field F such that
K ®pF L is not a semisimple algebra over F. The field extensions are each 1-by-1
matrix algebras over an extension field of F and hence are simple algebras, yet
the tensor product is not semisimple. Fix a prime field F;,, and let F' = [F,(x?) be
a simple transcendental extension of F),. Define K = L = F,(x) = F( xP).
Both K and L are field extensions of F of degree p. Thus K ®p L is a finite-
dimensional commutative algebra with identity over F', by the construction in
Proposition 10.24 of Basic Algebra. Theelementz =x®@ 1 — 1 ® x in K ®f L
isnonzerobuthasz? = x?®1 -1 x? =x?® 1 —x? ®1 = 0, the next-to-last
equality following because x? lies in the base field F'. Consequently K ® p L has
a nonzero nilpotent element. If K @ L were semisimple, Theorem 2.2 would
show that it was the direct product of fields, and it could not have any nonzero
nilpotent elements. We conclude that K ® ¢ L is not a semisimple algebra.

Proposition 2.29. Let F be a field, let K = F(«) be a simple algebraic
extension, let g(X) be the minimal polynomial of & over F, and let L be another
field extension of F. Then

(a) K ®r L= L[X]/(g(X)) as associative algebras over L,
(b) K ®F L is a semisimple algebra if the polynomial g(X) is separable.

REMARKS. Proposition 10.24 of Basic Algebra shows that the tensor product
A ®p B of two associative algebras with identity over F has a unique associative
algebra structure such that (a; ® by)(a; ® by) = ayjar ® b1b,. Problem 8 at the
end of Chapter X shows that if B is an extension field of F',then A ® B is in fact
an associative algebra with identity over B, the multiplication by b € B being
given by the mapping 1 ® (left by b).

PROOF. For (a),letn = [K : F]. Formthe F bilinear mapping of F[X]x L into
L[X] given by (P(X), £) — £P(X). Corresponding to this F bilinear mapping
is a unique F linear map ¢ : F[X] ®Fr L — L[X] carrying P(X) ® £ to £P(X)
for P(X) € F[X]and ¢ € L. The F vector space F[X]®pF L is an L vector space
with multiplication by £y € L given by the linear mapping 1 ® (left by £y). Since
<p((1 ® (left by £p)) (P (X) ®€)) = {plP(X) = Lop(P(X)®Y{)),pis L linear. In
addition, o (P (X)) (Q(X)®Y)) = ¢(P(X)Q(X)®LL') = LU'P(X)Q(X) =
(P(X)® O)p(Q(X) ® £'), and therefore ¢ is an algebra homomorphism.
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We follow ¢ with the quotient homomorphism ¢ : L[X] — L[X]/(g(X)),
and the composition ¥ ¢ is O on the ideal (g(x)) ® L of F[X] ®F L. Therefore
¥ ¢ descends to a homomorphism (F[X]/(g(X)))®r L — L[X]/(g(X)),hence
to a homomorphism n : K @ L — L[X]/(g(X)). Since ¢ and i are onto, so
is n.

It is enough to prove that  is one-one. Thus suppose that 77( Yiki® Ei) =0
with all k; in K, all £; in L, and the ¢; linearly independent over F'. Write
ki = P;(X)+(g(X)) withdeg P;(X) < nwhenever P; # 0. Then ), {; P;(X) =
0 mod g(X). Since g(X) has degree n and each nonzero P;(X) has degree at
most 1, 3_, £; P;(X) = 0. Write P;(X) = ), c;; X/ with each ¢;; in F. Then
> (X ticij)X? = 0,and Y, £;c;j = O for all j. Since the ¢; are linearly
independent over F', ¢;; = Oforalli and j. Thus k; = Oforalli, ), ki ®¢; =0,
and 7 is one-one. This proves (a).

For (b), factor g(X) over L as g1(X) - - - g, (X) for polynomials g;(X) irre-
ducible over L. Since the separability of g forces gi,..., gn to be relatively
prime in pairs, the Chinese Remainder Theorem implies that

L{X]/(g1(X) - - - gm(X)) = LIX]/(g1(X)) x - -+ x L[X]/(gm(X)).

Each L[X]/(g;(X)) is a field, and thus L[ X]/(g(X)) is exhibited as a product of
fields and is semisimple. O

Corollary 2.30. Let F be a field, let K be a finite separable algebraic extension
of F, and let L be another field extension of F. Then the algebra K ®p L is
semisimple.

REMARKS. The condition of separability of the extension K/F is automatic
in characteristic 0. The two field extensions K and L in the example before
Proposition 2.29 both failed to be separable extensions of the base field F.

PROOF. The Theorem of the Primitive Element (Theorem 9.34 of Basic Al-
gebra) shows that K /F is a simple extension, say with K = F(«). Since this
extension is assumed separable, the minimal polynomial over F of any element of
K is a separable polynomial. The hypotheses of Proposition 2.29b are therefore
satisfied, and K ®f L is semisimple. O

Proposition 2.31. Suppose that A and B are algebras with identity over a field
F, that B is simple, and that B has center F'. Then the two-sided ideals of the
tensor-product algebra A ® p B are all subsets / @ ¢ B such that [ is a two-sided
ideal of A.

PROOF. The set I @ B is a two-sided ideal of A®F B, since (a®@b)(i ®b') =
ai ® bb' and since a similar identity applies to multiplication in the other order.
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Conversely suppose that J is an ideal in A ® p B. Let 15 be the identity of B,
and define I ={a € A|a® 1g € J}. Then I is a two-sided ideal of A, and we
shall prove that J/ = I @ B. The easy inclusion is I ® B C J. For this, let
ibein/ and bbein B. Theni ® l1gisin J and 14 ® bisin A ®r B. Their
producti ® b hastobe in J,and thus I @ B C J.

For the reverse inclusion, take a basis {x;} of I over F' and extend it to a basis
of A by adjoining some vectors {y;}. It is enough to show that any finite sum
>_; ¥ ® bj in J necessarily has all b; equal to 0. Arguing by contradiction,
suppose that ) "}, v;, ® b, is a nonzero sum in J with m as small as possible
and in particular with all b; nonzero. Let H be the subset of B defined by

H = {le

m
> Vi ®cj, € J for some m-tuple {c;,} < B}.
k=1

The set H is a two-sided ideal of B containing the nonzero element b;, of B.
Since B is simple by assumption, H = B. Thus 1 is in H. Therefore some
element

m
Vi ® g +k22yj‘k ® ¢,

isin J. Let b € B be arbitrary. Multiplying the displayed element on the left and
right by 14 ® b and subtracting the results shows that

Vi, ® (bej, — ¢jyb) + -+ +y;, ® (bej, — ¢j,b)

isin J. Since m was chosen to be minimal, this element must be O for all choices
of b. Then all coefficients are 0, and the conclusion is that all coefficients c;, are
in the center of B, which is F by assumption. Consequently we can rewrite our
element of J as

m m
y/‘1®13+k22yf'k®cjkZYJ1®1B+/;ZCjkka®1B = (vji+epypt- -+, ¥,)®1s.

The definition of I shows that the factor y;, +cj,y;, +- - -+c¢;j, ¥j, in the pure tensor
on the right is in /. Since the y;’s form a basis of a vector-space complement to
I, this vector must be 0. The linear independence of the y;’s over F' forces each
coefficient to be 0, and we have arrived at a contradiction because the coefficient
of y; is 1, not 0. g

Lemma 2.32. The center of a finite-dimensional simple algebra A over a field
F is a field that is a finite extension of F.

PROOF. By Theorem 2.4, A = M, (D) for some finite-dimensional division
algebra D over F. Let Z be the center of A. By inspection this consists of the
scalar matrices whose entries lie in the center of D. The center of D is a field.
Hence Z is a field, necessarily a finite extension of F'. |
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Proposition 2.33. Let A be a finite-dimensional semisimple algebra over a
field F of characteristic 0, and suppose that K is a field containing F'. Then the
algebra A @ K over K is semisimple.

PROOF. Since the tensor product of a finite direct sum is the direct sum of tensor
products, we may assume without loss of generality that A is simple. Lemma 2.32
shows that the center Z of A is a finite extension field of . By Corollary 2.30
and the assumption that F has characteristic 0, the algebra Z ® ¢ K is semisimple.
Being commutative, it must be of the form K; & - -- @& K with each ideal K;
equal to a field, by Theorem 2.2.

Eachideal K; is a unital Z ® p K module, hence is both a unital Z module and
a unital K module. Thus we can regard each K; as an extension field of Z or of
K , whichever we choose. First let us regard K; as an extension field of Z. Since
K; has no nontrivial ideals and A has center Z, Proposition 2.31 shows that the
Z algebra A ®7 K; is simple as a ring.

Next let us regard K; as an extension field of K; since A is finite-dimensional
over F,sois Z. Therefore Z ® r K is finite-dimensional over K, and K; is a
finite extension of K. Hence A ®; K; is a finite-dimensional algebra over K,
and it is left Artinian as a ring.

By Theorem 2.6, any left Artinian simple ring such as A ®z K; is neces-
sarily semisimple. Using the associativity formula for tensor products given in
Proposition 10.22 of Basic Algebra, we obtain an isomorphism of rings

AQrK=(A®z2)Qr K= A®;z (Z®F K)
ZAQz(Ki®---®K) =D (A®zK)),
=1

the summands being two-sided ideals in each case. Since each A ®; K; is a
finite-dimensional simple algebra over K, A ® p K is a semisimple algebra over
K by Theorem 2 4. |

Let us digress for a moment, returning in Lemma 2.34 to the argument that
leads to the proof of Theorem 2.17. In the next section we shall want to know
circumstances under which we can draw the same conclusion as in Proposition
2.33 without assuming that the characteristic is 0. Write the finite-dimensional
semisimple algebra A as A = M,, (D) x --- x M, (D,), where each D, is a
division algebra over F. Let Zy, ..., Z, be the respective centers of the simple
factors of A. Lemma 2.32 observes that each Z; is a finite extension field of F.
The proof of Proposition 2.33 appealed to Corollary 2.30 to conclude from the
condition characteristic 0 that Z; @ r K is semisimple. Instead, by rereading the
statement of Corollary 2.30, we see that it would have been enough for each Z; to
be a finite separable field extension of F', even if F did not have characteristic 0.
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Then the rest of the above proof goes through without change. Accordingly we
define a finite-dimensional semisimple algebra A over a field F' to be a separable
semisimple algebra if the center of each simple component of A is a separable
extension field of F'. In terms of this definition, we obtain the following improved
version of Proposition 2.33.

Proposition 2.33'. Let A be a finite-dimensional separable semisimple algebra
over afield F', and suppose that K is a field containing F'. Then the algebra AQ r K
over K is semisimple.

Lemma 2.34. Suppose that A is a finite-dimensional algebra with identity
over a field F', and suppose that N is a nilpotent two-sided ideal of A such that
the algebra A/N is semisimple. Then N = rad A.

PROOF. The algebra A is left Artinian, being finite-dimensional. Since N
is nilpotent, we must have N C rad A. The two-sided ideal (rad A)/N of the
semisimple algebra A/ N is nilpotent and hence must be 0. Therefore N = rad A.

g

PROOF OF THEOREM 2.17. Let A be the given finite-dimensional algebra of the
field F of characteristic 0, and write N forrad A and A for A/N . For any extension
field K of F,we write Ax = AQr K,Nx = N ®r K,and Ax = A®r K.

For most of the proof, we shall treat the special case that N> = 0. Let
F be an algebraic closure of F. Then Az = A ®r F = (A/N) ®r F =
(AQF f)/(N QF F) = A/ N7. Proposition 2.33 shows that Zf = AQp F is
a semisimple algebra over F, and the claim is that the two-sided ideal Nz of Az
is nilpotent. In fact, any element of N is a finite sum of the form ) ; (a; ® ¢;)
with each @; in N and each ¢; in F. The product of this element with 3 i (ajf ® c})
is >, ; (a;a; ® cic}), and this is 0 because the assumption N 2 = 0 implies that
al-aj/. =0 foralli and j. Thus N% =0, and N7 is nilpotent.

Since A%/N7 is semisimple and N is nilpotent, Lemma 2.34 shows that
Nz =rad(Ax). Corollary 2.28 (a special case of Theorem 2.17) is applicable to
A because F is algebraically closed, and it follows that there exists a subalgebra
S of Az such that Az = S® N7 as vector spaces. Here Sisa product of finitely
many algebras M, (F). The embedded matrix units ;; of S obtained from each
My, (F) are members of AFr = AQ®r F and hence are of the form DX ®c,
where {x;}]_, is a vector-space basis of A over F" and each ¢; is in F. Only finitely
many such ¢;’s are needed to handle all ¢;;’s, and we let K be a finite extension
of F within F containing all of them. Let py = 1, py, ..., p; be a vector-space
basis of K over F.
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Relative to this K, we form Ak, Nk, and Ag as in the first paragraph of the
proof. The same argument as with F shows that Ax = Ag /N is semisimple
and that N is nilpotent. By Lemma 2.34, Ny = rad Ag. The formulas for the
e;;’s in the previous paragraph are valid in Ag and give us a system of matrix
units. As in the previous paragraph, Corollary 2.28 produces a subalgebra S of
Ak isomorphic to some M,,(K) x --- x M, (K) such that Ax = § @& Nk as
vector spaces.

In the basis {x;}}_, of A over F', we may assume that the first 7 vectors form
a basis of N = rad A and the remaining vectors form a basis of a vector-space
complement to N. We identify members a of A with members a ® 1 of Ag.
With this identification in force, we decompose each basis vector x; for i > ¢
according to Ax = S @ Ng asx; = y; — z; with y; € S and z; € Ng. Since the
x;’sfori <tarein N C Nk, the vectors y; with i > ¢ form a vector-space basis
of S over K. Fori > t,write z; = Zj':o zij ® p; with z;; in N. Then we have

S
yi=xi +zi = X +zio) + Xz ® pj fori > 1.
Jj=1

Put

N
xl./:xi-i-zio and Z; =) zijQpj fori > .
Jj=1

Then {x,-}le U {xlf}l’.’:l+l is a basis of A over F. We shall show that Sy =
> i1 Fx] is a subalgebra of A, and then A = Sy @ N will be the required
decomposition.

Let x; and x; be given with i > 7 and j > , and write

x{ ]/ = Zk )/kij)C]/c + v;; with Vkij € F and vij € N.

Substituting x! = y; — z; and taking into account that N is an ideal in Ag, we
have

Yiyj = Y Vkijx;, mod Ng = > yiijyx mod Ni.
% %

Then y;y; = Y vkijyk + uij with each u;; € Ng. Since the y; are in S and S
is a subalgebra, u;; = 0. Thus y;y; = Y, vkijYk. Let us resubstitute into this
equality from y; = x; + z;. Taking into account that z;z; = 0 because N =0,
we obtain

X[X7 4 x(Zh + zix) = ; YkijXy, + ; VkijZp-

Substituting from z; = } _, zi; ® p; gives

N s N
XX @ U+ 3 xizji @ pr+ Y zuX; ® pr =D VkijX ® L+ 30 3 Viijzu @ pi-
=1 =1 k k =1
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The coefficients of pp = 1 must be equal, and therefore
x; ,/ =D VrijXg-
k

This equation shows that Sy is a subalgebra and completes the proof under the
hypothesis that N> = 0.

Now we drop the assumption that N> = 0. We shall prove the theorem
by induction on dimg A, the base cases of the induction being dimp A = 0
and dimp A = 1, for which the theorem is immediate by inspection. For the
inductive case, let A be given, and assume the theorem to be known for algebras of
dimension < dimp A. If N> = 0, then we are done. Thus we may assume that the
product ideal N is nonzero and therefore that dimy(A/N?) < dimy A. The First
Isomorphism Theorem shows that (A/N?) / (N/N?) = A/N = A. The quotient
A/N is semisimple, and N/N? is a nilpotent ideal in A/N?. By Lemma 2.34,
N/N? = rad(A/N?). The inductive hypothesis gives A/N = §;/N> ® N/N?
for a subalgebra S; of A with §; D N2. This means that A = S; + N and
S NN = N?2. Here

dimp A = dimg(S; + N) =dimg S; +dimg N — dimg(S; N N)
=dimp S; + dimp N — dimp N? = dimg S; + dimg(N/N?),

and N/N? # 0 implies dimy S; < dims A. The Second Isomorphism Theorem
gives A/N = (S| +N)/N = §;/(S;NN) = S;/N?. Thus S;/N? is semisimple.
Since N? is nilpotent, Lemma 2.34 shows that N> = rad S;. The inductive
hypothesis gives S| = § @ N? for a semisimple subalgebra S. Substituting
into A = S§; + N, we obtain A = (S @® N?) + N = S + N. Meanwhile,
SAN=(NSHNN=SN(SiNN)=SNN*=0. Therefore A= S @ N,
and the induction is complete. ]

7. Skolem—Noether Theorem

In this section we begin an investigation of division algebras that are finite-
dimensional over a given field F'. A nonzero algebra A with identity over a field
F will be called central if the center of A consists exactly of the scalar multiples
of the identity, i.e., if center(A) = F. Of special interest will be algebras with
identity that are central simple, i.e., are both central and simple.

Lemma 2.35. Let A and B be algebras with identity over a field F, and
suppose that B is central. Then

(a) the members of A ®p B commuting with 1 ® B are the membersof A® 1,
(b) center(A ®fr B) = (center A) QF 1.
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PROOF. For (a), suppose that z = ), a; ® b; commutes with 1 ® B and that
the g; are linearly independent over F'. If b is in B, then

0=010Q®b)z—z(1®Db) =Zai ® (bb; — b;b),

from which it follows that bb; — b;b = 0 for all b and all i. Since B is central,
each b; is in F', and we can write z as

2= a;i®bi =} (aibi®1) = (Zaib,»)@l.

In other words, z is of the formz = a ® 1.

For (b), we need to prove the inclusion C. Thus let z be in center(A Qf B).
By (a), z is of the form z = a ® 1 for some a € A. Now suppose that a’ is in A.
Then0 = (@’ ® 1)z — z2(a’ ® 1) = (@’a — aa’) ® 1. Hence a’a = aa’, and we
conclude that a is in center(A). O

Proposition 2.36. Let A and B be algebras with identity over a field F', and
suppose that B is central simple. Then
(a) A simple implies A ® p B simple,
(b) A central simple implies A @ B central simple.

PROOF. For (a), Proposition 2.31 shows that any two-sided ideal of A @ B is
of the form I ® p B for some two-sided ideal I of A. Since A is assumed simple,
the only /°s are O and A. Thus the only ideals in A @ B are 0 and A ® B, and
A ®F B is simple.

For (b), conclusion (a) shows that A ® r B is simple. By Lemma 2.35b the
center of AQp Bis(centerA)® 1 = F1® 1= F(1® 1),and hence A ®r B
is central. O

Corollary 2.37. If A and B are finite-dimensional semisimple algebras over a
field F and at least one of them is separable over F, then A @ B is semisimple.

REMARK. The definition of separability of A or B appears between Proposition
2.33 and Proposition 2.33'.

PROOF. Without loss of generality, we may assume that A and B are simple.
For definiteness let us say that A is the given separable algebra over F'. Let
K = center(B). Lemma 2.32 shows that K is a field, and associativity of tensor
products allows us to write

AQr B=A®r (K ®k B)=(A®r K) ®k B.

Here A ® K is semisimple by Proposition 2.33’, and B is central simple over
K . Thus Proposition 2.36a applies and shows that (A ® r K) ®k B is simple. [
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Corollary 2.38. Let A be a central simple algebra of finite dimension n over
afield F, and let A° be the opposite algebra. Then A ® p A° = M, (F).

EXAMPLE. Take F = R and A = H, the algebra of quaternions. Then
conjugation, with 1 +— 1 and i, j, k — —i, —j, —k, is an antiautomorphism of
H. Consequently H° = H. The corollary says in this case that HQr H = M4 (R).

PROOF. Let V be A considered as a vector space. Foreachay € A, we associate
the members /(ap) and r(ap) of Endg (V) given by [(ap)a = apa and r(ag)a =
aap. Then l(apa)) = [(ao)l(ay) and r(apa)) = r(ay)r(ap), and it follows
that/ : A - Endp(V) andr : A° — Endp(V) are algebra homomorphisms
sending 1 to 1.

Meanwhile, the map A x A° — Endg(V) given by (a, d’) — l(a)r(a’) is F
bilinear and extends to an F' linearmap ¢ : AQr A° — Endp (V). Because of the
homomorphism properties of / and r, the mapping ¢ is an algebra homomorphism
sending 1 to 1. Proposition 2.36 shows that A ® p A° is simple, and it follows
that ¢ is one-one. Since dimz(A @f A°) = (dimp A)?> = dimp Endp(V), ¢ is
onto. O

Corollary 2.39. Let A be a central simple algebra of finite dimension d over
a field F. Then d is the square of an integer.

PROOF. Let F be an algebraic closure of F. Proposition 2.36a shows that
the algebra F ® A is simple, and its dimension over F is d. A simple finite-
dimensional algebra over an algebraically closed field is a full matrix algebra over
that field, and thus F ®p A = M, (F). Comparing dimensions over F, we see
thatd = n?. O

Corollary 2.40. If D is a division algebra finite-dimensional over its center
F,then dimp D is the square of an integer.

PROOF. The algebra D is central simple over its center F, and the result is
immediate from Corollary 2.39. O

Theorem 2.41 (Skolem—Noether Theorem). Let A be a finite-dimensional
central simple algebra over the field F', and let B be any simple algebra over F.
Suppose that f and g are F' algebra homomorphisms of B into A carrying the
identity to the identity. Then there exists an x € A with f(b) = xg(b)x~' for all
bin B.

PROOF. Let us observe that the homomorphisms f and g are one-one because
B is simple, and the finite dimensionality of A therefore forces B to be finite-
dimensional.
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We consider first the special case that A = M, (F) for some n. The homomor-
phism f makes the space F”" of column vectors into a unital left B module by
the definition bv = f(b)v, and similarly the homomorphism g makes F" into a
unital left B module. Since B is finite-dimensional and simple, an argument given
with Example 1 of semisimple rings in Section 2 shows that there is only one
simple left B module up to isomorphism and that every unital left B module is a
direct sum of copies of this simple left B module. Consequently the isomorphism
classes of the B modules determined by f and g depend only on their dimension.
The dimension is n in both cases, and hence there exists an invertible F linear
map L : F" — F" such that Lf(b)v = g(b)Lv forall v € F". If L is given by
the matrix x ~' in M,,(F),then x ! f(b) = g(b)x~", and the theorem is therefore
proved in this special case.

For the general case we form the tensor products B ® p A° and A ® p A°. The
maps f ® 1 and g ® 1 are F algebra homomorphisms between these algebras,
B ®F A° is simple by Proposition 2.36a, and Corollary 2.38 shows that A ® p A°
is isomorphic to M,,(F') for the integer n = dim A. The special case is applicable,
and we obtain an invertible element X of A ® p A° such that

(FRNBR®a’)=X(gR (B ®a’)X™' forallb e Banda® € A°. (%)

Taking b = 1, we see that 1 ® a° = X (1 ® a®) X! for all a’ € A°. By Lemma
2.35a, X liesin A®1,hence is of the form X = x®1 for some x in A. Substituting
for X in (x), we obtain f(b) = xg(b)x~! as required. 0O

Corollary 2.42. If A is a finite-dimensional central simple algebra over the
field F, then every F automorphism of A is inner in the sense of being given by
conjugation by an invertible element of A.

PROOF. This is the special cse of Theorem 2.41 in which B = A and g is the
identity map on B. g

8. Double Centralizer Theorem

We saw in Corollary 2.40 that if D is a division algebra finite-dimensional over
its center F', then dimg D is the square of an integer. In this section we shall
prove a theorem from which we can conclude that the positive integer of which
dimp D is the square is the dimension of any maximal subfield of D. We state the
theorem, establish two lemmas, prove the theorem, and then derive two corollaries
concerning maximal subfields of division algebras.

If A is an algebra with identity and B is a subalgebra containing the identity,
then the centralizer of B in A is the subalgebra of all members of A commuting
with every element of B.
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Theorem 2.43 (Double Centralizer Theorem). Let A be a finite-dimensional
central simple algebra over a field F, let B be a simple subalgebra of A, and let
C be the centralizer of B in A. Then C is simple, B is the centralizer of C in A,
and (dimg B)(dimp C) = dimg A.

Lemma 2.44. Let A and A’ be algebras with identity over a field F, let B and
B’ be subalgebras of them, and let C and C’ be the centralizers of B and B in A
and A’, respectively. Then the centralizer of B ®fr B'in A®p A’ is C Qf C’.

PROOF. Expand an element of A®r A’ for the momentasx = ), a; ® a; with
the elements a; linearly independent over F. If x satisfies x(b ® 1) = (b ® 1)x
for all b in B, then ), (a;b — ba;) ® a. = 0. Since the a;’s are independent,
a;b — ba; = 0 for all i, and each g; is in C. Thus the centralizer of B ® 1 is
CerA.

Rewriting x with the g;’s assumed independent, we see similarly that the
centralizer of 1 ® p B’ is A®p C’. Putting these conclusions together, we see that

centralizer(B ®r B’) C centralizer(B ®r 1) N centralizer(1 @ B’)
=(C®rAYNAQrC)=C®rC

The reverse inclusion, namely centralizer(B ® r B’) 2 C ®f C’, is immediate,
and the lemma follows. O

Lemma 2.45. Let B be a finite-dimensional simple algebra over a field F', and
write V for the algebra B considered as a vector space. For bin B and vin V,
define members [(b) and r (b) of Endr (V) by [(b)v = bv and r (b)v = vb. Then
the centralizer in Endg (V) of [(B) is r(B).

PROOF. Let K be the center of B. This is an extension field of F by Lemma
2.32,and B is central simple over K. Let us see that any member a of Endp (V)
that centralizes /(B) is actually in Endg (V). If ¢ is in K, then c is in particular
in B, and therefore al(c) = I(c)a. Applying this equality to v € V yields
a(cv) = ca(v), and this equality for all ¢ € K says that @ is in Endg (V).

Thus it is enough to show that the centralizer of /(B) in Endg (V) is r(B).
We argue as in the proof of Corollary 2.38: The definitions of / and r make V
into a unital left B module and a unital right B module, and the members of K
operate consistently on either side of V because K lies in the center of B. The
function (b, b") + 1(b)r (') is therefore K bilinear, and it extends to the tensor
product B ® ¢ B as an algebra homomorphism ¢ : B ®x B’ + Endg (V). The
homomorphism ¢ is one-one, since Proposition 2.36a shows B& g B to be simple.
The dimensional equality dimg (B ®x B°) = (dimg B)? = dimg (Endg (V))
allows us to conclude that ¢ is onto, hence is an isomorphism.
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Lemma 2.35a shows that the centralizer of B ®g 1in B @ B?is 1 ®x B°.
If this statement is translated from the context of B ® ¢ B? into the isomorphic
context of Endg (V), then the centralizer of /(B) in Endg (V) is r(B), and we
saw that this fact is sufficient to imply the lemma. ]

PROOF OF THEOREM 2.43. Let V be the algebra B considered as a vector
space over F', and let /(B) and r(B) be the sets of those members of Endz (V)
that are given by left multiplication and right multiplication by members of B.
The algebra A is central simple by assumption, and Endz (V) is central simple,
being isomorphic to M, (F) for the integer n = dimg (V). By Proposition 2.36b,
A ®p Endp (V) is central simple. We define two algebra homomorphisms f and
gof Binto A®p Endp(V) by f(b) =1(b) ® 1 and g(b) = 1 ® [().

The Skolem—Noether Theorem (Theorem 2.41) produces an element x of
A ®p Endp (V) with f(b) = xg(b)x~! forall b € B. Hence

B®r1=x(1QF1(B)x"". (%)

Lemma 2.44 shows that the centralizer of B ®r 1 in A ®r Endp(V) is
C ®r Endr(V) and that the centralizer of 1 ®f I[(B) is A ®f r(B). From
the latter identification the centralizer of x (1 @ [(B))x " is x(A @F r(B))x~".
Combining () with these computations of centralizers, we see that

C ®r Endr(V) = x(A®p r(B))x . )

The algebra A ® g r (B) is isomorphic to A®r B, which is simple by Proposition
2.36a. Therefore C ® p Endp (V) is simple, and C has to be simple.
Equating the dimensions of the two sides of (xx) gives

(dimy C)(dimp B)? = (dimp C)(dimp Endp(V)) = dimp(C @F Endg(V))
=dimp(A Q®F r(B)) = (dimg A)(dimg B),

and hence
(dimg C)(dimg B) = dimfg A.

Finally the centralizer D of C contains B, and two applications of the dimensional
equality gives

Thus dimg D = dimg B, and we must have D = B. In other words, B is the
centralizer of C. O
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Corollary 2.46. Let D be a central finite-dimensional division algebra over
the field F. If K is any maximal subfield of D, then dimp D = (dimp K )2.

PROOF. Apply the Double Centralizer Theorem (Theorem 2.43) with A =
D. Let Z(K) be the centralizer of the simple subalgebra K in D. Since K is
commutative, K C Z(K). If a is in Z(K) but not K, then K (a) is a field in D
properly containing K, in contradiction to the assumption that K is a maximal
subfield of D. Hence K = Z(K). The dimensional equality in the theorem
therefore gives dimy D = (dimy K)(dimp Z(K)) = (dimy K)?. O

Corollary 2.47. Let A be a finite-dimensional central simple algebra over a
field F, and let K be a subfield of A. Then the following are equivalent:

(a) K is its own centralizer,
(b) dimp A = (dimy K)?,
(c) K is a maximal commutative subalgebra of A.

PROOF. Let Z(K) be the centralizer of K in A. The Double Centralizer
Theorem (Theorem 2.43) gives the equality

dimg A = (dimg K)(dimg Z(K)). (%)
If (a) holds, then Z(K) = K, and (x) yields (b).

If (b) holds, then () and the equality dimy A = (dimy K)? together imply
that dimp Z(K) = dimp K. Since K is commutative, Z(K) 2 K. The equality
of dimensions implies that Z(K) = K, and then (c) follows.

If (¢) holds, we start from the inclusion K C Z(K). If x is in Z(K) but

not K, then K (x) is a field strictly larger than K, in contradiction to (c). Thus
K = Z(K), and (a) holds. O

9. Wedderburn’s Theorem about Finite Division Rings
The theorem of this section is as follows.
Theorem 2.48 (Wedderburn). Every finite division ring is a field.

The proof will be preceded by a lemma.

Lemma 249. If G is a finite group and H is a proper subgroup, then
Ugeq gHg ™! does not exhaust G.



118 II. Wedderburn—Artin Ring Theory

PROOF. In the union _J eec 8H g~ !, the terms corresponding to g and to gh, for
h in H, are the same because (gh)H (gh)™' = g(hHh ")g~! = gHg™!. Thus
the union can be rewritten as (_J on 8H g~ !, it being understood that only one g is
used from each coset g H. From this rewritten form of the union, we see that the
number of elements other than the identity in the union is

<[G:H|(|H|-1)=[G:H]|H|-[G:H]l=I|G|-[G: H] < |G| -1,
and the lemma follows. O

PROOF OF THEOREM 2.48. Let D be a finite division ring, and let F be the
center. Then F is a field, say of ¢ elements. Maximal subfields of D certainly
exist. Any such subfield K has dimp D = (dimy K)? by Corollary 2.46, and
hence any two such subfields K and K’ are isomorphic. The Skolem—Noether
Theorem (Theorem 2.41) shows that K’ = xKx~! for some invertible x in the
group D* of invertible elements of D.

On the other hand, F and any element of D generate a subfield of D, and this
subfield is contained in a maximal subfield. Consequently any element of D is
contained in some such K’, and D = | J,_p« xKx~'. Discarding the element 0
from both sides, we obtain D* = | J, )« xK *x~'. Applying Lemma 2.49 to the
group G = D and the subgroup H = K*, we see that K* cannot be a proper
subgroup of D*. Therefore D = K, and D is commutative. O

10. Frobenius’s Theorem about Division Algebras over the Reals

We conclude this chapter by bringing together our results to prove the following
celebrated theorem of Frobenius.

Theorem 2.50 (Frobenius). Up to R isomorphism the only finite-dimensional
associative division algebras over R are the algebras R of reals, C of complex
numbers, and H of quaternions.

REMARKS. The text of this chapter has not produced any concrete examples
of noncommutative division rings other than the quaternions. Problems 12—16 at
the end of the chapter produce generalized quaternion algebras in which R can
be replaced by many other fields; there are infinitely many nonisomorphic such
examples when the field is Q. In addition, Problems 17-19 produce examples
of central division algebras of dimension 9 over suitable base fields. The next
chapter will give further insight into the construction of division algebras.
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PROOF. Let D be such a division algebra, and let F' be the center. Then
F is a finite extension field of R and must be R or C, since C is algebraically
closed. If F = C, then we have seen that D = C. Thus we may assume that
center(D) = R.

Let K be a maximal subfield of D (existence by finite dimensionality), and let
n = dimg K. Corollary 2.46 shows that dimg D = n?%. Since K has to be R or
C,nhastobe 1 or2. If n = 1, we obtain D = R. Thus we may assume that
n=2,K=C,and dimg D = 4.

The map f : K — D given by f(a + bi) = a — bi, where i is the member
of K corresponding to /—1 in C, is an algebra homomorphism into a central
simple algebraover R, and soisthemap g : K — D givenby g(a+bi) = a+bi.
By the Skolem—Noether Theorem (Theorem 2.41), there exists some x in D with
x(a 4+ bi)x~! = a — bi for all ¢ and b in R.

This element x has the property that x> commutes with every element of K
and must lie in K, by Corollary 2.47. Let us see that x? lies in center(D) = R.
In fact, otherwise 1 and x> would generate K as an R algebra, and every member
of D commuting with 1 and x2 would commute with all of K ; since x commutes
with 1 and x2, x would have to commute with K, contradiction. Thus x2 lies
in R.

If x> > 0, then x> = r2 for some r € R. The elements x and r together lie in
some subfield K’ of D, and K’ has no zero divisors. Since (x —r)(x +7r) =0
within K’, we conclude that x = £r. Then x commutes with the maximal
subfield K above, and we arrive at a contradiction.

Thus x> < 0. Write x> = —y? for some y € R, and put j = y~'x. The
equation x (a+bi)x~! = a —bi says that j(a+bi) j~! = a —bi and in particular
that jij~! = —i. Define k = ij.

We have j2 = y2x?> = —1. Hence k? = ijij = i(jij ") j* = i(=i)(=1) =
i = —1. Then ijk = —l,and k = —1(j " OG™") = =1(=j)(—i) = —ji;
hence ij + ji = 0.

Let us show that {1, i, j, k} is a linearly independent set over R. Certainly j is
not an R linear combination of 1 and i. If k = a + bi + ¢j for some a, b, c € R,
then squaring gives

—1 =k*> = a*> + b%i%* + *j> 4 2abi + 2acj + be(ij + ji)
= a* — b* — ¢ + 2abi + 2acj.

Equating coefficients of 1, i, and j, we obtain —1 = a2 — b2 - ab = 0,
and ac = 0. We cannot have —1 = &2, and thus at least one of » and c is
nonzero. Thena = 0, and ij = k = bi + cj. Left multiplication by i gives
—j = —b+cij = —b+ c(bi + cj); equating coefficients shows that b = 0.
Hence ij = cj, and we arrive at the contradiction i = ¢ € R. We conclude that
{1, 1, j, k} is linearly independent over R.
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To complete the proof that D is isomorphic to H, we have only to verify that
{1, 1, j, k} satisfies the usual multiplication table for H. We know that i 2 = Jj 2 =
k* = —1,that k = ij, and that k = — ji. The last of these says that ji = —k.
The other verifications are

Jk=jij = (ij = (=)= =i,
kj=ijj=i(=1)=—i,

ki =iji =i(jij~hj=i(=i)j =,
ik =iij=(=1)j=—],

and the proof is complete. g

11. Problems

In all the problems below, all algebras are assumed to be associative.
1. Let G be a finite group, and let CG be its complex group algebra. Prove that
CG is a semisimple ring, and identify the constituent matrix algebras that arise
for CG in Theorem 2.2 in terms of the irreducible representations of G.
2. Wedderburn’s Main Theorem (Theorem 2.17) decomposes finite-dimensional
algebras A in characteristic 0 as A = S @ rad A for some subalgebra S.
(a) What explicitly is a decomposition A = S @ rad A for the complex algebra
CIX1/(X* 4+ 1)??
(b) Is the subalgebra S in (a) unique? Prove that it is, or give a counterexample.
(c) Answer the same questions as for (a) and (b) in the case of the real algebra
R[X]/ (X% + 1)2.
3. Let A and B be finite-dimensional algebras with identity over a field F', and
suppose that B is central simple. Prove that rad(A ® r B) = (rad A) ®F B.

Problems 4—7 concern commutative Artinian rings. Let R be such a ring.

4. Prove that
(a) R has only finitely many maximal ideals,
(b) rad R is the set of all nilpotent elements in R,
(c) R issemisimple if and only if it has no nonzero nilpotent elements,
(d) R semisimple implies that R is the direct product of fields.

5. Let e be an idempotent in R/rad R. Prove that the idempotent ¢ € R in
Proposition 2.23 with e = e + rad R is unique.

6. Problem 4a shows that R has only finitely many maximal ideals. Let N be their
product. Use Nakayama’s Lemma (Lemma 8.51 of Basic Algebra, restated in
the present book on page xxiii) to prove that N is a nilpotent ideal in R.

7. Deduce from the previous problem that any prime ideal in R contains one of the
finitely many maximal ideals, hence that every prime ideal in R is maximal.
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Problems 811 concern triangular rings, which were introduced in an example after
Proposition 2.5. The problems ask for verifications for some assertions that were
made in that example without proof. The notation is as follows: R and S are rings
with identity, and M is a unital (R, S) bimodule. Define a set A and operations of
addition and multiplication symbolically by

R M rom

= 5)=106 %)

. m\ (r m'\ __(rr' rm’ +ms
o GG )0 )

8. Prove that the left ideals in A are of the form I; @ I, where I is a left ideal in
S and [; is a left R submodule of R & M containing MI,. (Educational note:

Then similarly the right ideals in A are of the form J; & J», where J; is a right
ideal in R and J; is a right S submodule of M @ S containing J; M .)

reR,meM,seS}

(=)

~

o

9. (a) Prove that the ring A is left Noetherian if and only if R and S are left
Noetherian and M satisfies the ascending chain condition for its left R
submodules.

(b) Prove that the ring A is right Noetherian if and only if R and S are right
Noetherian and M satisfies the ascending chain condition for its right S
submodules. (Educational note: By similar arguments the conclusions
of (a) and (b) remain valid if “Noetherian” is replaced by “Artinian” and
“ascending” is replaced by “descending.”)

10. If A = ( g I; ) isanyring such as ( % g in which §'is a (commutative) Noetherian

integral domain with field of fractions R and if S # R, prove that A is left
Noetherian and not right Noetherian, and A is neither left nor right Artinian.

11. If A = (g 1;) is a ring such as (Qg‘) Q(g)) in which R and S are fields with

S € R and dimg R is infinite, prove that A is left Noetherian and left Artinian,
and A is neither right Noetherian nor right Artinian.

Problems 12-16 concern generalized quaternion algebras. Let F be a field of
characteristic other than 2, let K be a quadratic extension field, and let o be the
nontrivial element in the Galois group. The field K is necessarily of the form K =
F(/m) for some nonsquare m € F, and the elements ¢ of K for which o (c) = —c
are the F multiples of \/m. Fix an element r # 0 of F, and let A be the subset of

. a b
M;(K) given by <m(b) a(@ )

12. (a) Prove that A is a 4-dimensional algebra over F'.
Jm 0
0 —vm

when x # 0 is in a two-sided ideal / and is not in K = {(g 0&)}.

(b) Prove that A is central simple by examining cx — xc for ¢ =
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13. Prove that A is a division algebra if and only if r is not of the form N ,r(c) for
some ¢ € K. Why must A be isomorphic to M,(F) when A is not a division
algebra?

14. Prove that if » and r’ are two members of F such that r = r'Ng,r(c) for some ¢
in K, then the algebra A associated to r is isomorphic to the algebra associated
tor’.

15. Let {1,i, j, k} be the F basis of A consisting of the matrices

1=(h)e =00 %) i=0) k=)

Prove that these satisfy i> = ml, j2 = rl, k> = —rml, ij = k = —ji,
jk=—ri = —kj,and ki = —mj = —ik.

16. By going over the proof of Theorem 2.50 and using the relations of the previous
problem, prove that every central simple algebra of dimension 4 over F is of the

same kind as A for some quadratic extension K = F(4/m ) and some member
r#0of F.

Problems 17-19 concern cyclic algebras, which were introduced by L. E. Dickson.
These extend the theory of generalized quaternion algebras to other sizes of matrices.
The analogy with the theory in Problems 12-16 is tightest when the size is a prime.
For notational simplicity this set of problems asks about size 3. Let F' be any field, and
let K be a finite Galois extension of F' with cyclic Galois group. It is assumed in these
problems that K has degree 3 over F and that {1, o, 2} is the Galois group. Fix an

a b c
element r # 0 of F, and let A be the subset of M3(K) given by ( ro(c) a(a) o(b) )

raz(b) rrrz(c) oz(a)

a 0 0
Identifying a € K with the member (0 o@ 0 ) of A and letting j be the member
0 0 o%a)

010
(0 0 1) of A allows one to view A as the set of all matrices a + bj + ¢j> with
r00

a,b,c € K. The element j satisfies jaj~!

=o(a) fora € K and j3 =r.

17. Arguing as for Problem 12, show that A is an algebra over F and that it is central
simple of dimension 9.

18. Using the general theory, prove that A either is a division algebra over F or is
isomorphic to M3(F),and that A = M3(F) if and only if there is a 3-dimensional
vector subspace of A that is a left A submodule of A. (Educational note: This
problem makes crucial use of the fact that the size 3 is a prime.)

19. (a) Prove thatif r = Ng,r(d) for some d € K, then the 3-dimensional vector

subspace K(1+d~'j+d 'o(d)~"'j?) of Aisaleft A submodule.

(b) Prove that any 3-dimensional left K submodule of A is necessarily of the
form K (ag + boj + coj>) for some nonzero ag + by j + ¢oj* in A and that
this left K submodule is a left A submodule only if there exists an element
d € K with Ng,p(d) =r,dayg =ro(cp),dby = o(ap),and dcy = o (by).



CHAPTER III

Brauer Group

Abstract. This chapter continues the study of finite-dimensional associative division algebras over
a field F', with particular attention to those that are simple and have center F. Section 5 is a self-
contained digression on cohomology of groups that is preparation for an application in Section 6
and for a general treatment of homological algebra in Chapter I'V.

Section 1 introduces the Brauer group of F and the relative Brauer group of K/F, K being
any finite extension field. The Brauer group B(F') is the abelian group of equivalence classes of
finite-dimensional central simple algebras over F' under a relation called Brauer equivalence. The
inclusion F € K induces a group homomorphism B(F) — B(K), and the relative Brauer group
B(K /F) is the kernel of this homomorphism. The members of the kernel are those classes such
that the tensor product with K of any member of the class is isomorphic to some full matrix algebra
M, (K); such a class always has a representative A with dimp A = (dimp K )2. One proves that
B(F) is the union of all B(K/F) as K ranges over all finite Galois extensions of F.

Sections 2-3 establish a group isomorphism B(K /F) = H? (Gal(K/F), K*) when K is a finite
Galois extension of F. With these hypotheses on K and F, Section 2 introduces data called a
factor set for each member of B(K/F'). The data depend on some choices, and the effect of making
different choices is to multiply the factor set by a “trivial factor set.” Passage to factor sets thereby
yields a function from B(K /F) to the cohomology group H2(Gal(K/F), K*). Section 3 shows
how to construct a concrete central simple algebra over F from a factor set, and this construction
is used to show that the function from B(K /F) to H*(Gal(K /F), K*) constructed in Section 2 is
one-one onto. An additional argument shows that this function in fact is a group isomorphism.

Section 4 proves under the same hypotheses that H'(Gal(K/F), K*) = 0, and a corollary
makes this result concrete when the Galois group is cyclic. This result and the corollary are known
as Hilbert’s Theorem 90.

Section 5 is a self-contained digression on the cohomology of groups. If G is a group and ZG is
its integral group ring, a standard resolution of Z by free ZG modules is constructed in the category
of all unital left ZG modules. This has the property that if M is an abelian group on which G acts
by automorphisms, then the groups H" (G, M) result from applying the functor Homzg (-, M) to
the members of this resolution, dropping the term Homyzg (Z, M), and taking the cohomology of
the resulting complex. Section 5 goes on to show that the groups H" (G, M) arise whenever this
construction is applied to any free resolution of Z, not necessarily the standard one. This section
serves as a prerequisite for Section 6 and as motivational background for Chapter I'V.

Section 6 applies the result of Section 5 in the case that G is finite cyclic, producing a nonstandard
free resolution of Z in this case. From this alternative free resolution, one obtains a rather explicit
formula for H2(G, M) whenever G is finite cyclic. Application to the case that G is the Galois group
Gal(K /F) for a finite Galois extension gives the explicit formula B(K/F) = F* /NK/F(KX) for
the relative Brauer group when the Galois group is cyclic.

123
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1. Definition and Examples, Relative Brauer Group

The “Brauer group” of a field allows one to work with the set of all isomorphism
classes of finite-dimensional central division algebras over the field. The basic
theory in principle reduces the study of all such division algebras to questions in
the cohomology theory of groups. The latter theory was introduced in Chapter VII
of Basic Algebra and will be developed further in the present chapter and the next.

Let F be a field. Theorem 2.4 shows that every finite-dimensional central
simple algebra A over F is of the form A = M,,(D) for some uniquely determined
integer n > 1 and some finite-dimensional central division algebra D over F' that
is uniquely determined up to F' isomorphism. We can introduce an equivalence
relation for finite-dimensional central division algebras over F that exactly mir-
rors the relation of F' isomorphism of the underlying finite-dimensional central
division algebras. Specifically if A = M, (D) and A” = M,,(D’) are two such
central simple algebras for the same F such that D = D’, then we say that A
is Brauer equivalent to A’, and we write A ~ A’. It is immediate from the
definition that “Brauer equivalent” is an equivalence relation. We shall introduce
an abelian-group structure into the set of Brauer equivalence classes, hence into
the set of isomorphism classes of central finite-dimensional division algebras
over F.

Proposition 10.24 of Basic Algebra gives the definition of the tensor product
of two F algebrasl over F, and this operation is associative, up to canonical
isomorphism, by Proposition 10.22. It is also commutative, up to canonical
isomorphism. In fact, if A and B are given algebras over F, then the canonical
vector-space isomorphism ¢ : AQr B — B®p Aisgivenby p(a®b) = bR®a.
If a; ® by and a; ® b, are given, then the computation

p(ar @ bpg(az ® by) = (b1 ® ar)(by ® az) = b1by ® aja;
= @(a1a2 ® b1by) = ¢((a1 ® b1) (a2 ® by))

shows that ¢ respects multiplication. Hence tensor product is commutative for
algebras, up to canonical isomorphism.

Lemma 3.1. If F is a field, then

(a) M,(R) = R ®p M, (F) for any algebra R with identity over F,
(b) Mm(F) QF Mn(F) = M(mn)(F)-

PROOF. For (a), the F bilinear map (r, [a;;]) — [ra;;] of R x M, (F) into

T All algebras in this chapter are understood to be associative.
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M, (R) has a unique linear extension ¢ to an F' linear map of R ® p M, (F) into
M, (R). The map ¢ has

o(r ® lai D' @ [a];D) = 97’ @ [aijlla];])
rr'laijlla;;]
r[aij]r/[a,{j] since each a;; is in F

o(r ®F laiDe(r' ®la;;]),

and hence ¢ is an F algebra homomorphism. If {r;} is a vector-space basis of R
over F and if { E;;} is the usual basis of M, (F), then ¢(r; ® E;;) = riE;;, and it
follows that ¢ carries a vector-space basis onto a vector-space basis. Hence ¢ is
one-one and onto.

For (b), the result of (a) gives M,,(F) ®r M, (F) = M, (M,,(F)), and the
algebra on the right is isomorphic to the algebra M) (F') of matrices of size mn
by the multiplication-in-blocks isomorphism. ]

Proposition 3.2. For the field F, the operation of tensor product on finite-
dimensional central simple algebras over F descends to an operation on the set
of Brauer equivalence classes of such algebras and makes this set into an abelian
group.

PROOF. The tensor product of two finite-dimensional algebras over F is again
a finite-dimensional algebra, and Proposition 2.36 shows that the tensor product
of two central simple algebras is again central simple. Hence tensor product is
well defined as an operation on finite-dimensional central simple algebras over
F. Let us see that tensor product is a Brauer class property. Thus suppose that
A~ A'and B ~ B’, say with A = M, (D), A’ = M, (D), B = M,(E), and
B’ = M,/ (E). Since the tensor product of some M, (F) with an algebra over F,
up to isomorphism, does not depend on the order of the two factors and since
tensor product is associative up to isomorphism, Lemma 3.1 gives

A®r B=M,(D)®F My(E) =D Qr My(F) ®r My(F) F E
=D RF M(mn)(F) QF E= M(mn)(F) RF D RF E
= M(mn)(D ®F E)

Slmllarly A XRF B = M(m/n/)(D RF E) Thus A RF B~ A RF B’

We have observed that the tensor product operation on algebras over F is
associative and commutative, up to canonical isomorphisms, and hence so is the
product operation on Brauer equivalence classes. The class of the 1-dimensional
algebra F is the identity, and the class of the opposite algebra A? is an inverse to
the class of A because of the isomorphism A ® p A° = M,,(F) given in Corollary
2.38. g
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The abelian group of Brauer equivalence classes of finite-dimensional central
simple algebras over F is called the Brauer group of F' and is denoted by B(F).
We use additive notation for its product operation.

EXAMPLES ALREADY SETTLED IN CHAPTER II.
(1) If F is algebraically closed, then B(F) = 0.
(2) If F = R, then B(F) = Z/27Z by Frobenius’s Theorem (Theorem 2.50).

(3) If F is a finite field, then B(F) = 0 by Wedderburn’s Theorem about finite
division rings (Theorem 2.48).

The group structure for B(F) given in Proposition 3.2 offers little help by
itself in identifying the finite-dimensional division algebras over a particular field.
Instead, the usual procedure for understanding B(F) is to isolate certain special
subgroups of B(F'), known as “relative Brauer groups” and denoted by B(K /F),
K being any finite extension of F'. Under the assumption that K is a finite Galois
extension of F', Theorem 3.14 below says that B(K/F) is isomorphic to the
cohomology group H?(G, N), where G is the finite group G = Gal(K/F) and
N is the (abelian) multiplicative group K * of the field K. This cohomology group
is in principle manageable. Corollary 3.9 below says that B(F') is the union over
all finite Galois extensions K /F of B(K/F), and we therefore obtain a handle
on B(F).

If A is any finite-dimensional central simple algebra over F and if K /F is any
field extension, then Proposition 2.36a shows that A ®r K is simple as a ring, and
Lemma 2.35b shows that A ® K has center K. Therefore A ® r K is a central
simple algebra over K, and its Brauer equivalence class is a member of B(K).

Let us see that this map of algebras A into B(K) depends only on the Brauer
equivalence class of A in B(F). Thus suppose that A = M, (D) and A’ = M, (D)
for some finite-dimensional central division algebra D over F'. Lemma 3.1a gives
us isomorphisms of F algebras

A®r K = Mu(D)®r K = (My(F)®r D) ®F K
= Mu(F) ®F (D ®F K) = M, (D Qr K),

and similarly A’ ® p K = M, (D ®r K). In each case the left member of
the isomorphism is a K algebra, with K contained in the center. Thus we can
view each of our isomorphisms as isomorphisms of central simple K algebras.
Since D ®F K is a finite-dimensional central simple K algebra, we know that
D ®r K = M, (E) for some finite-dimensional central division algebra E over
K. Application of Lemma 3.1b allows us to continue the displayed isomorphisms
as
AQr K = Mm(D F K) = Mm(Mr(E)) = M(mr)(E)-
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Similarly we have A’ @ p K = M,)(E). Thus A ®@F K and A’ ® K yield the
same member of B(K), and (- ) ®r K induces a well-defined function from B(F)
into B(K).

The function from B(F') into B(K) is a group homomorphism. In fact, if A and
B are finite-dimensional central simple over F', then we have K isomorphisms

(AQr K)®k (B®r K) = A®r (K Qkx (B ®F K))
= AQr (B®r K)=(A®F B)®F K,

and the map is indeed a group homomorphism.

In addition, the resulting homomorphism satisfies the expected compatibility
condition with respect to compositions. In more detail, if we have nested fields
F € K C L, then the L isomorphisms

AR rK)Qk L=E=AQr (K®x L)= AQr L

show that the composition of tensoring with K over F, followed by tensoring
with L over K, yields the same result as tensoring directly with L over F.

We define the relative Brauer group B(K /F) to be the kernel of the homo-
morphism of B(F) into B(K). The members of the group B(K / F) are the Brauer
equivalence classes of finite-dimensional central simple F algebras A such that
A ®p K is F isomorphic to M, (K) for some n. We say that such algebras are
split over K, that K splits such algebras, and that K is a splitting field for these
algebras and their Brauer equivalence classes.

Theorem 3.3. Let K /F be a finite extension of fields. Then K is a splitting
field for a given member X of B(K/F) if and only if there exists an algebra A
over F in the Brauer equivalence class X containing a subfield K’ isomorphic to
K such that dimp A = (dimp K')2.

REMARKS.

(1) The theory of the Brauer group makes repeated use of this result. Corollary
2.47 shows that the subfield K’ of A is a maximal commutative subalgebra of A
and in particular is a maximal subfield of A.

(2) Observe that the field K is given in the theorem, and hence the integer n =
dimf K is known. Then A must have dimension n?. The equality dimy A = n?
determines A up to F isomorphism. In fact, Theorem 2.4 shows that A = M,.(D)
for a central division algebra whose isomorphism class is determined by the class
X. Then n?> = dimp A = r>dimp D, and > = n?/dimg(D). So A is indeed
determined up to F isomorphism.

(3) In view of the previous remark, any class X in B(K /F) has a distinguished
representative that is unique up to F isomorphism; the distinguished representa-
tives of the members of B(K /F) for fixed K all have the same dimension.
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PROOF. Suppose that A is a central simple algebra in the Brauer equivalence
class X containing a subfield K’ isomorphic to K such thatdimyg A = (dimp K’ )2,
We are to prove that K’ splits A. Write n for dimg K’, so that dimp A =
n?. Regard A as an n-dimensional K’ vector space with K’ acting by right
multiplication on A. Define an F bilinear mapping f : A x K’ — Endg'(A) by

f(a,c)(@) = ad'c; the image f(a, ¢) is in Endg/(A) because
f(a,c)d'c) =aa'c'c = (ad'c)c = (f(a, c)(a’))c’.

Extend f without changing its name to an F linear mapping f : A ®r K' —
Endg/(A) such that f(a ® ¢)(a’) = aa’c. The mapping f is actually K’ linear
because

fll@a®c))@) = fla®cc)(a') =ad'cc’ = (fla®c)a))c.
Also, it respects multiplication, since

fla®o)(fl@®c)a"))=fla®c)a'a’"c)=ad'a"c'c =ad'a"cc
= f(ad' ® cc')(d") = f((a ®c)ad ® c/))(a”).

Thus f is a homomorphism of K’ algebras. The domain A ® K’ is central
simple over K', as we saw when setting up the homomorphism B(F) — B(K),
and therefore f is one-one. Since AQ ¢ K’ and Endg- (A) both have K’ dimension
n?, f has to be onto. Thus f exhibits A ® K’ as isomorphic to a full matrix
ring over K’, and K’ splits A.

Conversely suppose that K is a splitting field for the members of the class X
in B(F). Let D be a division algebra in the class X. Since B(K/F) is a group
and therefore contains the inverse class D°, we must have D° @ K = M,,(K)
for the integer m such that dimz D° = m?. Let us rewrite this K isomorphism as
D’ ®r K = Endg (K™). The algebra Endp(K™) is central simple over F, and
up to an isomorphism, it contains the K algebra D’ ® p K and hence also the F
algebra D° @ F = D°. Let A be the centralizer of D in Endy(K™). We shall
prove that A has the required properties.

The algebra A contains (center D°) ® p K, which is a subfield K’ isomorphic
to K because D? is central over F, and A is simple by the Double Centralizer
Theorem (Theorem 2.43). The center of A matches the center of the centralizer
of A, which is the center of D° by Theorem 2.43, which in turn is F'. Thus A is
central simple over F. Yet another application of Theorem 2.43 gives

(dimg A)(dimp D°) = dimp Endp(K™) = m?(dimp K)>. (%)

Since dimp D° = m?, we see that dimp A = (dimy K)?. Thus the subfield K’
of A isomorphic to K has the required dimension.
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To see that A is in the Brauer equivalence class X, start from the F' bilinear
map A X (D° ®f F) — Endp(K™) given by (a,d ® 1) + ad, and form its
F linear extension ¢ : A ®r (D° ®r F) — Endr(K™). The map ¢ respects
multiplication because the members of A commute with the members of D°®r F':

Pa®@d®)(pa ® @ ® 1)) =¢pa® (d®1)(ddv)=adadv
=aad'dd'v = ¢(ad’ ® (dd’ ® 1))(v).

Since A ®fr (D° ®F F) is simple by Proposition 2.36, ¢ is one-one. A look at
() shows that

dimp(A ®F (D° @ F)) = (dimp A)(dimp D°) = dimp Endp(K™)

and allows us to conclude that ¢ is onto. Therefore A @ D° = Endg(K™).
Since Endp (K™) is Brauer equivalent to F', the Brauer equivalence class of A is
the inverse of the class of D?. Hence the class of A equals the class of D, which
is X. O

Corollary 3.4. If D is a finite-dimensional central division algebra over the
field F, then any maximal subfield K of D splits D.

PROOF. This is the special case of Theorem 3.3 in which A = D. The formula
for the dimensions holds by Corollary 2.47. ]

Corollary 3.5. If F is a field, then the Brauer group B(F') is the union of all
relative Brauer groups B(K/F) as K ranges over all finite extensions of F.

REMARKS. This result is all very tidy but is not very useful, since we have no
indication how to identify B(K /F') for a general finite extension F'. In Corollary
3.9 below, we sharpen this result to make K range only over the finite Galois
extensions of F', and we shall see in Section 3 that B(K /F') can be realized for
such fields K in terms of the cohomology of groups.

PROOF. Any member of B(F) has some central division algebra D as a
representative, and Corollary 3.4 identifies an extension field K of F that splits
D, namely any maximal subfield of D. U

Corollary 3.6. Let D be a finite-dimensional central division algebra over a
field F, and let dimg D = n?. If K is a splitting field for D, then dimy K is a
multiple of n.

PROOF. If K is a splitting field for D, then Theorem 3.3 says that there
exists an integer r such that M, (D) contains a subfield K’ isomorphic to K with
dimp M, (D) = (dimg K’)?. Thus r?n* = (dimp K)?,and rn = dimp K. O
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Theorem 3.7 (Noether—Jacobson Theorem). If D is a noncommutative finite-
dimensional central division algebra over the field F, then there exists a member
of D that is not in F and is separable over F.

REMARKS. Within a field extension K/F, we know from Corollary 9.31 of
Basic Algebra that the subset of all elements of K that are separable over F is
a subfield of K containing F. Consequently an equivalent formulation of the
theorem is that D contains a nontrivial separable extension field of F.

PROOF (Herstein). Arguing by contradiction, suppose that no element of D
outside F is separable over F. Let the characteristic of F be p, necessarily
nonzero. If a is any element of D not in F, then the assumed nonseparability
implies that the minimal polynomial f(X) of a over F has f/(X) = 0, according
to Proposition 9.27 of Basic Algebra. Hence f(X) = f1(X?) for some polyno-
mial f;(X) in F[X]. In turn, the minimal polynomial of a? is f;(X), and if a? is
not in F, then f1(X) = f2(X?) for some polynomial f,(X) in F[X]. Since the
degree decreases at each step as we pass from f to f, from fj to f,, and so on,
we conclude that ¢”* is in F for some e. In short, each a in D has the property
that there is some integer ¢ > 0 depending on a such that a” is in F.

In view of the assumption that D # F and the argument that we have just
seen, there exists an element a in D outside F such that a” is in F. Define a
functiond : D — D by d(x) = xa — ax. The function d is F linear, and it is
not identically O because a is not in the center F of D. If r and / denote right
and left multiplication, we can rewrite d as d(x) = (r(a) — [(a))(x). The linear
maps 7 (a) and [ (a) commute with each other, and thus the Binomial Theorem is
applicable in computing d” (x) as

dP(x) = (r(a) —l(a)" (x) = (r(@)” — l(@)")(x) = xa” — p“x =0,

the last equality holding because a” is in F' and is therefore central. Since d” is the
zero function and d is not, there exist an integer s with 2 < s < p and an element
yin D withd*~'y #0and d*y = 0. Put x = d*~!y. Since x = d(d*~?y), the
element w = d*~2y has the property that x = wa — aw. The condition dx = 0
says that xa = ax. Put x = au. The elements @ and u commute because a and
x commute. If we set ¢ = wu~!, then x = wa — aw = cua — acu, and hence
a = xu~' = cuau=' —ac. Since a and u commute, we obtaina = ca—ac. Right
multiplying by a~! gives 1 = ¢ — aca™! and therefore ¢ = 1 + aca~'. Raising
both sides to the p¢ power gives e =1 + ac?’ a='. The first paragraph of the
proof shows that there is some ¢’ > 0 for which e isin F , and for this integer

¢’, we obtain the contradictory equation ¢” = 1+ ¢?* from the commutativity
of a with F. This completes the proof. |
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Corollary 3.8. If D is a noncommutative finite-dimensional central division
algebra over the field F' and if K is a subfield of D that is separable over F, then
there exists a maximal subfield L of D containing K such that L is separable
over F.

PROOF. Because of the finite dimensionality, we may assume without loss
of generality that K is not properly contained in any larger subfield of D that
is separable over F. Arguing by contradiction, we may assume that K is not a
maximal subfield of D. Let E be the centralizer of K in D. This is a division
algebra over F. It is simple by the Double Centralizer Theorem (Theorem 2 .43),
and it contains K because K is commutative. Moreover, we know from Theorem
2.43 that

and that K is the centralizer of E. The latter condition shows that the division
algebra E is central simple over K. Since K is not a maximal subfield of D,
Corollary 2.46 gives dimp D > (dimpg K)?. Thus dimp K < dimy E. Since E
is central over K, E is noncommutative.

Application of Theorem 3.7 produces an element x in E outside K that is
separable over K. Let L be the subfield K(x) of E. Since K is a separable
extension of F, the Theorem of the Primitive Element gives an element @ of K
such that K = F(«). Then L = F(w, x). The implication (b) implies (c) in
Corollary 9.29 of Basic Algebra shows that if « is separable over F' and x is
separable over F' (&), then o and x are both separable over F'. The elements of L
that are separable over F form a subfield of L, and we have just proved that this
subfield properly contains K. This conclusion contradicts the assumption that K
is a maximal separable extension of F' within D, and the proof is complete. [

Corollary 39. If F is a field, then the Brauer group B(F) is the union of
all relative Brauer groups B(K/F) as K ranges over all finite Galois extensions
of F.

REMARKS. This is the result of interest. Each B(K/F) with K as in the
corollary will be seen to be given as an H? in the cohomology of groups, and this
group is in principle manageable. Thus we obtain a handle on B(F').

PROOF. If D is a central division algebra over F, then Corollaries 3.4 and 3.8
together show that some finite separable extension K’ of F splits D. That is, the
Brauer equivalence class of D lies in B(K'/F). Let us write K’ = F(«) by the
Theorem of the Primitive Element. If f(X) is the minimal polynomial of  over F',
then every root of f(X) in an algebraic closure F of F containing K' is separable
over F. Let K be the subfield of F generated by all the roots. This is a finite
normal extension, and Corollary 9.30 of Basic Algebra shows that it is a separable
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extension. We have seen that the composition of the homomorphisms B(F) —
B(K') and B(K') — B(K) is B(F) — B(K), and consequently B(K’'/F) C
B(K/F). Therefore the Brauer equivalence class of D lies in B(K/F). O

2. Factor Sets

Throughout this section let K/F be a finite Galois extension of fields. Our
objective is to construct a function from the relative Brauer group B(K/F') into
the cohomology group H?(Gal(K /F), K*). In Section 3 we shall prove that this
function is a group isomorphism.

We take as known the material in Chapter VII of Basic Algebra on cohomology
of groups. For convenient reference we list the relevant formulas for cohomology
in degree 2. If G is a group and N is an abelian group on which G acts by
automorphisms, the group C%(G, N) of 2-cochains is the group of all functions
a:G x G — N,the group Z%(G, N) of 2-cocycles is the set of members f of
C*(G, N) such that

u(f(v,w)) + f(u,vw) = f(uv, w) + f(u,v) forallu,v,w € G,

the group B%(G, N) of 2-coboundaries is the set of members f of C?(G, N) of
the form

fu,v) =u(x(®)) —a(mv) + a(u) forsomeo : G —> N,
and the cohomology group H?(G, N) is the quotient
H*(G,N) = Z*(G, N)/B*(G, N).

Here it is understood that we are using additive notation for the group operation
in N and that the action of u € G on a member n of N is denoted by u(n).

In constructing the function from B(K /F) into H*(Gal(K /F), K*), we shall
proceed in somewhat the same fashion as for the identification of group extensions
with an H? that was carried out in Chapter VII of Basic Algebra. Namely we shall
associate a “factor set” to some choices concerning a given finite-dimensional
central simple algebra and see that this factor set is a cocyle. Then we shall show
that the factor set for any set of choices for any Brauer-equivalent central simple
algebra differs from this cocyle by a coboundary. The result will be the desired
function from B(K /F) into H*>(Gal(K /F), K*).

Thus write G for Gal(K / F), fix a Brauer equivalence class X in B(K/F), and
let A be a central simple algebra in the class X meeting the conditions of Theorem
3.3: A contains a subfield K’ isomorphic to K ,and dimr A = (dimy K')%. Write
¢ — ¢’ for the isomorphism K — K'.
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Let o be an element of the Galois group G. Then ¢ > ¢’ and ¢ — o (c)
are two algebra homomorphisms of the simple algebra K into the central simple
algebra A, and the Skolem—Noether Theorem (Theorem 2.41) says that they are
related by an inner automorphism:

1

o(c) = x.c'x; for some x, € A.

Some choice is involved in selecting x,, but the element x, is unique up to a
factor from K’ on the right. In fact, if x, and y, both behave as in the boxed
formula, then y; 'x, commutes with K’ and hence is in K. Thus x, = y, c(, with
cpin K'.

The nonuniqueness can be expressed also in terms of a factor from K’ on the
left. In fact, the boxed formula for ¢ = ¢q implies that x, = (xyc(x, D(xy cy h =
G(CO)/ya-

At any rate, fix a choice of x, for all ¢ € G, and let us examine the effect of
composition. If o and 7 are in G, then

1 1

Xor'x7 = (01)(c) = 0(1(0)) = xo1(c)x]" = xpx.c/xx] "
Using the result of the previous paragraph, we see that x,, and x,x, are related

by a factor from K’ on the left. Hence we can write

XoXr = a(0, T) X0 witha(o, 7) € K.

If we examine the effect of composing three elements of G, we obtain a
consistency condition that the functiona : G x G — K must satisfy. Namely,
let p,o,and 7 be in G, and let us compute x,x, X, in two ways, taking advantage
of the associativity in A. With one grouping, we obtain

XpXog Xt = (xpxa)xr =a(p, U)/xpoxr =a(p, U)/G(PU, T)/xpars
and with the other grouping, we have

XpXo Xz = xp(xoxr) = xpa(o', T)/xar

= p(a(o, T))/xpxar = p(a(o, T))/G(P, O'T)/xpdt-

Therefore the functiona : G x G — K * satisfies

pla(o, 1))a(p,o1) =a(p,o)a(po, 7).

A functiona : G x G — K* satisfying the above boxed formula is called a
factor set. From A, an isomorphism K — K’, and a choice of the elements x,
for o € G, we have obtained a factor set.
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Comparing this boxed formula with the formulas in the second paragraph of
this section, we see that a factor set is exactly a member of Z%(Gal(K/F), K*)
except that the boxed formula uses multiplicative notation for K> and the defi-
nition of 2-cocyle uses additive notation. Thus we have associated a member of
Z*(Gal(K /F), K*) to the triple consisting of A, an isomorphism K — K’, and
a choice of the elements x, foro € G.

With the extension K /F and the class X € B(K/F) fixed, let us see the effect
on the factor set of making different choices. The algebra A lies in the Brauer
equivalence class X and has dimp A = (dimp K )2. As we saw in the remarks
with Theorem 3.3, A is determined up to isomorphism by these properties.

Thus let us start from a different system of choices: an algebra B in the
class X, an isomorphism K — K”, and elements y, for 0 € G such that
a(c)" = ysc"y; . Define the corresponding factor seth : G x G — K* by

Yoyr = b(0, 1) yor.

We wish to relate a(o, 7) and b(o, 7). We have just seen that A and B are
isomorphic as algebras. Let ¢ : A — B be an isomorphism. Then ¢ > ¢’ —
@(c’) and ¢ — ¢” are two algebra homomorphisms of K into B, and the Skolem—
Noether Theorem (Theorem 2.41) produces an element ¢ € B with

—1

" =t forallc € K.

Starting from the formula o (¢)’ = x,c'x !, apply ¢ and conjugate by 7 to obtain

o (c) =t ()" = (tp(xs)t ™) (to (o)) .

This equation says that ¢ (x, )¢ ~! serves the same purpose as y,, and therefore

Vo = clto(x, )t

for some member ¢, of K” placed on the left. Substitution into the formula
YoV = b(o, 1) ysr gives
=1 "n.n 1

cltp(xo)t crt(p(x,)f1 =b(0, 1)l t@(xeo)t .

If we substitute from the formula ¢”” = r¢(c’)t ! for all members of K” and then
conjugate by ! and apply ¢!, we obtain

L xoClxe = b(0, 1)l Xor.
The left side equals

C;;U(Ct)/xcrxr = C;;O—(Cr),a(‘x t)/xo’ta
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and comparison of this expression with the right side gives
b(o,1)c. . =clo(c;)alo, 1)

Passing from K’ back to K, we conclude that

‘b(o, T)Cor = Cs0(cr)a(o, 7). ‘

This formula says that b is the product of a and the trivial factorsetc : G x G —
K> given by
—1

c(o, 1) =co0(cr)c,,,

where o +— ¢, is some function from G to K*. Again referring to the second
paragraph of this section and remembering that we are using multiplicative no-
tation for K>, we see that the trivial factor sets are the 2-coboundaries, lying
in B>(Gal(K/F), K*), in the same way that the general factor sets are the
2-cocycles, lying in Z%(Gal(K/F), K*). We have thus proved the following
proposition.

Proposition 3.10. Let K be a finite Galois extension of the field F'. For
X in B(K/F), let A be an algebra in the Brauer equivalence class X with
dimp A = (dimy K)?, let K — K’ be an isomorphism of K into A, and let
{x, | 0 € Gal(K/F)} € A* be a set of elements such that o (c)’ = x,c'x; 1.
Then the passage from X to the factor set determined by the triple of data
(A, K—K', {x,}) descends to a well-defined function from the abelian group
B(K/F) to the abelian group H?*(Gal(K/F), K*).

3. Crossed Products

In this section we continue to assume that K /F is a finite Galois extension of
fields. We are going to show that the function B(K/F) — H*(Gal(K/F), K*)
given in Proposition 3.10 is an isomorphism of groups. The homomorphism
property comes last and is the hard part of the argument. In the meantime,
we construct the inverse function by associating an algebra to each member of
Z*(Gal(K /F), K*) and showing in Corollary 3.13 that the resulting function on
Z*(Gal(K /F), K*) descends to an inverse function from H>(Gal(K/F), K*)
into B(K/F). The algebra is called a “crossed product” and is produced in
Proposition 3.12 below. Before either of these steps, we establish one more
property of the system {x, | 0 € Gal(K/F)} of the previous section that has not
needed mentioning until now.
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Thus let a central simple algebra A be given with dimr A = (dimy K)?, along
with an isomorphism K — K’ denoted by ¢ — ¢’. As in the previous section
we choose x, € A* with

o(c) = x,¢'x;! forallc € K.
The corresponding factor set a (o, ) has
XoXr = a(o, T) Xgz.

We regard A as a vector space over K’ with K’ acting by multiplication on the
left.

Lemma 3.11. With hypotheses as above, the set {x, | 0 € Gal(K/F)}is a
vector-space basis of A over K'.

PROOF. Let G = Gal(K/F). Since |G| = dimg K = dimg K’ = dimg- A, it
is enough to prove linear independence. Arguing by contradiction, assume that
the set {x, | o € G} is linearly dependent. Choose a maximal subset J of G
such that {x; | T € J} is linearly independent. For o not in J, we then have

Xo = ) dLx; with a, € K. (%)
telJ

Every c in K satisfies

0(0) x5 =xo¢ =) alx; ¢’ =Y a.t(c)xq,
tel tel

and thus x, = >
shows that

ey 0(c)7'a,T(c)'x;. Comparing this expansion with (x)

o) 'alt(c) =d.  fortel. (k%)

Since x, # 0, some ., in the expansion (x) is nonzero. For this 7, we can cancel
a. in (xx) and obtain o (¢)’ = t(c)’ for all c € K. Then ¢ = 7, in contradiction
to the fact that o is not in J. O

The linear independence in Lemma 3.11 allows us to read off the structure of
A: as a K’ vector space, the algebra A is given by A = P, cgax,r) K'%o, and
the elements x, have the properties that

xs¢ =0(c)xy force K and XoXr = a(o, ) xg7.

Proposition 3.12 is motivated by these formulas, saying that we can reconstruct
A from a given 2-cocycle a(o, 7) in such a way that these formulas hold.
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Proposition 3.12. Let K/F be a finite Galois extension, and leta = a(o, 7)
be in Z*>(Gal(K/F), K*). Then there exist a central simple algebra A over F
with dimy A = (dimy K)?, an isomorphism K — K’ of K onto a subfield K’ of
A, and a subset {x, € A | 0 € Gal(K/F)} such that

(@ A= @aeGal(K/F) K'x,,

(b) x,c'x; I'= o (c)’ for all ¢ in K, with ¢ — ¢’ denoting the isomorphism
of K onto K’,

©) x5x; =a(o, T)x57.

REMARKS. We write A = A(K,Gal(K/F),a) and call A the crossed-
product algebra corresponding to the factor set a. The algebra A is completely
determined by the given conditions, up to canonical isomorphism, since (a), (b),
and (c) determine the entire multiplication table of A.

PROOF. Let G = Gal(K/F), form a set {x, | 0 € G}, and let A be the K
vector space (free K module) with basis {x,}. Then A = @ _; Kx,. Define a
multiplication on K basis vectors in A by

(cxo)(dx:) = co(d)a(o, )Xo, ()

and extend it to a multiplication on A by additivity.
First we shall check that A is an associative F algebra with a(1,1)~'x; as
identity by making use of the cocycle property

pla(o, 1))a(p,o0t) = a(p,o0)a(po, 7). ()
For associativity, () gives
(bx)((cxo (dxc)) = (bx,)(co(d)a(o, T)xgr)
=bp(c)(pa(d))plalo, v))a(p, oT)Xper

and
((bx))(cxs)(dx) = (bp(c)a(p, 0)xpo)(dx;)

=bp(c)a(p,o)po(d))a(po, T)xpsr,

and the right sides are equal by (*). To see that a(1, 1)~'x; is a two-sided
identity, take p = o = 1in (%) to get 1(a(1, t))a(1, t) = a(1, 1)a(1, t). Since
a takes values in K™, we can cancel and obtain

a(l,7) =a(1,1). @)
Thus () gives

(a(1, D)7 'x1)(dxr) = a(1, D' Ud)a(l, T)x; = dx..
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Similarly another specialization of (xx) is o (a(1, 1))a(o, 1) = a(o, Da(o, 1),
from which we obtain

o(a(l,1)) =a(o,1). (1)
Thus (x) gives

(cxo)(a(l, 1) 'xy) = co(a(l, D) a(o, Dxy = cx,,

and a(1, 1)~ 'x; is indeed a two-sided identity. We denote it by 1. Scalar multi-
plication by r € F is understood to be the additive extension of 7 (cx,) = (rc)x,
for ¢ € K, and the identities

(r(cxg))(dxr) =rco(d)a(o, T)xsz,
(cxg)(r(dxr)) =co(rd)a(o, T)x,; =rco(d)a(o, T)xsz,

r((cxg)(dxt)) =rco(d)a(o, T)xs¢

show that multiplication in A is F linear with respect to scalars, hence show that
A is an algebra over F'.

Second we define K’ C A and an isomorphism K — K’. For b € K, we let
b’ be the member of A given by ' = b1 = b(a(1, 1)~ 'x;), and we let K’ be the
image of K under b > b'. The map b — b’ certainly respects addition, and it
respects multiplication because the identity

(bra(1, D~ x1)(bra(l, ) 'x1) = bibya(l, 1)~ x)

is immediate from (%). Hence K’ is a subfield of A.
Third we prove properties (a), (b), and (c). For (a), we use () and () to obtain
the identity

b'xo = (ba(1, 1) 'x))x, = ba(1l, D 'a(l, 0)x, = bx,. 63)

This identity shows that K'x, = Kx,, and (a) follows. From (f), we see
also that x, (bx,-1) = (1x5)(bx,-1) = lo(b)a(o, o~ ")x; and that (bx,-1)x, =
bo(1)a(o~", o)x;; thus x, has aright inverse in A and also a left inverse, hence a
two-sided inverse. Consequently the statement of (b) is meaningful; for its proof
we have only to observe that

xgc'xa_1 = (xg(ca(l, 1)_1)61)))66_1 = (a(c)a(a(l, 1))_1a(0, 1)x(,) .xgl

1 1 — O‘(C)/,

=0(C)xy - x, =0(c)xex,
the last three equalities following from (1), (£), and the identity x,x_ I =1.
For (c), we have

XoXr = a(o, T)Xer = a(o, T) Xor,



3. Crossed Products 139

the second equality following from (%).

Fourth we show that A is simple. Let I be a proper two-sided ideal in A, and
letp : A — A/I be the quotient homomorphism. Since 1 is not in / and since
K’ is a subfield of A, we know that ker(¢ ) = 0 and that @(K') is a subfield of
A/I. The field ¢(K’) acts on A/I by left multiplication and makes A/ into a
@ (K") vector space. The members ¢(x,) of A/I certainly span A/I over ¢(K")
because of (a), and the claim is that they are linearly independent. If so, then ¢
is one-one, I equals 0, and A is simple. For the linear independence, we argue
by contradiction in the same way as for Lemma 3.11. Suppose that / € G is a
maximal subset such that {¢(x;) | T € J} is linearly independent over ¢(K’).
For o not in J, we then have

p(xs) = 3 pla)e(x;)  witha, € K. (5
tel

Every c in K satisfies
P(0(0))p(xg) = ¢(xs)p(c) = ZJ p(a)g(x)p(c) = ZJ p(a)e(T(0))p(x),

and thus
P(xe) =Y ey 0@ () p(a)e(T(©))p(x).

Comparing this expansion with (}}) shows that
90 (©)) p@)e(t(c)) = p(a) fort e J. ($)

Since x,, is invertible in A, ¢ (x,) is invertible in A/l and cannot be 0. Therefore
some ¢(a’ ) in the expansion (}%) is nonzero. For this 7, we can cancel ¢(a’) in
(§) and obtain ¢(o (¢)’) = ¢(t(c)’) for all ¢ € K. Since ¢ is one-one on K’, we
conclude that o = 7, in contradiction to the fact that o is not in J. Therefore A
is simple.

Fifth we show that A has center F. Thus suppose that ) ¢, x, is central.
Commutativity with d'x, forces the two expressions

(Z c(’,xg)d’xr =) co(d)xsx; =) co(d)a(o, 1) xs

d
o d/xr(Zc;x(,) =Y (d'x)(chxs) =Y d't(cs)a(r,o) x0

=Yd't(c;150)a(r, T '01) x40
o
to be equal. Hence

dt(c-147)a(r, t7lo1) = cyo(d)alo, T) foralld, o, t. (8%
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Putting d = 1 in (§§) shows that 7(c,-1,,)a(t, T~ 'o1) = c,a(o, 7). Substitut-
ing from this equation into the left side of (§§) gives

dcsa(o, 1) = cy0(d)a(o, T) foralld, o, .

If ¢, # 0, we see that 0(d) = d for all d € K; thus ¢, # 0 only for o = 1. For
o =1landd =1, (§§) reduces to

t(cpa(r, 1) = cia(l, 7).
Taking into account (}) and (1), we obtain
t(c1a(1, 1)) = cia(l, 1).

Since 7 is arbitrary, this says that cja(1, 1) is in F'. Thus the central element is
cixi = cixp = cra(l, Da(l, D~ 'x; = (cja(l, 1))1 and is an F multiple of the
identity.

Since {x,} by definition is a basis of A over K, we have dimg A = |G| =
dimy K. Multiplying this equation by dimr K yields dimp A = (dimy K)2.
This completes the proof. g

Corollary 3.13. If X is a finite Galois extension of the field F', then the map
B(K/F) — H?*(Gal(K/F), K*) defined via factor sets is one-one onto.

PROOF. Put G = Gal(K/F). Ifa : G x G — K* isin Z*(G, K*), then
we can construct an algebra A via Proposition 3.12, and the claim is that the
map a — A descends to H?>(G, K*) and is a two-sided inverse to the map from
B(K/F) into H*(G, K*) given in Proposition 3.10.

First we show that a — A descends to H>(G, K*). Thus suppose that b is a
second cocycle and is of the form b(o, 7) = a(o, r)c(,cr(c,)c;rl ,1.e., represents
the same member of H>(G, K*). Let B be the algebra constructed from b by
Proposition 3.12, say with K mapping to K” C B via ¢ > ¢” and with

(@) B=@,.; K"y, for asubset {y,} of B,
) yoc"y; ' =0 (c),
() Yoyr =b(0,7)" yor.

Define ¢ : A — B to be the additive extension of the function with ¢(c’x,) =
c"c”"lys. To check that ¢ is an algebra homomorphism, we start from the

formula (¢’'x,)(d'x;) = ¢'o(d) a(o, T) x5, and apply ¢ to obtain

o((dxo)(d'xp)) = ¢"a(d) a0, 7)™ Yor-
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Meanwhile,

9(c'x)p(d'xy) = ("¢~ yo)d e} yo)

=c"c; o d) o (c)" " b(0. 1) or

=c"c! o d) o) a(o, 1) a(cr) . Yor.
Hence (p((c’xg)(d/ xt)) = ¢(c’x5)p(d'x;), and ¢ is an algebra homomorphism.
Since ¢ carries K basis to K basis, ¢ is an algebra isomorphism.

Thus the map a +— A descends to a map from H*(G, K*) into B(K/F).
Starting from a cocycle a in Z?(G, K ), we can construct A and elements x, by
Proposition 3.12, we can apply Propositions 3.12b and 3.10 to the x, ’s to obtain
another cocycle a in Zz(G, K™>), and we can use Proposition 3.12¢ to see that
a = a. In the reverse direction if we start from an algebra A, make a set of
choices, and form a factor set a by means of Proposition 3.10, then Proposition
3.12 constructs an algebra A that has to be isomorphic to A because conditions
(a) through (c) in Proposition 3.12 determine the same multiplication table for an
algebra as was used in constructing the cocycle a. O

Theorem 3.14. If K is a finite Galois extension of the field F, then the map
B(K/F) — H?*(Gal(K/F), K*) defined via factor sets is a group isomorphism.

REMARKS. Put G = Gal(K/F). In view of Corollary 3.13, is enough to
prove that the mapping Z%(G, K*) — B(K/F) of Proposition 3.12 is a group
homomorphism. Thus let A, B, and C be the crossed-product algebras A =
A(K,G,a), B = A(K,G,b), and C = A(K, G,ab). We are to prove that
A ®pF B is Brauer equivalent to C. Each of A, B, and C has F dimension
(dimp K)?, and hence A ® B will not be isomorphic to C. Consequently we
need to prove Brauer equivalence of two specific nonisomorphic algebras. This
is the circumstance that makes the proof complicated.

PROOF (Chase). Let G,a, b, A, B, and C be as in the remarks. We can regard
A and B as vector spaces over K with K acting on the left in each case. We define
an F vector space M to be the quotient of A ® p B by the F vector subspace [/
generated by all vectors ca ® b —a ® cb witha € A,b € B,andc € K. We
write M = A ®g B for this quotient, even though more standard notation for it
might be A° @ ¢ B with A° as aright K module and B as a left K module.

The subspace [ is carried to itself by right multiplication by any member of
the algebra A ® B and hence is a right ideal. The quotient M is therefore a
unital right A ® B module with (¢ ®k b)(a’ ®F b') = aa’ ®k bb’ fora ®k b
inManda Qr b’ in AQF B.

We shall make the unital right A ® 7 B module M into a unital (C, A Qr B)
bimodule by introducing an action by C on the left. For this purpose let {u. }, {vs},
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and {w, } be the distinguished K bases of the algebras A, B, and C indexed by G
and used to form A, B, and C from the 2-cocycles a, b, and ab. Given an element
xwgs in C with x € K, define xw, on A @ B to be (left by xu,) @ (left by v, ).
Let us see that this operation carries the generators of / into /. We have
(xwg)(ca ®F b)— (xwy)(a ®F cb) = xusca @f Vb — xusa Qf vych
=x0(Q)usa QF Vob—xusa Qr o (c)vsb
=o(c)(xusa) @ (vsb)
— (xuga) ®r o (c)(vsb),

and the right side is indeed in /. Thus we obtain an operation of xw, on the left
for A ®k B such that

(xwy)(a kg b) = xusa Qg vob forx e K, c € G, ae A, be B. (%)

We extend this definition by additivity in such a way that all of C operates on the
left for A @k B.

The claim is that the additive extension (x) to C makes M = A ®k B into a
unital left C module. What needs proof is that 1 acts as 1 and that

((xwe) (ywe)) (@ ® b) = (xw,) ((Yw,)(a ®x b)). (%)
The element 1 in C is a(1, 1)~'b(1, 1) 'w,, and we have
(@1, D71, D™ 'wi) (@ @k b) = a1, 1)"'b(1, 1) 'ura @k vib
=a(l,)'uja @k b(1, 1) " 'vib = a Rk b.
Thus 1 acts as 1. For (xx), the left side is
(xo(y)a(o, T)b(o, D)wer)(a @k b) = xo(y)a(o, 1)b(0, Tugra Qk Vorb,
while the right side is

(xwe)(Yura @k vib) = Xugyu:a Qg Vov:b = x0(Y)ugt;a Qg VoV b

=xo(y)a(o, Dus.a Qk b(o, T)vsb.

These are equal, since b(o, 7) is in K and therefore moves across the tensor-
product sign.

Thus M is a unital left C module. The left action by C certainly commutes
with the right action by A ® B, and M is consequently a unital (C, A @ B)
bimodule. Each member of A ® ¢ B therefore yields by its right action a member
of the ring End¢ (M), and we obtain a ring homomorphism of (A @ B)° into
End¢ (M). Since A @ B is a simple ring, this homomorphism is one-one. If we
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can prove that this homomorphism is onto, then we will have a ring isomorphism
(A ®F B)° = End¢ (M), and the rest will be easy.

To see that the homomorphism is onto, we shall calculate dimensions. Let
n = dimyp K. Then each of A, B, and C has F dimension n2, and we have

dimp M = (dimp A)(dimp B)/(dimp K) = n*n*/n = n> = (dimp C)n.

Since the algebra C is simple, every unital left C module is semisimple and is in
fact isomorphic to a multiple of a simple left C module V. The above dimensional
equality says that if  is the integer such that C is isomorphic to rV as a left C
module, then M is isomorphic to nrV.

Let D° be the division algebra Endc (V). As in the proof of Wedderburn’s
Theorem (Theorem 2.2), we know for each integer m that

Endc(mV) = M, (Endc(V)) = M, (D). ()
Taking m = r in (}) gives C° = End¢ (rV) = M, (D). Hence
C = M,(D), (1)

and dimp C = r2dimy D. Since dimp C = (dimp K)?> = n?, we obtain
dimp D = n?/r?. Taking m = nr in (T) gives

Endc (M) = Endc(nrV) = M, (D), (€3]
and we therefore obtain
dimy Ende (M) = n*r*dimp D = (n*r*)(n?/r?) = n*.

Since dimp (A ® B) = n*, we obtain dimp(A ®p B)° = dimp End¢ (M), and
we conclude that the algebra homomorphism (A ® r B)° — End¢ (M) is onto.
Thus it is an isomorphism, and A @ B = (End¢ (M))°.

Combining this isomorphism with (}) shows that AQr B = M, (D). In view
of (1), A ®f B is therefore Brauer equivalent to C. O

Corollary 3.15. If D is a finite-dimensional central division algebra of dimen-
sion m? over a field F, then the m-fold tensor product of D with itself over F is
a full matrix algebra over F'.

PROOF. Corollary 3.9 produces a finite Galois extension K of F such that
K splits D. Write G for Gal(K/F). In view of Theorems 3.3 and 2.4, there
exists an integer [ such that A = M;(D) contains a subfield K’ isomorphic to K
with dimy A = (dimy K’)?. Changing notation, we may redefine K = K’. Let
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n =dimyg K. Thenn? = dimy A = [>dimr D = (Im)?,and n = Im. Following
the construction of factor sets in Section 2 and using Lemma 3.11, we form a
vector-space basis {x, | 0 € G} of A over K and a factor set {a (o, 7)} such that
XoX: = a(o, T)Xsr and o (c) = xacx(;1 forall cin K.

Example 1 of semisimple rings in Section I1.2 shows that the left A module A
is the direct sum of / isomorphic simple left A modules. Let V be one of these.
Restricting the module structure of V from A to K makes V into a unital left K
module, hence into a vector space over K. Then we have

n* =dimyp A = [dimy V = I(dimg V)(dimy K) = Indimg V,

and dimg V =m. Let vy, ..., v, be a K basis of V. For each x € A, define a
matrix C(x) in M,,(K) by

XVj = Z C()C),'jvi.
i=1

For ¢ and 7 in G, we compute x, X, v; in two ways as

XoXrVj = a(0, T)XezVj = a0, T) Y C(Xg7)ijVi (%)
i=1
and as
XoXrVj = Xg ) C(xp)kjvx =) 0(C(xp)ij)Xoe = Y 0(C(x)ij)C (X )ik Vi
k=1 k=1 ik=1

If we write o (C(x,)) for the result of applying o to each entry of C (x;), then we
obtain

foxety = 3 (€ (Crym (5)
Comparing (x) and (xx) leads to the matrix equation in M,,(K) given by
a(o, 1)C(xor) = C(xg)0 (C(x7)).
Putting ¢, = det C(x,) and taking the determinant of both sides yields
a(o, 7)"cor = c50(cr).
This equation shows that a(o, 7)™ is a trivial factor set. Applying Theorem 3.14,

we see that the m™ power of the Brauer equivalence class of A is trivial. Since A
is Brauer equivalent to D, the corollary follows. |
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Corollary 3.16. If F is any field, then every element of B(F') has finite order.

PROOF. If A is any central simple algebra over F', then Theorem 2.4 shows
that A = M;(D) for some integer [ > 1 and some central division algebra D over
F. Corollary 3.15 shows that the Brauer equivalence class of D has finite order
in B(F). Since A is Brauer equivalent to D, the same thing is true for A. O

4. Hilbert’s Theorem 90

Let K/ F be a finite Galois extension of fields. Our interest in this section will be
in the cohomology groups H?(Gal(K/F), K*) with g possibly different from 2.
For ¢ = 0, H(G, N) is always the subgroup of elements of N fixed by every
element of G. In the case of a Galois extension, the members of K* fixed by the
Galois group are the nonzero elements of the base field F. Thus we have

H°(Gal(K /F), K*) = F*.
In addition, Theorem 3.14 has established an isomorphism
H*(Gal(K/F), K*) = B(K/F),

and thus we have already obtained some understanding of this group for g = 2.

We shall examine H! in a moment, but first we take note of another fact about
H?. Problem 16b at the end of Chapter VII of Basic Algebra shows that if G
is a finite group and N is an abelian group on which G acts by automorphisms,
then every element of H7(G, N) for ¢ > 0 has order dividing |G|. In particular,
every element of H%(Gal(K /F), K*) has order dividing dimz K whenever K is
a finite Galois extension of . Applying Theorem 3.14, we see that every member
of B(K /F) has order dividing dimp K. In view of Corollary 3.9, this argument
gives a new and shorter proof of the result of Corollary 3.16 that every member
of B(F) has finite order. The estimate of the order via Corollary 3.15, however,
is sharper than the estimate obtained via the shorter proof, and this distinction
makes all the difference in Problem 12 at the end of the chapter.

The result concerning H' and its important special case given as Corollary
3.18 below are known as Hilbert’s Theorem 90.

Theorem 3.17. If K/F is any finite Galois extension of fields, then
H'(Gal(K/F), K*) =0.

PROOF. Let G = Gal(K /F),putn = dimp K ,and enumerate G asoy, ..., 0,.
By the Theorem of the Primitive Element, we can write K = F (&) for some « in
K .,andthen{l, o, «?, ..., a" '}isabasisof K over F. Formthe n-by-n matrix M
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with entries in K whose (i, j)" entry is ; (e’ ~!). This is a Vandermonde matrix,
and Corollary 5.3 of Basic Algebra gives its determinant as [ | i [oj (o) —o; (a)].
This determinant cannot be 0, since o;(a) = o; () implies o; () = of ()k =
o; (@)% = o;(¥) for all k and then 0;(x) = o;(x) for all x. Hence the matrix M
is nonsingular.

Let f be a nonzero element in Z'(G, K*). Such a function f : G — K is
nowhere vanishing and has f(ot) = f(0)o(f(r)) forall o and 7 in G. Since
the matrix M is nonsingular, the nontrivial linear combination )  _; f(0)o
cannot be 0 on all members of the basis {1, o, &2, ..., a" '}. Choose k with
Y G f(o)o (@) =y #£0. Applying T € G to this equation, we obtain

t(y) = Y t(flo)ro(@) = Y f(ro)f(r) 'ro(a*)

oeG oeG

=f@) X flo)a@) = f@'y.
oeG
The equation f(t)~! = t(y)y~' shows that f~! is a coboundary, hence that f
is a coboundary. |

Corollary 3.18. If K/F is a finite Galois extension with cyclic Galois group
and if o is a generator of the Galois group, then every member x of K with
Nk ,r(x) = 1is of the form x = o (y)y~' for some y € K*.

REMARKS. The instance of this corollary in which K is a quadratic number
field and F is the field Q appears as Problem 27 at the end of Chapter I. In

subsequent problems at the end of that chapter, Problem 27 plays a crucial role
in showing that various possible definitions of genera are equivalent.

PROOF. Let G = {l,0,02,...,0""'} be the Galois group, and define a

function F : Z — K* by F(0) = 1 and

F(k) = xo (x)o?(x)---o*'(x)  fork>1.
Then we have

Flk+1) =x0(x)o?(x) o1 (x)

= (xa(x)az(x) e ak_l(x))ak(xa(x)az(x) . -o*l_l(x))

= F(k)o" (F (1)), (%)
The condition that Ng,r(x) = 1 is exactly the condition that F'(n) = 1. Then
F(k +n) = F(k)a"(F(1)) = F(k) for all k, and it is meaningful to define
a l-cochain f : G — K* in C'(G, K*) by f(c%) = F(k). Condition ()
implies that f (o%o!) = f(ork)ork(f(or[)),andhencefisacocyclein ZY (G, K*).
Theorem 3.17 shows that f is a coboundary in B' (G, K *), necessarily satisfying

f(r) = t(y)y~! forsome y € K* and all T € G. Taking T = o, we obtain
x = f(o) =o(y)y~!, as required. |
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Our final result concerning H?(Gal(K /F), K*) for this chapter gives further
information about the special case in which Gal(K / F') is cyclic, but now for gen-
eral g. In combination with the study of crossed-product algebras, the case g = 2
of this result provides a way of constructing new examples of noncommutative
division algebras. A key step in the proof makes use of a fundamental general
property concerning cohomology of groups, and we therefore digress in Section 5
to establish this property.

5. Digression on Cohomology of Groups

This section develops general material about cohomology of groups. Although
the earlier sections of this chapter are helpful for motivation, the results that we
discuss in this section do not rely on any previous material in this volume. It
will be assumed that the reader is familiar with the definitions of complexes and
exact sequences in Chapter X of Basic Algebra, as well as with the application
of tensor-product functors and Hom functors to exact sequences and complexes.
The material in Chapter VII of Basic Algebra on cohomology of groups will be
helpful as background, but it is unnecessary from a logical point of view. If R is
a ring with identity, we denote by Cg the category of all unital left R modules.

Let G be a group, not necessarily finite. We shall work with the integral group
ring ZG of G. It has the universal mapping property that whenever G acts by
automorphisms on an abelian group M, then the action by G on M extends to
ZG in a unique way that makes M into a unital left ZG module.

Here is a brief overview of what is to happen in this section: If G acts on
the abelian group M by automorphisms, then the abelian group C"(G, M) of
n-cochains is the set of functions into M from the n-fold product of G with itself,
the operation being given by addition of the values of the functions. To define the
cohomology group H"(G, M), one introduces suitable homomorphisms known
as “coboundary maps” 8, : C"(G, M) — C"'(G, M) and shows that the
sequence

0 —> Co(G, M) =2 ... 224 (G, M) =25 Cpit (G, M) —> - -

of abelian groups and homomorphisms is a complex in the category Cz. Then
it is meaningful to define H"(G, M) = (ker$,)/(imaged,—;) for n > 0 if we
adopt the convention that image §_; = 0. The first thing that we shall do in this
section is to exhibit a certain exact sequence in the category Czg such that the
above complex is obtained from it by application of the functor Homyg (-, M)
and the dropping of one term of the form Homgyg(Z, M). Except for a single
term Z, the members of this exact sequence will all be free ZG modules, and the
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exact sequence will be called the “standard resolution of Z in the category Cz¢.”
The exactness is proved in Theorem 3.20, and the application of Homz (-, M)
to it appears after the proof of the theorem.

The next thing that we shall do is show that if the standard resolution of Z is
changed to any exact sequence in Czg in such a way that the free ZG modules
are replaced by other free ZG modules and the module Z is left unchanged,
then application of Homy (-, M) to the new exact sequence leads to canonically
isomorphic cohomology groups. This result appears below as Theorem 3.31.
In brief, the cohomology groups H" (G, M) can be computed starting from any
“free resolution of Z” in the category Cz¢ in place of the standard resolution.

We begin by constructing the “standard resolution of Z.” For n > 0, let F,
be the free abelian group with Z basis the set of all (n+1)-tuples (go, ..., &n)
with all g; € G. The group G acts on F, by automorphisms, the action on the
members of the Z basis being

g(go,--.,8n) = (880, ---,88n)-

The universal mapping property of ZG then allows us to regard each F, as a
unital left ZG module.

Lemma 3.19. For n > 0, the left ZG module F, is a free ZG module with
Z.G basis consisting of all (n+1)-tuples (1, g1, ..., gx),1.e., all Z basis elements
with go = 1.

PROOF. The formula go(1, go_lgl, ey go_lgn) = (go, &1, - - - » &) shows that
all members of the Z basis defining F,, are ZG images of the asserted ZG basis;
hence the asserted ZG basis is a spanning set of F, relative to ZG. Suppose
that there are finitely many distinct members /; of G and finitely many distinct
(n+1)-tuples (1, gi.1, - .., 8i.n), and members Z/ nijhj of ZG such that

> (Z”ijhj)(la 8its---»8in) =0.
j

i

Then Znij(hjahjgi,l’---ahjgi,n):0-

ij
Since the £;’s are distinct as j varies and the n-tuples (g; 1, . . ., gi») are distinct
as i varies, the (n+1)-tuples (h;, h;g; 1, ..., h;jgi,) are distinct as the pair (7, j)

varies. Thus the Z independence implies that n;; = 0 for all i and j. This proves
the lemma. ]
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For n > 1, we define 0,,_1 : F, — F,_; as a function from the Z basis into
Fu by

n
81171(80, '--agn) = Z(_l)l(g()a -"’?g\h '--agn)’
i=0

where the symbol ~ indicates an expression to be omitted. We extend 9,,_; to all
of F,, by the universal mapping property of free abelian groups. For g in G and for
any Z generator x of F),, it is evident that 9,,_; (gx) = g(9,—1(x)). Since 9,_; is
a homomorphism of abelian groups, the formula 9, _; (gx) = g(9,—1(x)) extends
to all x’s in F,,. Since G and Z generate ZG, we obtain d,_(rx) = r(d,—1(x))
forallr € ZG and all x € F,. In other words, each 9, is a ZG homomorphism.

We shall make use of one additional ZG homomorphism. According to Lemma
3.19, the ZG module Fj is free on the ZG basis {(1)}. Let us think of the group G
as acting trivially by automorphisms on the abelian group Z. Under this action,
Z becomes a ZG module. Define ¢ : Fy — Z to be the ZG homomorphism with
e((1)) = 1. Then e((go)) = go(e((1)) = go -1 = 1forall go € G. The ZG
homomorphism ¢ is called the augmentation map.

Theorem 3.20. If G is any group, then the sequence

Op+1 9, Op—1 do &
R s gy D Fo Z 0

of left unital ZG modules and ZG homomorphisms is exact.

REMARKS. The displayed sequence is called the standard resolution of Z in
the category Czc . The proof will be preceded by two lemmas.

Lemma 3.21. The sequence

Ont1 0, On—1 0 3
% Fpy — F, 5 Ry 7 0

in Cz is a complex, i.e., 9,19, = 0 for n > 1 and also €dy = 0.

PROOF. With the understanding that the symbol ~ indicates an expression to
be omitted, we have
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1 i -
3n713n(80, ) gn) = Z (—1)13%1(80, ey 8iv s gn)
i=0

n ci—1 ) R R
=2 (=D'" Y (=D'(gos---18jr-»8ir---» &n)
i=0 j=0

XD Y DTG0y B G 80)

i=0 j=i+1
n i—1 o R R
:ZZ(_1)I+j(g0’"~agja--'agia"-’gn)
i=0;=0
n n . . - .
=2 Y =Dy s Gis s 8o 8-
i=0j=i+1

If we interchange the order of summation in the second double sum on the right,
we see that the result equals the first double sum on the right. Thus the difference
is 0.

This handles all the consecutive compositions except for €dg. For this we have
€ (8o, &1) = €(g1) —e(go) =1—-1=0. O

Lemma 3.22. Fix s in G. Forn > 0,define ahomomorphism#,, : F,, = F,4
of abelian groups to be the additive extension of the function with

hn(g07 e 7gn) = (S, g()v R ] gﬂ)a

and define h_; : Z — Fo by h_i(k) = k(s). Then d,h, + hy,_19,—; = 1 for
n > 1,and also dphg + h_16 = 1.

PROOF. On the Z basis of (n+1)-tuples in F),, we have
anhn(g()y ey gn) = 0y (s, 805 - -+ gn)

=(80, -+ &)+ 2 (1) (s, 80, -, &ir -5 80)

i=0
and also
n 7 -
hn—lan—l(gOa ey gn) = Z (_l)l(s7 80’ ey gia ey gn)
i=0
The sum of these is (go, - - ., &x), as required. Also,

doho(go) = do(s, go) = (go) — (s) and h_1e(go) = h_11 = (s).

Thus doho(go) + h-16(80) = (go),and doho +h_16 = 1. O
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PROOF OF THEOREM 3.20. Lemma 3.21 gives imaged, < kerd,_; and
image dyp < kere. For the reverse of the first inclusion, let x € F, be given
with 9,_1x = 0 and n > 1. Then Lemma 3.22 gives x = 9,h,x + hy,_19,—1X.
The second term on the right side is 0, and therefore x = 9,,(h,x) is in image d,,.

For the reverse of the inclusion image dy C kere, let x € Fy be given with
ex = 0. Then Lemma 3.22 gives x = dphox + h_jex. The second term on the
right side is 0, and therefore x = 9y (hox) is in image 9. O

With the standard resolution of Z in Cz now known to be exact, we examine the
effect of applying the functor Homzg (-, M) to it. This functor is contravariant
and carries Czg to the category Cz of all abelian groups. On a unital left ZG
module F', this functor yields the abelian group Homzg (F, M). On a Z module
homomorphism ¢ : F — F’, it yields the homomorphism

Hom(p, 1) : Homyg(F', M) — Homyg(F, M)

of abelian groups given by Hom(p, 1)(y) = v o ¢ for v € Homyg(F', M).
We know from Chapter X of Basic Algebra that this functor carries complexes to
complexes but does not necessarily preserve exactness.

Before applying Homyzg (-, M) to the standard resolution of Z, it is customary
to drop the term Z and the augmentation map, obtaining a modified sequence

1 3 Buet d
C S Pl — Fy — Fo — 0

that is still a complex in Cz¢. Let us define d, = Hom(d,,, 1). Then the result of
applying Homzg (-, M) to the modified complex is the complex

n dy
0 —> Homyg (Fo, M) -5 ... Homyg (Fp, M) —2> Homyg(Fpet, M) 2225

in Cz. To each ¢ in Homgzg (F,, M), we associate f = ®(¢) in C"(G, M) by
the definition

f @i 8) =, 81,8182, -, 81 8n)-
Any member ¢ of Homyzg (F,, M) is determined by its values on (n+1)-tuples
(1, g1, ..., 8&n), since we can factor out the first entry of the argument of ¢ and
commute it past ¢, and it follows that the system of group homomorphisms

®,, : Homyg (F,, M) — C*"(G, M)

is a system of isomorphisms of abelian groups. Let
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81 C"(G, M) — C"T1(G, M)

be the map corresponding to d, : Homg(F,, M) — Homg(F, i, M) under
this system of isomorphisms, namely 6, = ®,1; od, o ®, 1 We can calculate
8, explicitly as follows: If f = ®,(¢), then §, f = (<I>n+1dnd>;1)(cl>n)(g0) =
®,,11d,¢, and therefore

Gnf)g1s -5 8nt1) = (dn@)(1, 81,8182, .-, 81" &nt1)
=@0,(1, 81,8182 -, 81" &n+1))
= (81,8182, ---+ 81" &n+1)

L ;7 —_—
+ 3 (D) 0, g1y 81 &iv e s 817 utl)
i=1

+ (_1)n+1(ﬂ(17 glv sy gl : gn)
=&1(f (82,83 -+, &n+1))

+ ; (_l)lf(gl’ . "@v . -"gn+l)
+ (=" fgr, ..., gn)-

Comparing this formula with the original formula defining §,, in Chapter VII of
Basic Algebra, we get a match. That is, we have obtained the complex in Cyz
defining the usual groups H" (G, M) by applying Homz (-, M) to the standard
resolution of Z in Cz¢ and implementing the system of isomorphisms ®,. In
particular, we obtain a more conceptual proof than in Basic Algebra of the fact
that the sequence

0 —> Co(G, M) =2 ... 224 € (G, M) =25 Cpi1 (G, M) —> - -

is a complex and that cohomology groups are therefore well defined.
This completes the discussion of the first main point of the section as outlined
in the overview at the beginning. Next, any exact sequence

3

n+1 12
F

8!’1 2};t—l 86 4
n+1 e

F! F)—7—>0

in the category Cz¢ in which all ZG modules F, for n > 0 are free ZG modules
is called a free resolution of Z in the category Czg. The second main point
of the section is that if we apply the functor Homz (-, M) to this sequence
with Z dropped, then the consecutive quotients of kernels modulo images are
canonically isomorphic to the cohomology groups H”(G, M) obtained above.
Thus H"(G, M) can be computed from any free resolution of Z, and we are
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not obliged to use the standard free resolution. This result is stated precisely as
Theorem 3.31 below.

By way of preparation, let us establish a slightly more general setting and work
with it for a moment. Let Cy be the category of all unital left R modules, where R
is any ring with identity. According to circumstances, a complex X in Cg might
be written with decreasing indices as

3n+l Oy On—1 On—2
X: Xn+1 X Xp1 —>

or with increasing indices as

dy_» _1 d, dp+1
X : “'”—)an]n—>Xn—n)Xn+]n—>“'

Mathematically these complexes amount to the same thing: if we rename each
Xy in the second complex as X_; and rename each d; as d_;_, then we obtain
the first complex. However, it is convenient to allow both systems of indexing
because of applications.

For the first complex, which has decreasing indices, we define the n'" homology
of X, written H,(X), by

H, (X) = (ker d,_;)/(image 9,).

For the second complex, which has increasing indices, we define the n'" coho-
mology of X, written H"(X), by

H"(X) = (kerd,)/(imaged,_).

In both cases the integer n is called the degree. In either case the homology
or cohomology is again a module in Cg. The condition that X be a complex is
equivalent to the condition that the image of each incoming map be contained in
the kernel of the corresponding outgoing map, and this is precisely the condition
that the homology or cohomology be meaningful. Exactness at a particular
module in one of the complexes is the statement that the image of the incoming
map equals the kernel of the outgoing map. Thus the homology or cohomology
of X measures the extent to which the complex X fails to be exact.

Because the nature of the indexing of a complex is not mathematically sig-
nificant, we will treat only the case of increasing indices for a while, and the
modules associated to our complexes will therefore be cohomology modules. A



154 1II. Brauer Group

cochain map? between two complexes X and Y in the same category Cg is a
system f = {f,} of R homomorphisms f, : X, — Y, such that the various
squares commute in Figure 3.1.

dy—2 dn— dy dn+1

X : ...—)Xn_l Xn Xn+1—>"'
lfn—l lfn J{fn+l
s s d, oy
Yoo = Y Y, Vi — o

FIGURE 3.1. A cochainmap f: X — Y.

Proposition 3.23. A cochain map f : X — Y as in Figure 3.1 induces an R
homomorphism on cohomology H"(X) — H"(Y) in each degree.

PROOF. Suppose that x,, is in kerd,,, i.e., that d, (x,,) = 0. The commutativity
of the right square gives d, (f,(x,)) = fu+1(dn(x,)) = 0, and hence f(x,) is
in kerd),. Suppose that x, is in imaged,_,, i.e., that x, = d,_;(x,_;) for some
Xy—1. The commutativity of the left square gives f,(x,) = fud,—1(x,—1) =
d),_,(fa—1(x,—1)),and hence f,(x,)isinimaged,_,. Thenitfollows that fn}ker 4
descends to the quotient (kerd,)/(imaged,_), yielding a map of H"(X) into
H"(Y). O

Suppose in the situation of Figure 3.1 that g = {g,} is a second cochain map
of X into Y. We say that f is homotopic® to g, written f ~~ g, if there is a system
h = {h,} of maps h, : X, - Y,_; inCg suchthatd’h + hd = f — g, ie.,if
d,_\hy + hpy1dy = fr — g, forall n.

Proposition 3.24. In the situation of Figure 3.1 if f = {f,} and g = {g,} are
two cochain maps of X into Y and if f and g are homotopic, then f and g induce
identical maps H"(X) — H"(Y) in each degree.

PROOF. Suppose that d,,(x,) = 0. Then f,(x,) — g.(x,) = d,’%](h,, (x) +
hng1(dy(x,)) = d_ (hy(x,)) + O shows that the images of x, under f, and g,
in Y, differ by a member of image d,’l_1 . O

Now we bring free R modules into the discussion.

2The analogous kind of system in which the complexes have decreasing indices is called a chain
map.

3 An analogous definition is to be made in the case of two chain maps. If the maps of X are
O : Xp+1 = X, and the maps of Y are 9}, : Yy, 41 — Y, then we are to have &, : X, — Y, with
ay/,hn + hn—lan—l = fn — &n-
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Proposition 3.25. For the diagram

F M N
E 7 lf lfl
\%

/ 9’ / ai /
F M N

in Cg, suppose that the top and bottom rows are exact at M and M’, suppose
that the square on the right commutes, and suppose that F is a free R module.
Then there exists an R homomorphism f : F — F’ that makes the left square
commute.

PROOF. If x is a free generator of F, then 0 = f10,9(x) = 9;(fdx). By
exactness at M ', fox lies in image(d’). Chooseany y € F "with 9’y = fdx,and
define f (x) to be this y. Then fox = 9’ f x, and the left square commutes at x.
The universal mapping property of free R modules says that J extends to an R
homomorphism of F into F’, and the extension has fd = 9’ f, as required. [

Corollary 3.26. In the category Czg, if the rows of the diagram

I d, I ¥ 4
EEE— Xn+l Xn e X() Z 0
lf)wl lfn Jvf() ll
o o o % -
—s Y, + Y, - 0 Yo 7 0

are free resolutions and the vertical identity map 1 : Z — Z is given, then the
remaining vertical maps,

f()ZX()—>Y(), ey fnZXn—>Yn, fn+1:Xn+1—>Yn+], ey

can be constructed inductively from the right to make all the squares commute.

REMARK. The resulting system f = {f,} is called a chain map over the
identity map 1 : Z — Z.

PROOF. There is no harm in including a vertical 0 map at the right between
the two 0 modules. Certainly the square whose verticals are the identity map
1 : Z — Z and the 0 map commutes. Proposition 3.25 is to be applied first to this
square and the second square from the right (with vertical f; to be constructed and
vertical 1 : Z — 7 given) to construct fj, then to the second and third squares
from the right to construct f7, and so on, inductively. O
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Proposition 3.27. For the diagram

F1sr-"s N

7o lf/ s

™

F N
) 91

in Cg, suppose that the top and bottom rows are exact at F, that the left and right
squares commute, that F and F are free R modules, and that 2} : N - F exists
with f| — 014 vanishing on image(d;). Then there exists & : F — F such that
dh 4 h19; = f, and this property implies that f — dh vanishes on image(9).

PROOF. If x is a free generator of F', then f(x)—h;(d;(x)) isinker(d;) because

81 (fx — h181x) = f181x — 3111181)( = (f] — 81h1)(81x) and because f1 — 81]’!1
vanishes on image(d;) by assumption. Therefore f (x)—h;(d;(x)) is inimage(d),
and we can write f(x) — h(9;(x)) = da for some a € F. Put h(x) = a. Then
dhx = da = fx — h01x, and h has the required property on the generator x.
The universal mapping property of the free R module F allows us to extend £ to
an R homomorphism # : FF — F, and the extension satisfies dh = f — h,0;.
Once A has this property, then necessarily (f — dh)d = (h10;)d = h1(9,0) = 0.
Il

Corollary 3.28. In the category Cz¢, if a free resolution X = {X,} of Z and a
chain map f = {f,} of X with itself are given such that the map from Z to itself
is 0, then the chain map f is homotopic to the zero chain map g = {g,} with
gn = 0 for all n.

PROOF. We are given the diagram

X, 0
lfn h] l lfo/ l
54
| 36
X, X, 0

in the category Czc with the two rows as free resolutions and all squares com-
muting. We are to construct maps h,, : X, — X, with 9, h, +h,—19, | = f,.

Let h_, be the 0 map from the top 0 module to the bottom Z and let h 1 be the 0
map from the top Z to the bottom Xy. Then 0,,h, + h,_10,_, = f, is satisfied
for n = —1 because the map f_; is the O map from Z to itself. Proposition 3.27
then allows us to construct inductively first i, then A, then hy,and soon. [
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Corollary 3.29. In the category Czg, if a free resolution X = {X,,} of Z and a
chain map f = {f,} of X with itself are given such that the map from Z to itself
is the identity 1, then the chain map f is homotopic to the identity chain map
g = {gn} with g, = 1 for all n.

PROOF. Apply Corollary 3.28to f — 1. g

Corollary 3.30. In the category Czg, if two free resolutions X = {X,} of Z
and Y = {Y,} of Z are given and if two chainmaps f : X - Yandg:Y — X
are given such that the map from Z to itself in each case is the identity 1, then gf
is homotopic to 1 and fg is homotopic to 1.

PROOF. Apply Corollary 3.29 to fg and then to gf . ]
Theorem 3.31. If
I ’ 3, ;O 3 , &
’ - Fn+1 Fn o - FO Z 0

is any free resolution of Z in the category Czs and M is a unital left ZG module,
then H"(G, M) is canonically isomorphic to the n™ cohomology group of the
complex in Cz, given by

n drl
0 —> Homyg (F), M) —2> - Homyg (F,, M) > Homyg (F,, . M) 225

with d, = Hom(d,, 1) forn > 0.

PROOF. Let the resolution in the statement of the theorem be Y, and let X be the
standard free resolution of Z in the category Cz¢. Two applications of Corollary
3.26 produce chainmaps f : X — Yandg : Y — Xover 1 : Z — Z. Corollary
3.30 shows that gf is homotopic to 1 = 1x and fg is homotopic to 1 = 1y.
Apply the functor Homgz (-, M) throughout, including to the members of the
homotopies. Then we obtain chain maps

Homyzg (f, 1) : Homgzg (Y, M) — Homyzg (X, M)
and Homgzg (g, 1) : Homgg (X, M) — Homgg (Y, M)
with
Homyg (f, 1) o Homyg (g, 1) homotopic to 1
and Homgzg (g, 1) o Homzg (f, 1) homotopic to 1.
Proposition 3.24 allows us to conclude that
Homyzg(f, 1) o Homzg (g, 1) induces the identity on H*(Homgzg (X, M))
and
Homyzg(g, 1) o Homzg(f, 1) induces the identity on H*(Homgzg (Y, M)).

Thus Homyg (g, 1) induces an isomorphism of each group H" (Homgg (X, M))
onto H"(Homyg (Y, M)). ]
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6. Relative Brauer Group when the Galois Group Is Cyclic

This section has two parts to it. The first part specializes Theorem 3.31 to compute
group cohomology when the group in question is cyclic of finite order. The second
part applies this computation to H>(Gal(K/F), K*) and obtains information
about Brauer groups. As a consequence we obtain new information about the
classification of noncommutative division algebras.

Let G be a finite cyclic group of order n. Theorem 3.31 says that if G acts by
automorphisms on an abelian group M, then H?(G, M) can be computed from
any free resolution of Z in the category Czg. The standard resolution of Z is one
such resolution. We shall construct another such resolution that is special to the
case of G cyclic and that makes the cohomology more transparent.

Let G = {1,s,s%, ...,s""'}. Lemma 3.19 notes that the free abelian group
on the 1-tuples (1), (s), (s),...,(s" Y is afree ZG module with ZG basis (1).
In other words, the elements of the left ZG module ZG may be identified with
the integer linear combinations of these 1-tuples. Define two operators T and N
from the left ZG module ZG into itself by

T = multiplication by (s) — (1),

N = multiplication by (1) 4 (s) + - - - + (s"71).
Each of these respects addition and commutes with multiplication by (s), hence
is a ZG module homomorphism. We shall compute the kernel and image of each.

The kernel of T consists of all elements for which left multiplication by (s)

fixes the element. The elements of ZG are of the form Z;;é Cj (s7),and (s) times

this gives ¢,—1(1) + Z;l;ll cj,l(sj). Since (1), (s), ..., (s"") form a Z basis,
the condition to be in the kernel of T is thatc, | = ¢y =c¢; = -+ = ¢,_». Thus
ker7 = {c((D)+ )+ + ") |cez}
Also,
image T = {integer polynomials in (s) divisible by (s) — (1)}
= {integer polynomials equal to O when s is set equal to 1}

= {ngcj(sj” Z])Cj :0}.

J

In the case of the operator N, we have N (s/) = (1) 4 (s) +--- 4 (s"~'), and
therefore N(Zj cj(s)) = Zj c,-((l) + @)+ + (s”*])). Hence

n—1 . n—1
ker N = { Y] Y ¢ =0} = image T,
Jj=0 j=0

image N = {c(() + () + -+ (s" ") | c € Z} =kerT.
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An immediate consequence of this and a supplementary argument concerning the
augmentation map is the following proposition.

Proposition 3.32. If G is a finite cyclic group, then the sequence

T N T T N T £

7G 7G e 7G 7G 7.G Z 0

is a free resolution of Z in the category Cyzg .

PROOF. We still need to check exactness at the first ZG from the right. The
map ¢ is the ZG homomorphism with £((1)) = 1. Hence &((s/)) = 1 for all j,
and &( Z;:(i cj(s9)) = Z;’;é ¢j. Thus kere = ker N = image T, and exactness
is proved. O

Corollary 3.33. If G is a finite cyclic group and M is an abelian group on
which G acts by automorphisms, then

H* (G, M)Z M /() + () + -+ (" H)M,

where MY is the subgroup of all elements of M fixed by G.

PROOF. Let us number the terms ZG in the resolution of Proposition 3.32
starting with index O from the right. Combining Proposition 3.32 with Theorem
3.31, we see that we may compute H>(G, M) as the cohomology of the complex
obtained by applying the functor Homzg (-, M) to the terms with indices 1, 2, 3
in the resolution in Proposition 3.32. Thus H?(G, M) is the cohomology at the
middle of the complex

Homyg (ZG, M) 225 Homyg(ZG, M) <255 Homye (ZG, M).

The mapping @ +— «((1)) of Homzg(ZG, M) into M is one-one and onto, and
we can identify members « of Homzc (ZG, M) with the corresponding elements
a((1)) accordingly. If « is in ker ((~) o T), then (7T ((1))) = 0, and we thus have
a((s)) = a((1)) and (s)a((1)) = a((1)). Hence a((1)) is in M¢. These steps
can be reversed, and thus ker ((-) o T) = M. If B is in image ((-) o N), then
B = a o N for some o € Homy(ZG, M), and thus

BUD) = a((D+ )+ + ") = a((D))+(a((1) +- -+ (" Hea((1).

Since (1)) is a completely arbitrary element of M, we see thatimage ((-)oN) =
(D) + () + -+ + (s"")) M, and the result follows. O



160 1II. Brauer Group

Now we specialize to the Galois case that has occupied our attention in this
chapter. Let K /F be a finite Galois extension of fields. We are going to set G =
Gal(K/F),n = dimp K,and M = K*. To take advantage of Corollary 3.33, we
suppose that Gal(K /F) is cyclic. Then M® = (K*)¢ = F*. If x is an element
of K*, then the orbit Gx is {x, sx, s’x, ..., s" 'x}. Remembering that we are
using additive notation in working with cohomology of groups and multiplicative
notation in working with K, we see that the element ((1) + (s) + - - - + (s"71))
of ZG is to be regarded as operating by giving the product of the members of an
orbit in K. This product for the orbit of x € K* is Nkg,r(x), and Corollary
3.33 thus specializes to the following result.

Corollary 3.34. If K/F is a finite Galois extension of fields such that
Gal(K/F) is cyclic, then

H*(Gal(K/F), K*) = F* [ Ng/p(K™).

Corollary 3.34 considerably simplifies the proofs of Frobenius’s Theorem
about division algebras over the reals (Theorem 2.50) and Wedderburn’s Theorem
about finite division rings (Theorem 2.48), and thus the theory in Chapter III has
added something to the theory of Chapter II even in these very special situations.
In the case of the Frobenius theorem, the only nontrivial algebraic extension of
R is C, and thus Theorem 3.14 and Corollary 3.34 give

B(R) = B(C/R) = H*(Gal(C/R), R*)
= R*/Ngr(C*) =R /(R =2 Z/2Z.

Hence the reals and the quaternions are the only finite-dimensional central simple
division algebras over R.

In the case of the Wedderburn theorem, suppose that a finite field K splits a
central division algebra over a field F' with g elements. Say that |[K| = ¢". For
finite fields the Galois groups are always cyclic, and thus Gal(K / F') is cyclic of
order n, generated by the map x +— x7. In view of Corollary 3.34, the Wedderburn
theorem follows if F'* / Nk r(K™) is shown to be trivial, i.e., if the norm map
Nk,r : K* — F> is onto. The group K* is cyclic, say with a generator xo of
order g" — 1. Since the norm of an element is the product of the images under
the Galois group, the norm of x is given by

2 n—1 n—1 —
— 9,49 q" _  hgtetgtT g
Nk /r(x0) = XoxyXg -+ Xy =X, =Xy -

This has order ¢ — 1, not less, and thus is a generator of F*. Thus the norm map
is onto F*.
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For a more difficult example that we can settle completely, consider the case
that F = Q and K = Q(4/m) for a square-free integer m other than 1. The
Galois group in this case is a 2-element group and is in particular cyclic. Thus
Corollary 3.34 applies. The norm of the member x + y/m of K, where x
and y are in Q, is x> — my?. The problem of determining the quotient group
F* / Nk (K ™) may be rephrased in terms of genera as in Section 1.5. Specifi-
cally the field discriminant D is defined to be m if m = 1 mod 4 and to be 4m if
m % 1 mod 4. A genus for Q(/m ) is an equivalence class of primitive quadratic
forms ax? + bxy + cy*> whose discriminant matches the field discriminant D,
except that the theory of Chapter I discards all negative definite forms. Equiv-
alence is determined by the action of SL(2, Q). Lemma 1.13 shows for D > 0
that each nonzero rational number is a value taken on by the members of one and
only one genus at points (x, y) # (0, 0) with x and y both rational; for D < 0,
Lemma 1.13 applies to positive definite forms and positive rational numbers. Let
us now enlarge the definition of genera to include negative definite forms and
negative rational numbers when D < 0.

The definition of the multiplication of classes of forms is set up so as to
be compatible with multiplication of the values of the quadratic forms, and the
genera define a group, the identity element being the principal genus. Since
a representative of the principal genus is x> — my?, the nonzero rational val-
ues corresponding to the principal genus are exactly the members of the group
Nk ,o(K>). Consequently the quotient group F* / Nk ,g(K™) is isomorphic to
the group of genera.* The easy result concerning the group of genera is Theorem
1.14, which says that this group is finite abelian and that every nontrivial element
has order 2; since B(K/F) = F* /NK/Q(KX),Corollary 3.15 gives another way
of seeing that every nontrivial element has order 2. The hard result, which appears
in Problems 25-29 at the end of Chapter I, identifies the order of the group of
genera explicitly® If D > 0, then the order of the group of genera is 2¢', where
g’ + 1 is the number of distinct prime divisors of D; if D < 0, then the order of
the group of genera is 28 1.

Consequently if m has g + 1 distinct prime divisors, then the relative Brauer
group is a product of 2-element groups whose order is given by

28 if m > 0 and m # 3 mod 4,
261 ifm > 0 and m = 3 mod 4,
261 ifm < 0and m % 3 mod 4,
2¢%2  ifm <0and m = 3 mod 4.

|BQ(v/m)/Q)| =

4With the understanding that genera from negative definite forms are to be allowed if D < 0.
3In quoting this result, we are now making allowances for genera corresponding to negative
definite forms.
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The example with K /QQ quadratic shows the kind of information that has to go
into a complete determination of the relative Brauer group when K /Q is Galois.
Showing that a relative Brauer group is nontrivial in a case with Gal(K /Q) cyclic
is considerably easier. According to Corollary 3.34, all one needs to know is that
the norm function does not carry K* onto Q*, and congruence conditions can
be used as a first step in addressing this question; Problem 4 at the end of the
chapter illustrates this principle. Problems 15-17 at the end of Chapter II give
a construction in this situation of nontrivial central simple algebras over Q that
are split by K, and such algebras whose dimension is the square of a prime are
necessarily division algebras. Problems 6-12 at the end of the present chapter
give a sufficient condition for obtaining a division algebra when the dimension is
not the square of a prime.

7. Problems

1. Let A be a finite-dimensional central simple algebra over a field F', let K be a

subfield of A, and let B be the centralizer of K in A.

(a) Arguing as in the proof of Theorem 3.3, exhibit a one-one algebra homo-
morphism A ® K — Endpg. A.

(b) Referring to the proof of Theorem 2.2 and counting dimensions with the aid
of the Double Centralizer Theorem, prove that the mapping in (a) is onto
End Be A.

(c) Deduce that A ® r K and B yield the same member of B(K).

2. Leta = a(o, 7) be a 2-cocycle in Z*>(Gal(K/F), K*), where K /F is a finite
Galois extension of fields. Prove for each 7 that [ [, Gal(K/F) a(o, t) liesin F*.

3. Let K/F be a finite Galois extension of fields with Gal(K / F) cyclic. Corollary
3.34 identifies H?(Gal(K /F), K*) for ¢ = 2. Identify this group for all other
values of ¢ > 0.

Problems 4-5 amplify the discussion of cyclic algebras that was begun in Problems
17-19 at the end of Chapter II. Problem 4 in effect produces an explicit division
algebra of dimension 9 over Q, and Problem 5 hints at the existence of an explicit
division algebra of dimension n? over Q for each integer n > 1.

4. Let: = e¥/7 andlet K = Q(¢) NR.
(a) Show that K/Q is a Galois extension of degree 3, that a basis for K over
Qeconsistsof 1) = ¢ + ¢, 1 =¢24+¢72, 13 = ¢ + ¢ 3, and that the
Galois group permutes 11, 72, 73 cyclically.
(b) Show that if a, b, ¢ are in QQ, then
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Nkjglaty + b1y +c13) = abe(t} + 55 4 13)
+ (@ + b + ¢ + 3abo)t 113
+ (azb +ac®+ bzc)(tlzrg + ‘L’22‘L'3 + 1:3211)
+ (a*c + ab* + bc?) (1) 122 + 12132 + 1'37.’12).
(c) Verify the following identities:
n+n+n=-1,
T2 =17T1+717, TT3=7+7173, T003=7T 171,
=042 U=u4+2 t=1+2
(d) Combine (b) and (c) to show that
Nkjglati + b1y +c13) = @+ b+ —abe
+ 3(a2b +ac® + bzc) — 4(a2c +ab® + bcz).
(e) Under the assumption that a, b, c are integers with GCD(a, b, c¢) = 1, show
that Nk ,q(ati + bty + c13) #Z 0 mod 3.
(f) Deduce from (e) that 7 = 3 isnotin Ng,p(K ™). (Educational note: Conse-

quently Problems 18-19 at the end of Chapter II produce an explicit division
algebra over QQ of dimension 9.)

5. (a) Show for each integer n > 1 that there exists a prime p such that n divides
p— 1.
(b) Deduce for this p that there exists a field L with Q € L € Q(e**/?) such
that the field extension L/Q is a Galois extension whose Galois group is
cyclic of order n.

Problems 6—12 continue the discussion of cyclic algebras that was begun in Problems
17-19 at the end of Chapter II and continued in Problems 4-5 above. Let F' be any
field, and let K be a finite Galois extension of ' whose Galois group G = Gal(K/F)
is cyclic of order n. Let o be a generator of G, fix an element 7 # 0 in F, and let A
be the subset of matrices in M, (K) of the form

c1 ) c3 cee Cn
ro(cn) o(cr) alc2) - oleu-1)
ro2(c,-1) rot(e))  o(en) - ol
ro"H(ez) ro"M(ez) ra" ey - - 0" Hen)
Identify ¢ € K with the diagonal member of A for whichc; = candc¢y =---=¢, =
0, and let j be the member of A for whichc; =0,¢; = 1,and ¢z =--- =¢, = 0.

Under this identification every member of A has a unique expansion as y ,_; ¢k jE!

with all ¢; in K, and the element j satisfies j” = r and jcj~! = o(c) forc € K.
Take it as known that A is a central simple algebra over F of dimension n?. This
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series of problems leads in part to another theorem due to Wedderburn. (However, a
more direct proof of the theorem of Wedderburn without the other results is possible.)

6. In the construction of factor sets in Section 2, use x,« = jk forO<k<n-—1.
Show that the algebra A above corresponds to the 2-cocycle a with

1 ifk+1 <n,

a(o*,o") = { .
r ifk+1>n.

7. Under the assumption that r = Ng,r(x) with x € K>, show that the choice

cok = x0(x)o2(x) - - - %1 (x) exhibits the factor set of the previous problem as

a trivial factor set and hence shows that A = M,,(F).

8. Let F = {F;} be the standard free resolution of Z in Czs, and let X = {X;}
be the free resolution of Proposition 3.32. The latter has X; = ZG for every
k > 0. Trace through the proof of Corollary 3.26, and show that the proof allows
a chain map f = {f;} to be defined in such a way that the values of fy, f1, f>
on standard ZG basis elements of Fy, F, Fp are fo(l) = 1, fl(l,ak) =
—(l+0+---4+0")for0 <k <n,and
Aot ol 0 if0 <k <l<n,
9 O— bl O' =
? —o!  if0<i<k<n.
9. Let &, : Homyg(F2, KX) — C*(G, K*) be the isomorphism of Section 5,
and let v be in Homyzg (ZG, K*). Show that the member of C?(G, K*) that
corresponds to ¥ is (Y o f>) and that

¥ (0) ifk+1 <n,

ko Iy _
(¥ 0 f)(07, o) = { Y=t ifk+1>n.

10. Let y be a member of K *, and let ¢ be the unique element of Homz (ZG, K )
with ¢ (1) = y. Why in the context of Proposition 3.32 is ¥ a 2-cocycle if and
only if y isin F*?

11. Take v as in the previous problem with (1) = r~!, and show that the member of
Cc? (G, K*) that corresponds to it under Problem 9 is the factor set @ of Problem 6.

12. Deduce from the previous problem that the order of the Brauer equivalence class
in B(K /F) is the order of the coset of 7 in F* /NK/F(KX). Why does it follow
that A is a division algebra over F if the coset of r in F'* / Nk,r(K*) has exact
order n? (Educational note: This result is a theorem of Wedderburn except that
it is here dressed in more modern language. The special case that n is prime
was already handled by Problems 18—19 at the end of Chapter II. Although the
converse was seen in those problems to be valid for n prime, the converse is
known to fail forn = 4.)

Problems 13-20 introduce the reduced norm of a central simple algebra and give an
application. Let A be a central simple algebra over a field F with dimz A = n?. For
a in A, the algebra polynomial of a is defined to be the characteristic polynomial
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det(X1 — A) of the F linear mapping L(a) : A — A given by the left multiplication
x +> ax. This monic polynomial lies in F[X] and has degree n”>. The ordinary
norm Ny r(a) is defined to be (—1)"2 times the constant term, and the ordinary
trace Try,r(a) is defined to be minus the coefficient of X "2‘1; these functions of a
take values in . Choose a finite Galois extension K of F that splits A, and fix an
isomorphism ¢ : A®r K — M, (K). The reduced polynomial of a is defined to be
the monic polynomial det ((p(X 1—a® 1)). This polynomial lies in K[X] and has
degree n. The reduced norm Nrdy,r(a) is defined to be (—1)" times the constant
term, and the reduced trace Trrd4,r(a) is defined to be minus the coefficient of
X"~ these functions of a initially take values in K .

13. Prove that the reduced polynomial of a does not depend on the choice of the
isomorphism ¢.

14. Prove that det(X1 — a) = det ((p(Xl —a® 1))".

15. Using Galois theory and unique factorization, prove that any monic polynomial
P(X)in K[X] such that P(X)" lies in F[X] already lies in F[X]. Conclude that
the reduced polynomial of any element of A is in F[X].

16. Prove that det ((p(X 1—a® 1)) does not depend on the choice of the Galois
extension K of F that splits A.

17. Deduce that Nrds,r is a function from A to F such that Nrds/r(ab) =
Nrda/r(a)Nrdy,r () for all @ and b in A, Nrds/r(1) = 1, and Nrdy,r(a)" =
Ny/r(a) forall a in A. How does it follow that
(a) anelementa € A is invertible if and only if Nrd4,r(a) # 0 and
(b) Ais adivision algebra if and only if Nrd4,r(a) = 0 only for a = 0?

18. Let K /F be a finite Galois extension of fields, put G = Gal(K /F'), and suppose
that a crossed-product algebra A = A(K, G, @) is given as in Proposition 3.12
with K € A and with dimp A = (dimy K)? = n?. Let {x, | o € G} be the
system in the proposition such that A = @@ _; Kx,. Associate a matrix m(v)
in M,(K) to each v € A as follows. The rows and columns of the matrices are
indexed by G, and E, ; denotes the matrix that is 1 in the (o, ) entry and is O
elsewhere. Letm(cx;) = > o(c)a(o, 1) Es . forc € K, and extend additively
tohandleallv € A. Check thatv + m(v) isaone-one F algebra homomorphism
of Ainto M,,(K),and prove that Nrd 4, (v) = detm(v). (Educational note: Thus
by Proposition 3.12 the matrix algebra in Problems 6—12 is central simple.)

19. Identify the norm and the reduced norm for the real algebra H of quaternions.

20. A field F is said to satisfy condition (C1) if every homogeneous polynomial
of degree d in n variables with d < n has a nontrivial zero. Using the reduced
norm for a central division algebra over F, prove that condition (C1) implies
that B(F) = 0. (Educational note: Algebraically closed fields and finite fields
satisfy (C1), the latter by a theorem of Chevalley. A deeper fact is that a simple
transcendental extension of an algebraically closed field satisfies (C1).)



CHAPTER IV

Homological Algebra

Abstract. This chapter develops the rudiments of the subject of homological algebra, which is an
abstraction of various ideas concerning manipulations with homology and cohomology. Sections
1-7 work in the context of good categories of modules for aring, and Section 8 extends the discussion
to abelian categories.

Section 1 gives a historical overview, defines the good categories and additive functors used in
most of the chapter, and gives a more detailed outline than appears in this abstract.

Section 2 introduces some notions that recur throughout the chapter—complexes, chain maps,
homotopies, induced maps on homology and cohomology, exact sequences, and additive functors.
Additive functors that are exact or left exact or right exact play a special role in the theory.

Section 3 contains the first main theorem, saying that a short exact sequence of chain or cochain
complexes leads to a long exact sequence in homology or cohomology. This theorem sees repeated
use throughout the chapter. Its proof is based on the Snake Lemma, which associates a connecting
homomorphism to a certain kind of diagram of modules and maps and which establishes the exactness
of a certain 6-term sequence of modules and maps. The section concludes with proofs of the crucial
fact that the Snake Lemma and the first main theorem are functorial.

Section 4 introduces projectives and injectives and proves the second main theorem, which
concerns extensions of partial chain and cochain maps and also construction of homotopies for
them when the complexes in question satisfy appropriate hypotheses concerning exactness and the
presence of projectives or injectives. The notion of a resolution is defined in this section, and the
section concludes with a discussion of split exact sequences.

Section 5 introduces derived functors, which are the basic mathematical tool that takes advantage
of the theory of homological algebra. Derived functors of all integer orders > 0 are defined for any
left exact or right exact additive functor when enough projectives or injectives are present, and they
generalize homology and cohomology functors in topology, group theory, and Lie algebra theory.

Section 6 implements the two theorems of Section 3 in the situation in which a left exact or right
exact additive functor is applied to an exact sequence. The result is a long exact sequence of derived
functor modules. It is proved that the passage from short exact sequences to long exact sequences
of derived functor modules is functorial.

Section 7 studies the derived functors of Hom and tensor product in each variable. These are
called Ext and Tor, and the theorem is that one obtains the same result by using the derived functor
mechanism in the first variable as by using the derived functor mechanism in the second variable.

Section 8§ discusses the generalization of the preceding sections to abelian categories, which are
abstract categories satisfying some strong axioms about the structure of morphisms and the presence
of kernels and cokernels. Some generalization is needed because the theory for good categories is
insufficient for the theory for sheaves, which is an essential tool in the theory of several complex
variables and in algebraic geometry. Two-thirds of the section concerns the foundations, which
involve unfamiliar manipulations that need to be internalized. The remaining one-third introduces an

166
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artificial definition of “member” for each object and shows that familiar manipulations with members
can be used to verify equality of morphisms, commutativity of square diagrams, and exactness of
sequences of objects and morphisms. The consequence is that general results for categories of
modules in homological algebra requiring such verifications can readily be translated into results for
general abelian categories. The method with members, however, does not provide for constructions
of morphisms member by member. Thus the construction of the connecting homomorphism in the
Snake Lemma needs a new proof, and that is given in a concluding example.

1. Overview

This chapter develops the rudiments of the subject of homological algebra. The
only prerequisite within the present volume is the self-contained Section III.5
entitled “Digression on Cohomology of Groups,” which is helpful primarily as
motivation. The definitions of category, functor, object, morphism, natural trans-
formation, product, and coproduct as in Chapters IV and VI of Basic Algebra will
be taken as known, and it will be helpful as motivation to know also the material
from Chapter VII of Basic Algebra on group extensions and cohomology of
groups. The present chapter will make some allusions to notions from algebraic
topology, particularly in this first section, and the reader is encouraged to skip
lightly over anything of this kind that might be an impediment to continuing with
the remainder of the chapter.

Homology and cohomology have their origins in attempts to assign algebraic
invariants to topological obstructions. One example historically was the holes
in a domain of the Euclidean plane that can make line integrals that are locally
independent of the path fail to be globally independent of the path. Another was
the handles on 2-dimensional closed surfaces. These obstructions were originally
viewed as numbers (Betti numbers for example) and later viewed as algebraic
objects such as abelian groups or vector spaces. A big advance was to regard
them not just as objects attached to geometric configurations but as functors that
attach objects to geometric configurations and also attach functions between such
objects to reflect the behavior of functions between geometric configurations.

Hints of connections with algebra on a deeper level and hints that homology and
cohomology could be computed quite flexibly began with work of W. Hurewicz
in 1936 and H. Hopf in 1942. Hurewicz considered the following situation: M
is a finite connected simplicial complex, U is its universal cover, and G is the
fundamental group of M. Suppose that U is contractible. The group G acts freely
on the group C,(U) of simplicial chains of U (with integer coefficients). The
boundary operator then gives us an exact sequence

0<«—Z <« Co(U) <~ Ci(U) < C(U) < ---

of abelian groups with an action of G on each C;(U) by automorphisms in such
a way that each C;(U) in effect is a free ZG module. Applying () ®zg Z, we
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obtain the complex

0« Co(M) < Ci(M) < Co(M) <— --- .
The homology Hy(M) is just Z because M is connected, and H, (M) is just the
quotient of G by its commutator subgroup; thus Hy(M) and H; (M) depend only
on G. What Hurewicz showed is that all higher H; (M) depend only on G; he did
not address existence of such spaces M and U for G.

Hopf clarified the situation and drew attention to it by making an explicit
calculation: Dropping all assumptions on U other than its simple connectivity,
he gave a formula for the quotient of H,(M) modulo the subgroup of “spherical
homology classes” in terms of G. Later he obtained a result for higher-degree
homology. In effect, Hopf was giving formulas for H, (G, Z) by discovering and
applying the homology analog of the cohomology result given as Theorem 3.31
in Section IIL.5.

Meanwhile, S. Eilenberg in 1944 made an adjustment to Lefschetz’s singular
homology theory and showed for locally finite polyhedra that his adjusted theory
gives the same groups as the more traditional simplicial theory. His method
was to introduce a third complex, to exhibit chain maps from this to each of
the complexes under study, and show that the chain maps possess inverses in a
suitable sense.

In addition to the people mentioned above, some others who pursued these mat-
ters in the mid 1940s were R. Baer, B. Eckmann, H. Freudenthal, and S. Mac Lane.
One thing that mathematicians gradually realized was that homology and coho-
mology in various situations can be calculated from suitable kinds of abstract
resolutions, a fact that lies at the heart of the subject of homological algebra.
Another was that the subject of cohomology of groups made sense on an abstract
level without any reference to topology and that the theory of factor sets for group
extensions, as had been introduced by O. Schreier in the 1920s, was actually one
aspect of this theory.

With a great leap of generality, H. Cartan and Filenberg set down such a theory
in their celebrated book Homological Algebra, whose publication was delayed
until 1956. Homology and cohomology became things attached to complexes,
no longer dependent on topology, and the book developed enormous machinery
for working with such complexes and homology/cohomology. By the time that
Cartan and Eilenberg had published their book, other special cases of homological
algebra had already arisen. One was the cohomology theory of Lie algebras,
developed by C. Chevalley in the 1940s and by J.-L. Koszul in 1950. Another was
the cohomology theory of sheaves, used in the subject of several complex variables
starting about 1950 by K. Oka and H. Cartan; sheaves themselves had been
introduced in 1946 by J. Leray in connection with partial differential equations.

In the eventual theory the fundamental notion is that of a “derived functor”:
homology or cohomology is obtained by starting from some kind of resolution,
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or exact complex, passing to another complex by means of a functor with some
special properties, and then extracting the homology or cohomology of the image
complex. Two categories are thus involved, one for the resolution and one for
the values of the functor. From an expository point of view, it seems wise to start
with concrete categories and not to try to identify the most general categories for
which the theory makes sense. For much of the chapter, we shall work with a
category not much more general than the category Cg of all unital left R modules,
where R is a ring with identity, and our functors will pass from one such category
to another. Use of categories Cg subsumes the following applications:

(i) manipulations with basic homology and cohomology in topology, in
which one begins with the ring R = Z of integers. For more advanced
applications in topology, one moves from Z to more general rings.

(i) homology and cohomology of groups, in which one initially uses group
rings of the form ZG, where G is any group and Z is the ring of integers.

(iii) homology and cohomology of Lie algebras. If g is a Lie algebra over
a field such as C, then g has a “universal enveloping algebra” U (g)
and a canonical mapping ¢ : g — U(g). Here U(g) is a complex
associative algebra with identity, ¢ is a Lie algebra homomorphism, and
the pair (U(g), ¢) has the following universal mapping property: when-
ever ¢ : g — A is a Lie algebra homomorphism into a complex asso-
ciative algebra A with identity, then there is a unique homomorphism
® : U(g) — A of associative algebras with identity such that ¢ = ® o¢.
Lie algebra homology and cohomology are the theory for the set-up in
which the initial underlying rings are U (g) and C.

In other words, in each of the three applications above, many derived functors of
importance pass from the category Cg for a ring R with identity to the category
Cs for another ring S with identity.

The slight generalization of categories Cr that we shall use for much of the
chapter is as follows: Let R be a ring with identity. A good category C of R
modules consists of

(i) some nonempty class of unital left R modules closed under passage
to submodules, quotients, and finite direct sums (the modules of the
category),

(ii) the full sets Homg (A, B) of all R linear homomorphisms from A to B
for each A and B as in (i) (the morphisms, or maps, of the category).

For example the collection of all finitely generated abelian groups, as a subcate-
gory of Cz,is a good category.! So is the collection of all torsion abelian groups,

One reason for working with this slight generalization is to emphasize that a certain property
of categories Cg, namely that they have “enough projectives” and “enough injectives” in a sense to
be made precise below in Section 5, does not necessarily persist for slight variants of Cg.
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i.e., abelian groups whose elements all have finite order, as a subcategory of Cz.

The definition of “good category” specifies left R modules that are unital.
However, the theory applies equally well to right R modules that are unital, since
a unital right R module becomes a unital left module for the opposite ring R,
i.e., the ring whose underlying abelian group is the same as for R and whose
multiplication is given by a o b = ba.

The special property of a functor F : C — C’ used for passing from a complex
in one good category to a complex in another good category is that it is additive,
namely that F(¢; + ¢2) = F(¢1) + F(¢2) whenever ¢; and ¢, are in the
same Hompg (A, B). The initial examples of additive functors are tensor product
M ®p (), which passes from Cg to Cz if M is a right R module, and Hom in
each variable: Homg (-, M) and Homg(M, -), both of which pass from Cg to
Cyz if M is a left R module. In Section 2 we shall consider additive functors in
more detail.

The set-up with good categories does not subsume the cohomology of sheaves,
nor some other applications of interest, such as the cohomology of vector bundles
with a fixed base. The cohomology of sheaves is an important tool in algebraic
geometry and several complex variables, and it cannot be ignored. Consequently
one ultimately wants the theory to extend to other categories than good categories
of modules. In addition, it is quite useful to have the theory work for the categories
opposite to two given categories if it works for two given categories, and this
feature means that the general theory should not insist that the objects be sets
of elements and the morphisms be functions on such elements. Accordingly the
abstract theory is carried out for “abelian categories,” which will be defined in
Section 8. The idea for creating the abstract theory is to take the theory for good
categories of modules and rephrase all of the results for all abelian categories. In
many instances the proofs will translate easily to the general setting, but in other
instances it will be necessary to eliminate individual elements from arguments
and obtain new arguments that rely only on complexes, exact sequences, and
commutative diagrams. Some of this detail will be carried out in Section 8.

Sections 2-3 establish the framework of homology and cohomology in the
context of good categories of modules. Section 2 discusses complexes and exact
sequences at length, and Section 3 shows how a short exact sequence of complexes
leads to a long exact sequence in homology or cohomology. This is the first main
result of the theory and finds multiple uses later in the chapter.

Section 4 contains a discussion of “projectives and injectives” that expands and
systematizes Theorem 3.31, which concerned the flexible role of resolutions in
computing the cohomology of groups. Once that flexibility is in place in the more
general setting of good categories, Sections 5—6 introduce derived functors and
some of their properties. The main examples of derived functors at this stage are
functors Ext(-, -) and Tor(-, -) obtained from Hom and tensor product; these
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are examined more closely in Section 7. The example given in Section III.5 and
now being used as motivation requires some subtlety to be regarded as a derived
functor. That example was the system of functors H" (G, -) yielding cohomology
of the group G with coefficients in the module ( - ); these were obtained in Section
II1.5 by applying the functor Homyg (-, M) to any free resolution of Z in the
category Czg. It is seen in examples in Section 5 that the effect of using the free
resolution was to compute H"(G, M) as Ext; (-, M) when the variable is set
equal to Z; realizing this result as a derived functor in the M variable requires
knowing that one gets the same result from Ext;;(Z, -) when its variable is set
equal to M. This conclusion is part of Theorem 4.31, which is proved in Section 7.

The first seven sections complete the treatment of the rudiments of homological
algebra in the setting of good categories. One more central technique beyond that
of derived functors is the mechanism of spectral sequences, but we shall omit this
topic to save space.’

The chapter concludes with some discussion of abelian categories in Section 8.
The foundations of homological algebra have to be redone completely when
objects are no longer necessarily sets of elements. After this step, one introduces
a substitute notion of “member” for elements, establishes its properties, and
immediately obtains extensions of much of the theory to all abelian categories. A
supplementary argument is needed whenever the theory for good categories uses
an element-by-element construction of a homomorphism.

Sheaves are introduced in the last section of text in Chapter X, and their
cohomology is mentioned very briefly there.

2. Complexes and Additive Functors

Let C be a good category of R modules in the sense of Section 1. A complex in C
is a finite or infinite sequence of modules and maps in C such that the consecutive
compositions are all 0. There is no harm in assuming that the indexing for
the sequence is done by all of Z, since we can always adjoin 0 modules and 0
maps as necessary to fill out the indexing. The indices may be increasing or
decreasing, and, as we saw in Section IIL.5, this distinction is only a formality.
However, the distinction is very convenient when it comes to applications, since
homology is normally associated with decreasing indices and cohomology is
normally associated with increasing indices.

Thus let us be more precise about the indexing. A chain complex in C is
a sequence of pairs X = {(X,, 0,)}52 in which each X, is a module in C,

n=—oo
ZFor the reader who is interested in learning about spectral sequences, this author is partial to the
explanation of the topic in Appendix D of the book by Knapp and Vogan in the Selected References.
The setting in that appendix is limited to good categories of modules, and some important applications
are included.
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each 9, is a map in Homg (X, 1, X,,), and 9,0,4+1 = O for all n. The maps
d, are sometimes called boundary maps, or boundary operators. We define
the homology of X, written H.(X) = {H,(X)};2_,, with subscripts, to be the
sequence of modules in C given by

H,(X) = (ker d,_,)/(image ).

The members of the space ker 9, are called n-cycles, and the members of the
space image d,, are called n-boundaries.

EXAMPLES OF CHAIN COMPLEXES.

(1) Simplicial homology. Let S be a simplicial complex of dimension N, and
number its vertices. For each integer n, the group C,(S) of simplicial n-chains
is the free abelian group on the set of simplices of dimension n. This is O for
n < 0and n > N. In elementary topology one defines the boundary of each
n-simplex to be the member of C,,_1(S) equal to an integer combination of its
faces, the coefficient of the face being (—1)' if the missing vertex for the face is
the i of the n + 1 vertices of the given n-simplex. This definition is extended
additively to the boundary map 9,—; : C,(S) — C,-1(S), and a combinatorial
argument gives 9,0,—1 = 0 for all n. Thus X = {(C,(S), d,—1)} is a complex.
The associated homology H,(X) is the n™ (integral simplicial) homology of the
simplicial complex S and is usually denoted by H,(S).

(2) Cubical singular homology. Let S be a topological space. For n > 0, a
singular n-cube in S is a continuous function 7' : I" — §, where I" denotes the
n-fold product of the closed interval [0, 1] with itself. The free abelian group on
the set of n-cubes is denoted by Q,(S). A singular n-cube T is degenerate if
its values are independent of one of the n variables. The subgroup of Q,(S)
generated by the degenerate singular n-cubes is denoted by D,(S), and the
quotient C,(S) = Q,(S)/D,(S) is the group of cubical singular n-chains.
One defines a boundary operator from Q,(S) to Q,—1(S) for each n in analogy
with the definition in the previous example and shows that it carries D, (S) into
D,_1(S). Consequently the boundary operator descends to a homomorphism of
abelian groups 9,1 : C,,(S) — C,,—1(S). A combinatorial argument shows that
9,9,—1 = 0; thus we get a complex. The associated homology is the n™ (integral
singular) homology of S and is usually denoted by H, (S).

(3) Free resolution of Z in Cz . Let G be a group. Then the standard resolution
of Z in the category Cz, as given in Theorem 3.20, is a chain complex in that
category.

Letus make the class of chain complexes for the good category C into a category.
Each chain complex is to be an object. If X = {(X,,, 9,,}) and X' = {(X/, 9/)}

n’>=n
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are two chain complexes in C, a morphism in Morph(X, X’) is any chain map
f = {fa}, defined as a sequence of maps f, € Homg(X,, X)) such that the
diagram

an—l
X, — Xuo1

f’ll lfn—l

X, = X,
commutes for all n. Briefly f0 = 9’f. Since the f,’s are functions, it is
customary to use function notation f : X — X’ forchain maps. The system {1y, }
of identity maps serves as an identity morphism, and coordinate-by-coordinate
composition is associative. Thus the result is a category.

The next step is to observe that homology H,, as applied to chain maps for
the category C, is a covariant functor from the category of chain maps to itself.
The effect of the functor on objects is to send X to H.(X) = {(H,(X),0)}. If
f X — X' is a chain map, then the formula 9, _,(f,(x,)) = fu—1(3p—1(xs))
shows that f,(kerd,—;) < kerd, ,, and the formula 9, (fy4+1(xp41)) =
Sfn(0n(xn41)) shows that f,(imaged,) < imaged,. Therefore f, descends
to the quotient, giving a map H(f,) : H,(X) — H,(X’). The assembled
collection of maps H,(f) : H,(X) — H,(X’) is manifestly a chain map. Instead
of writing H(f;,) for the map induced by £, on the n" homology, we shall often
write (f,)s or f,,especially in diagrams, to make the notation less cumbersome.
Since the identity chain map yields the identity on H,(X) and since compositions
go to compositions in the same order, homology H, is a covariant functor.

If f:X — X' and g : X — X' are two chain maps, then a homotopy &
of f to g is a system of maps & = {h,} increasing degrees by 1, i.e., having
h, carry X, into X, _,, such that 4, 19,1 + d,h, = f, — g for all n. Briefly
hd + d’h = f — g. When such an h exists, we say that f and g are homotopic,
and we write f =~ g. This relation is an equivalence relation.

Proposition 4.1. If f : X — X’ and g : X — X’ are homotopic chain maps
in the good category C, then f and g induce the same maps H.(f) and H.(g)
on homology,i.e., H,(f) and H,(g) are the same map of H, (X) into H,(X") for
each n.

PROOF. Let i be a homotopy, and suppose that 9,,_1(x,) = 0. Then the
computation f, (x,) — gn(xn) = hy—19,—1(xp) + 0,1y (x,) = 0+ 3, h, (x,) shows
that the images of x, under f, and g, in X, differ by a member of image 9,. [

Briefly let us translate all of these definitions and conclusions into statements
when the complexes have increasing indices. A cochain complex in C is a
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sequence of pairs X = {(X,,d,)}>° _. in which each X, is a module in C,

each d, is a map in Homg (X, X,,+1), and d,4+1d, = O for all n. The maps d,
are sometimes called coboundary maps, or coboundary operators. We define
the cohomology of X, written H*(X) = {H"(X)};2_,, with superscripts, to
be the sequence of modules in C given by H"(X) = (kerd,)/(imaged,_). The
members of the space ker d,, are called n-cocycles, and the members of image d,,

are called n-coboundaries.

EXAMPLES OF COCHAIN COMPLEXES.

(1) Singular cohomology. Let S be a topological space, let X ={(C,,(S), d,—1)}
be its complex of cubical singular n-chains, and let M be any abelian group. If
C"(S, M) = Homy(C,(S), M) and if d, : C"(S, M) — C"T(S, M) is the
map d, = Hom(9,41, 1), then Y = {(C"(S, M)),d,)} is a cochain complex,
and its cohomology, written H*(Y) = {H"(S, M)}, is the (integral singular)
cohomology of § with coefficients in M.

(2) Cohomology of groups. Let G be a group, and let M be an abelian group
on which G acts by automorphisms. Let C"(G, M) be the abelian group of
functions from the n-fold product of G with itself into M, the functions being
added pointwise. Define 8, : C"(G, M) — C"*'(G, M) as in Section IIL5.
Then X = {(C"(G, M), §,,)} is a cochain complex, and its cohomology H*(X) =
{H"(G, M)} is the cohomology of G with coefficients in M.

The cochain complexes for the good category C form a category for which the
morphisms from X = {(X,, d,)}to X' = {(X),, d),)} are cochainmaps f = { f,};
the latter are defined by the conditions that f, carry X, to X ,’1 and fd =df,ie.,
for1d, = d, f, for all n. Cohomology H*, as applied to cochain maps for the
category C, is a covariant functor from the category of cochain maps to itself.
The effect of the functor on objects is to send X to H*(X) = {(H"(X), 0)}, and
the argument that a cochain map f : X — X’ carries H*(X) to H*(X’) via a
cochain map H*(f) is the same as for chain maps. Instead of writing H ( f,,) for
the map induced by f, on the n' cohomology, we shall often write (f,)* or f,,
especially in diagrams, to make the notation less cumbersome

If f: X —> X and g : X — X’ are two cochain maps, then a homotopy
h of f to g is a system of maps & = {h,} decreasing degrees by 1, i.e., having
h, carry X, into X, _, such that h,1d, +d,_,h, = f, — g, for all n. Briefly
hd +d'h = f — g. When such an h exists, we say that f and g are homotopic,
and we write f =~ g. This relation is an equivalence relation.

3The notation with the bar is to be avoided when there might be some ambiguity about which of
homology and cohomology is involved.
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Proposition 4.1'. If f : X — X' and g : X — X’ are homotopic cochain
maps in the good category C, then f and g induce the same maps H*(f) and
H*(g) on cohomology, i.e., H"(f) and H"(g) are the same map of H"(X) into
H"(X') for each n.

PROOF. Let 4 be a homotopy, and suppose that d,(x,) = 0. Then the com-
pUtation fn(xn) - gn(xn) = hn+ldn(xn) + d,;_lhn (x,) =0+ d,/,_lhn(xn) shows
that the images of x, under f, and g, in X, differ by a member of imaged, .

]

A chain or cochain complex written neutrally as X = {X (n)} is exact at X (n)
if the kernel of the outgoing map at X (n) equals the image of the incoming map
at X (n) (as opposed to merely containing the image). The complex is exact, or
is an exact sequence, if it is exact at every X (n). A short exact sequence is an
exact sequence of the form

04585 Cc o,

understood to have 0’s at all positions beyond each end. The conditions on the
5-term complex above for it to be exact are that ¢ be one-one, ¥ be onto C, and
that ¢ exhibit C as isomorphic to B/image ¢. To make the terminology more
symmetric, it is customary to introduce a name for the quotient of the range of a
homomorphism 7 by the image of n; this quotient is defined to be the cokernel
of the homomorphism and is denoted by coker . The conditions for exactness
above can then be restated more symmetrically as

ker ¢ = cokeryr =0 and image ¢ = ker .
An exact sequence can always be broken into short exact sequences by stretch-
ing each link
>aAabph o
into

-o-—>Ai>image<p—>0—>O—>ker¢£>Bi>'--

and breaking it between the 0’s; here “inc” denotes the inclusion mapping of
ker ¢ into B. This stretching process does not take us outside our good category,
since good categories are assumed to be closed under passage to submodules and
quotients. Conversely if we have two exact sequences

i AL C—>0 ad 0—Cc-S5B L.,
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then we can combine them into an exact sequence

A%

Exactness at A of the merged sequence follows because ker(i¢) = ker ¢, and
exactness at B follows because ker y = imagei = image(i¢).

Any map ¢ : A — B in our good category can be expressed in terms of an
exact sequence by including the kernel and cokernel:

O—>kerg0—i>Ai>Bi>coker(p—>0;

herei : ker¢p — Aistheinclusion,andg : B — coker ¢ is the quotient mapping.
All the modules and maps in the exact sequence are in the category, since good
categories are assumed to be closed under passage to submodules and quotients.
We shall use the following special case of this observation in Section 3.

Proposition 4.2. Let X = {(X,, 0,)};°_,, be a chain complex in a good
category with 9, in Homg(X,,+1, X,,) for each n. Then the boundary operator
dp—1 on X, descends to the quotient as a mapping 9,1 : cokerd, — kerd,_»
and yields an exact sequence

; b,
0 — H,(X) —> cokerd, — kerd,_» —> H,_(X) — 0.

Here i is the inclusion i : ker 9,1/ image 9, — X,/ image d,,, and ¢ is the quo-
tient g : kerd,_, — kerd,_,/image d,_1. This association of a six-term exact
sequence to X for each n is functorial in the sense that if X’ = {(X,, 9,)}52 _ is
a second chain complex and if f : X — X’ is a chain complex, then the diagram

; 5,
H,(X) —— cokerd, ——> kerd,_» —— H,_1(X)

l l l l

’

. 5/
H,(X') —— cokerd, ——— kerd,_, —— H, 1(X’)

commutes; here the vertical maps are those induced by f,,—; and f,.

REMARKS.

(1) The term “functorial” in the statement has a precise meaning in this and
other contexts. Each chain complex is being carried to a 6-term exact sequence
for each n. The chain complexes and the 6-term exact sequences both form
categories, the morphisms in each case being chain maps. To say that the passage
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from the objects of one category to the other is functorial is to say that the
passage between the categories is actually a functor, i.e., chain maps for the chain
complexes are sent to chain maps for the 6-term exact sequences, the identity goes
to the identity, and compositions go to compositions. The latter two conditions
are evident, and what needs proof is that chain maps are carried to chain maps.*

(2) For a cochain complex X = {(X,, d,)}52_,, withd, in Homg(X,,, X,141),
the corresponding exact sequence is

0— H,_1(X) —l> cokerd,_» il"—i) kerd, NN H,(X) — 0,

and it is functorial with respect to cochain maps.

PROOF. To see that the map 9,1 carries coker 9, to ker d,_,, we write it as a
composition

coker 9, = X,/ image 9, — X,/kerd,_; = image d,—; < ker d,_,

with the arrow induced by the inclusion image 9, < ker d,—; and with the iso-
morphism induced by applying 9, to X, and passing to the quotient. Then we
have ker 9, = ker d,_;/image 9, = H,(X) and

coker 9,_, = ker 8,1_2/6_),1_1(Xn/ image d,,) = ker 8,,_2/8,1_1X,1
= ker 8,,_2/ image an_l = Hn_l(X),

and the exactness of the sequence is a special case of the exactness noted in the
paragraph before the proposition.

For the assertion that the association is functorial, the left square commutes
because the verticals are both induced by the same map f,,, and the right square
commutes because the verticals are both induced by the same map f,_;. For the
middle square the commutativity follows from the fact that f,,_19,—1 = 9, _, f,.

g

4Some authors use the word “natural” instead of the word “functorial” in this situation. Authors
who do this may have the notion of “natural transformation” between two functors in mind, or they
may not. For those who do not, it seems advisable to use a different term like “functorial” to avoid
confusion. For those who do, the allusion to a natural transformation is at best tortured in this
instance. A natural transformation refers to two categories C and C’, and the most intuitive choice
for C here is the category of chain complexes X. There are to be two functors from C to ¢’ and the
natural transformation relates the values of those functors on X, for each X; no second complex X’
enters into matters. To have X’ involved in a natural transformation would mean including at least
two chain complexes in each object of C. In other instances, however, some additional structure
may be present. Then the distinction between “functorial” and “natural” may be one of emphasis
concerning the data. The statements of Propositions 4.29 and 4.30 below provide examples.
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As was mentioned in Section 1, our interest will be in functors F : C — C’
between two good categories, not necessarily involving the same ring, with the
property of being additive. This means that F (¢; + ¢2) = F (1) + F (¢2) when
¢1 and ¢, are in the same Homg (A, B).

An additive functor sends any O map to the corresponding 0 map. Consequently
it always sends complexes to complexes. Moreover, since any functor carries the
identity map of each Homg (A, A) to an identity map, an additive functor has to
send any module A for which the 0 map and the identity coincide to another such
module. The 0 module is the unique module A with this property, and thus an
additive functor has to send the 0 module to a 0 module.

Moreover, additive functors carry finite direct sums to finite direct sums. (Re-
call that good categories are closed under finite direct sums.) This fact needs
proper formulation, and we need first to express direct sums in terms of modules
and maps. From the point of view of category theory, we shall take advantage
of the fact that for left R modules, product and coproduct coincide and are given
by direct sum. If C = A @ B, then there are thus projections p4 : C — A and
pp : C — B and injectionsty : A — C and (p : B — C such that

Data =14 and paip = lp,

peta=0 and patg =0,

and
tapa+ippp = lc.

Conversely if we have maps pga, t4, pp, and (g with these properties, then the
modules A = image p4 and B = image pp have the property that C is the internal
direct sum C = 14 A @ (B, and 14 and (g are one-one. In fact, the equation
tapa+tppp = 1¢ shows that t4A + 1B = C. To see that iyANipB = 0,
let x be in the intersection. Then ppgx lies in pgi4 A, which is 0, and p4x lies in
patpB, whichis 0. Thus typs +tppp = 1¢ gives 0 = t4pax + tpppx = X.
Hence tnANipB =0and C = 14A @ tpB. Finally the equations patg = 14
and pptp = 1p imply that ¢4 and ¢ are one-one.

With direct sum now expressed in terms of modules and maps, let us return to
the effect of additive functors on direct sums. Let C = A@® B, and let p4, pp,ta,
and ¢ be as above. Suppose that the additive functor F is covariant. Applying F
to the displayed identities in the previous paragraph and using that F is additive,
we see that F'(pa), F(pp), F(t4),and F(t5) have the properties that allow us to
recognize a direct sum. Hence

F(C) = FQa)F(A) @ F(p)F(B)
with F'(t4) and F (tg) one-one. Thus
F(C)Z F(A) & F(B).
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If instead F is contravariant, then the roles of the projections and the injections
get interchanged, but we still obtain F'(C) = F(A) & F(B).

An additive functor F : C — C’ between two good categories is exact if it
transforms exact sequences into exact sequences. Proposition 4.3 below will show
that exact covariant functors preserve kernels, images, cokernels, submodules,
quotients, and more. However, exact functors occur only infrequently; we shall
see a few examples of them in Section 4. For examples of failures at exactness,
it was shown in Section X.6 of Basic Algebra that if

0—-MENL P 0

is a short exact sequence in the category Cg, if E is a unital left R module, and if
E’ is a unital right R module, then the following sequences in Cz are exact:

E'®Qr M Ny ®r N LNy ®r P — 0,

0 —— Homg(E, M) =2 Homg(E, N) 222U Homg(E, P),

Hom(p,1) Hom(y, 1)
— <

Homg (M, E) Homg (N, E) Homg (P, E) «<— 0;

on the other hand, the extensions of these complexes to 5-term complexes by the
adjoining of a 0 need not be exact, and thus the functors E' @ (- ), Homg (E, -),
and Hompg (-, E) are not exact for suitable choices of R, E, and E’.

Proposition 4.3. An additive functor F : C — C’ between two good categories
is exact if and only if it carries all short exact sequences into short exact sequences.

REMARK. This proposition makes it a little easier to test concrete additive
functors for exactness than it would be from the definition.

PROOF. Necessity is obvious. For sufficiency, let
PRy IS
be exact, and let the additive functor F be covariant, the contravariant case being
completely analogous. Put A; = ker¢, B; = kery, and C; = image 1. Since
Yo = 0, we can factor ¢ as ¢ = @1, Where ¢; : A — B is ¢ with its range
space reduced and where ¢, : B — B is the inclusion. Similarly we can factor

Y as ¥ = Yoy, where ¢; : B — C) is ¢ with its range space reduced and
where ¥, : C; — C is the inclusion. Of the sequences

0— A —s A2 B — 0,
0— B 2 BYSc,—o0,

00— Bc-cie—o,
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the first and the third are trivially exact, and the second is exact because ker y; =
kery = image¢ = image¢,. The hypothesis that F carries short exact se-
quences to short exact sequences thus implies that the three sequences

FA) 29 F(B)) — 0,
F(B) ~2 ry 2% F(Cy),
F®n)

0—— F(C)) — F(C)

are exact. From these, ker F(y;) = image F (¢,). Also, F () is one-one, so
that

ker F (Y1) = ker (F(y2) F (Y1) = ker F (),
and F'(¢;) is onto, so that

image F (¢2) = image (F (¢2) F (¢1)) = image F(¢).
Hence ker F () = image F'(¢), and

F(A) F(p) F(B) F) F(C)

is exact, as required. U

Proposition 44. Let F : C — C’ be an additive functor between good
categories, let X be a complex in C, and let F'(X) be the corresponding complex
in C'. If F is exact, then F carries the homology or cohomology of X to the
homology or cohomology of F(X).

REMARKS. Our convention is to refer to homology when the indexing goes
down and cohomology when the indexing goes up. If F is covariant, it preserves
the indexing, while if F is contravariant, it reverses it. For the proof we shall use
notation A, B, C for modules that is neutral with respect to the indexing. The
arguments are qualitatively different in the covariant and contravariant cases, and
we shall give both of them.

PROOF IN THE COVARIANT CASE. Let
Ay RS
be a given complex, thus having {r¢ = 0, and form the image complex

Flp) F@)

F(A) F(B)

F(C).
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We are to exhibit an isomorphism
F (ker v/ image ¢) = ker F (y)/ image F (). (*)
Let i : image¢p — kery and j : keryy — B be the inclusions, and let
q : keryy — kery/image ¢ be the quotient map. Applying F to the exact
sequence
0 — image ¢ LN ker i AN ker ¥/ imagep — 0

and using exactness, we obtain an isomorphism via F'(g):

F (ker ¢/ image ¢) = F(ker w)/F(i)F(image Q). (s3)

Since j is one-one and F is exact, F'(j) is one-one. Thus application of F(j) to
the right side of (%) gives

F (ker ¥/ image ¢) = F(j)F (kery) / F (ji) F (image ¢). ()

If @ denotes ¢ with its range reduced to its image, then ¢ = jip. Applying F to
the two exact sequences

kery 2> B 5 C,
A imagegp — 0

gives us F(j)F (kery) = ker F () and F(image¢p) = F(p)F(A). Applying
F(ji) to the second of these and substituting both into the right side of (})
transforms () into (x) and gives the required isomorphism. g

PROOF IN THE CONTRAVARIANT CASE. Let
A% B C
be given with ¥ ¢ = 0, and form the image complex

Flp) F@)

F(A) F(B) F(C).

We are to exhibit an isomorphism
F (ker i/ image ¢) = ker F (¢)/ image F ({). (%)
Let j : keryy — B be the inclusion, let j : kerv/image ¢ — B/image y be
the induced map between quotients, and let ¢, ¢’, g” be the quotient maps
q:B — B/kervy,
q' : B — B/image ¢,
q" : B/image ¢ — B/ker .
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These satisfy g = q”q’. Applying F to the exact sequence

0 — kery//image ¢ AN B/image ¢ SEN B/keryy — 0
and using exactness, we obtain an isomorphism via F():

F (ker v/ image ¢) = F(B/image <p)/F(q”)F(B/ ker ). (k%)

Since ¢’ is onto and F is exact, F'(g’) is one-one. Thus application of F(g’) to
the right side of (xx) gives

F(kery/ image ) = F(q)F(B/image ¢) /F(¢)F (B/kery). (1)

Applying F to the three exact sequences

AL BL B/image ¢,
ker i —j> B i> C,

kery 2> B %5 B/kery

gives us F(q')F(B/image ¢) = ker F(¢) and F(q)F (B/kery) = ker F(j) =
image F (1). Substituting both these equalities into the right side of () trans-
forms () into () and gives the required isomorphism. U

We were reminded before Proposition 4.3 that Homg and ® g need not yield
exact functors. The partial exactness that they exhibit, as opposed to exactness
itself, is more typical of additive functors, and we incorporate this behavior into
two definitions. We shall define left and right exactness in such a way that Hompg
is left exact in each variable and ®p is right exact. An additive functor F is left
exact if the exactness of

0—>ASB Y, C—0
implies the exactness of

0—FA) — F(B) F(C) (F covariant),

F@) F(p)

0 —F(C) — F(B)— F(A) (F contravariant).
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We say that F is right exact if the exactness of the sequence with 0, A, B, C, 0
above implies the exactness of

F(A) F(B) F(C) (F covariant),

Fo) LY FB) 2% F(A) —> 0 (F contravariant).

The words “left” and “right” refer to the part of the target sequence that is exact
when the arrows are arranged to point to the right. A consequence (but not the
full content) of these definitions in each case is an assertion about one-one or
onto maps. For example a left exact covariant F' carries one-one maps to one-
one maps; we have only to start from a one-one map ¢ : A — B and set up a
short exact sequence with C = B/image ¢, and the definition shows that F (¢)
is one-one.

Proposition 4.5. If F is a covariant left exact functor, then F carries an exact
sequence

0>a5BLC

into an exact sequence

F(w) F(l//)

0— F(A) — F(B) — F(C).

REMARK. The expected analogs of this result are valid if F is contravariant or
if F is right exact or both.

PROOF. Starting from the given exact sequence, leti : image yy — C be the
inclusion, and let  : B — image ¥ be ¥ with its range space reduced. Then
¥ =iy, and the sequences

12

0 A B image{y — 0

and 0 — image ¢ —i>C—>C/imagew—>O
are exact. Applying F and using its left exactness, we see that

F(p) F(B) F(y)

0 F(A)

F (image 1)
and 0 — F(image y) Fo, F(C)
are exact. Thus F (i) is one-one, and F(¢) = F(iy) = F(i)F(¥) has the

same kernel as F (¥). The exactness of the first image complex shows that
ker F (1) = image F (¢), and the proof of the required exactness is complete. [
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3. Long Exact Sequences

As in Section 2, let C be a good category. We have seen that chain complexes
in C themselves form a category whose morphisms are chain maps. If we have
several chain maps in succession, each with an index n € Z, we can say that
they form an “exact sequence” of chain maps if for each n, the sequences of
modules and maps having index n form an exact sequence in C. Our objective
in this section is to show that any short exact sequence of complexes of this kind
yields a “long exact sequence” of modules and maps in C involving all the indices.
More precisely we are able to construct for each n a “connecting homomorphism”
relating® what happens with each index n to what happens for index n+1orn — 1
and incorporating modules and maps for all indices into a single exact sequence
of infinite length.

By way of preparation for the construction of connecting homomorphisms, let
us be more explicit about the discussion in Section 2 of how a chain map carries
the homology of one complex to the homology of another complex. Let

A—2. B

b

/

A —— B

be a commutative diagram in the good category C. Let us observe that ¢ (ker o) <
ker 8; in fact, any a € kera has 0 = ¢’a(a) = By(a), and thus ¢(a) is in ker 8.
Let us observe further that ¢’ («(A)) = B(¢(A)) € B(B); since ¢’ carries A’ into
B’, it follows that ¢’ descends to a mapping @’ defined on A’/a(A) = cokera
and taking values in B’/B(B) = coker 8. We can summarize these remarks by
the inclusions

p(kera) C ker B and @ (coker ) < coker B.

Using these remarks, we can now construct a “connecting homomorphism” when-
ever we have a diagram as in Figure 4.1 below.

SFor readers familiar with the use of homology in topology, connecting homomorphisms arise
when one works with the homology of a topological space, the homology of a subspace, and the
relative homology of the space and the subspace; the construction in this section may be regarded
as an abstract version of that construction.
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A Y, 0
e lr b
0 Y VN S

FIGURE 4.1. Snake diagram. The rows are assumed exact, and the squares
commute. In this situation the Snake Lemma constructs
a connecting homomorphism w : ker y — coker «.

Lemma 4.6 (Snake Lemma). In a good category C, a snake diagram as in
Figure 4.1 induces a homomorphism w : ker y — coker o with

ker w = yr(ker B) and image w = ¢! (image 8)/ image «,
and with w(c) = ¢’ ' (B(¥~!(c))) + image « for ¢ € ker y, and then

—

kerow —2> ker B L kery 5 cokerar —— coker L coker y

is an exact sequence. Here g and ¥ are restrictions of ¢ and v, and @’ and ¥
are descended versions of ¢ and . If ¢ is one-one, then @ is one-one. If v/’ is
onto C’, then ﬁ/ is onto coker y .

REMARKS. The homomorphism w is called a connecting homomorphism.
The name “Snake Lemma” comes from the pattern that the six-term exact se-
quence makes when superimposed on the enlarged version of Figure 4.1 shown
in Figure 4.2.

kera« —— kerf —— kery

~ v v

coker¢e. —— cokerf —— cokery

FIGURE 4.2. Enlarged snake diagram.
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PROOF. First let us construct w and see that it is well defined. Let ¢ be in
ker y. Since i is onto C, write ¢ = ¥ (b) for some b € B. The commutativity of
the second square in Figure 4.1 gives 0 = y(¢) = y ¥ (b) = ¥/ (Bb). Thus B(b)
is in ker ¢y’ = image ¢’, and B(b) = ¢'(a’) for some a’ € A’; the element a’ is
uniquely determined, since ¢’ is one-one. Define w(c) = a’ + a(A).

The only choice in this definition is that of b, and we are to show that any
other choice leads to the same member of coker. If b is another choice and if
B(b) = ¢'(@') witha' € A’,then (b —b) = ¢ —c = 0 shows that b — b = ¢(a)
for some a € A. Thus ¢'(@’ —a’) = B(b — b) = By(a) = ¢'(a(a)). Since ¢’ is
one-one, a’ — a’ = a(a), and a’ and a’ are exhibited as in the same coset of A’
modulo a(A).

Let us compute kerw. Suppose that w(c) = 0, i.e., that w(c) is in a(A).
Say w(c) = a(a). By construction of w, w(c) = a’ + «(A) for an element
a’ € A’ such that B(b) = ¢'(a@’) and ¢ = ¥ (b). In this case, @’ = «a(a).
So B(b) = ¢'a(a) = Be(a), and thus b — @(a) is in ker 8. Consequently
c = vYb) = ¥vb) — Yoea) is in Y(ker B), and kerw C (ker ). For the
reverse inclusion, if ¢ is in ¥ (ker 8), choose b € ker § with ¥/ (b) = c. Then
y(c) = yy¥(b) = ¥'B(b) = 0 shows that w(c) is defined. Since ¢ = ¥ (), the
construction of @ shows that 8(b) = ¢'(a’) for some a’ € A’. Since b is in ker B
and since ¢’ is one-one, this @’ must be 0. Then w(c) = a’ + a(A) =0+ a(A),
¢ is in ker w, and ¥ (ker 8) C ker w.

Now we compute imagew. Our step-by-step definition of @ shows that
image w C ¢'~!(image B)/a(A). For the reverse inclusion, suppose that a’ € A’
is in ¢’ ~!(image B), i.e., has ¢'(a’) = B(b) for some b € B. Then the element
¢ = @) of C has y(c) = y¥(b) = ¢¥'Bb) = ¥'¢'(@") = 0, and w(c)
is therefore defined. Our definition of w makes w(c) = a’ + a(A), and thus
@'~ (image B)/a(A) C image w.

We are left with establishing the exactness of the displayed sequence of six
terms at the four positions other than the ends and with proving the two assertions
in the last sentence of the lemma.

The condition of exactness at ker S is that p(kera) = kery N ker 8. The
inclusion C follows from the equalities 0 = ¢ and S (kera) = ¢'a(kera) = 0.
For the inclusion D, let b € B satisfy ¥(b) = B(b) = 0. Exactness at B gives
b = ¢(a) witha € A. Then 0 = B(b) = By(a) = ¢'a(a) with ¢’ one-one
implies that (@) = 0, and a is in ker«. Thus b is in ¢(ker ), and exactness at
ker 8 is proved. If ¢ is one-one, then certainly its restriction @ is one-one.

The condition of exactness at ker y is that kerw = ¥ (ker ), and this was
proved in the third paragraph of the proof.

By the result of the fourth paragraph, the condition of exactness at coker o
is that ¢'~1(B(B))/a(A) equal kerg’, where ¢’ : A’/a(A) — B’/B(B) is the
map induced by ¢’. The members of kerg’ are those cosets a’ + a(A) with
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¢ (@ + a(A)) C B(B). Since ¢’a(A) = Bep(A) C B(B), the condition on
a’ + a(A) is that ¢’(a’) be in B(B), hence that a’ be in ¢’ ' (8(B)), hence that
the coset @’ + a(A) be in ¢’ ' (B(B))/a(A). Thus we have exactness at coker «.

At coker 8, we know that the descended map @’ maps coker « into coker 8, and
we are to show that @’ (coker ) = ker E/. Inclusion C follows because ¥'¢’ = 0
implies '@ (@’ +a(A)) = ¥ (¢/(@) + B(B)) = ¥/'¢'(@) + y(C) = y(C). For
the reverse inclusion let ' € B’ have J/(b’ + B(B)) = y(C). Then ¥/ (b’) is in
y(C). Since ¥ : B — C is onto, we can find b € B with /(') = yy(b) =
¥'B(b). Hence b’ — () isinker ' = image ¢, and b’ — B(b) = ¢'(a’) for some
a’ € A’. Consequently b’ + B(B) = ¢'(a’) + B(b) + B(B) = ¢'(@’) + B(B) =
(¢)«(a@’ + a(A)), and b’ + B(B) is exhibited as in (¢').(a’ + a(A)), ie., in
(¢")«(coker ). Thus we have exactness at coker 8. Finally if ¢/’ is onto C’, then
certainly its descended map E/ is onto coker y . This completes the proof. g

Theorem 4.7. Let A = {(A,, an)}, B = {(By, Bn)}, and C = {(C,, v»)} be
chain complexes in a good category C, and suppose that ¢ = {¢,} : A — B and
Y = {¥,} : B — C are chain maps such that the sequence

O—)A—%BLC—>O

of chain complexes is exact. Then this exact sequence of chain complexes induces
an exact sequence in homology of the form

o Hyy 1 (C) -2 Hy(A) —2s Hy(B) —2s Ho(C) 2= Hy i (A)—> -+ .

Here the map o, : H,+1(C) — H,(A) has descended from the connecting
homomorphism w, defined on kery, in C,4; and having range cokerco, =
A,/ image o,.

REMARKS.

(1) The exact sequence in homology is called the long exact sequence in
homology corresponding to the short exact sequence of chain complexes, and the
maps w, are called connecting homomorphisms. As the proof will show, these
connecting homomorphisms arise by two applications of the Snake Lemma, not
just one.

(2) In more detail the diagram of the short exact sequence of chain complexes
is of the form
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! !

!

0 — Ay Pnt1 By Vnt1 Coit —> 0
lan lﬁn l]’n
@n Vn
0o — A, B, c, — 0
J/an—l J]}Snfl J{yn—l
Pn—1 1;Z"n—l
0 — An—l Bn—l Cn—l — 0

o

'

The rows are exact, the columns are chain complexes, and the squares commute.

(3) The corresponding result for cochain complexes involves the diagram

T T

,

0 — An+1 Pn+1 Bn+1 lanr] Cn+l N 0
T‘xn T,Bn Tyn
@n Yn
0o — A, B, c, — 0
Tan—l Tﬁnfl Tyn—l
Pn—1 l/fn—]
0 — An—l Bn—l Cn—l — 0

[

and the corresponding long exact sequence in cohomology is

Wpp1

o HNO) 2 HY(A) 2 HY(B) L HY(C) 2 H (A — -

The result for cochain complexes is a consequence of the result for chain com-
plexes and follows by making adjustments in the notation.
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PROOF. We regard the top two displayed rows of the diagram in Remark 2 as a
snake diagram. Applying the Snake Lemma (Lemma 4.6), we obtain a connecting
homomorphism w, and an exact sequence

, —

P+l Vo1 o, [ ¥
ker o, —— ker B, — kery, —> cokera, —> coker 8, —> coker y,,.

Using Proposition 4.2 for each of the chain complexes A = {(A,, ®,)}, B =
{(B,, Bu)},and C = {(C,, y»)}, we see that we obtain a diagram

0 0 0
! l !
H,(A) H,(B) H,(C)

! ! !

[ v,
cokera, —> cokerpB, —— cokery, — 0

l&n_l lﬁn_l ln]

D1 Va1
0 — kera,_p — kerf,_» —— kery,—»

! ! !

Hn—l(A) Hn—l(B) Hn—l(C)

! ! !

0 0 0

in which the rows and columns are exact and the squares commute. The third
and fourth rows form a snake diagram, and the second and fifth rows identify the
kernels and cokernels. Thus the Snake Lemma gives us an exact sequence

—

Ho(A) 5 Hy(B) 15 Hy(C) % Hooi(A) 22 Hy_y(B) 225 H,_\(C)

for a suitable connecting homomorphism €2. Repeating this argument for all n
proves exactness at all modules of the long exact sequence.

To complete the proof, we have only to identify €2. Reference to the statement
of the Snake Lemma shows that the formula for €2 is

QE) = @, )" Bo(F, (@) + imaged,_

for ¢ € H,(C). Meanwhile, the connecting homomorphism from the first appli-
cation of the Snake Lemma is w,_(c) = ((p;l_l)_1 (Bn-1 (1//,1_1 (c))) +image o,
for ¢ € ker y,,—1. Thus Q(c 4+ image y,,) = w,—1(c) + image ¢, as asserted. [
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Corollary 4.8. If
0—>ASB i> C—0

is an exact sequence of chain complexes in a good category and if A is exact,
then H,(B) = H,(C) for all n; if instead C is exact, then H,(A) = H,(B) for
all n. Consequently if any two of the three chain complexes are exact, then the
third one is exact.

PROOF. Theorem 4.7 gives the long exact sequence

"'—>Hn+1(c)—>Hn(A)_)Hn(B)—>Hn(c)—)Hn—l(A)ﬁ"' .

If H,(A) =0and H,_(A) = 0,thenweseethat H,(B) = H,(C). If H,;1(C) =
0 and H,(C) = 0, then we see that H,(A) = H,(B).

If two of the three chain complexes are exact, then one of the two is A or C,
and the result in the previous paragraph applies. Then the other two complexes
(B and C, or A and B) have isomorphic homology. The hypothesis says that one
of these two sequences of homology groups is 0. Therefore the other one is 0. [J

To conclude the discussion, we shall prove results saying that the exact se-
quences produced by Lemma 4.6 and Theorem 4.7 are functorial.

Lemma 4.9. In a good category C, the six-term exact sequence that is obtained
from a snake diagram as in Figure 4.1 is functorial in the following sense: If there
are two horizontal planar snake diagrams, one with tildes (~) over all modules
and maps and the other as is, and if there are vertical maps f4, etc., in three
dimensions from the tilde version of the snake diagram to the original version
such that all vertical squares commute, then the squares of the diagram

~ @ ~ ¥ ~ @ ~ 7 ~ ~
ker« — kerp — kery — cokero& —> cokerB — cokery

I I I 2 7 2 ) |

7
/

kera —2» ker 8 , kery 25 cokera %> coker B v, coker y

all commute.

PROOF. For the first square from the left, the assumed commutativity shows
that fo4 0 = afa,and thus x € kera implies f4(x) € kera; similarly x € kerg
implies fp(x) € ker 8. Thus the maps of the square are well defined. We are
given alsothat ¢ f4 = f@,and this proves that the square commutes. The second
square from the left is handled similarly.
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For the fourth square from the left, the equation f4& = afs shows that
y = a(x) implies fa(y) = a(fa(x)), and thus y € imagea implies fa (y) €
image o; this means that 4 descends to amap fa of coker @ to coker . Similarly
fa descends to a map fp of coker ﬂ to coker B. Thus the maps of the square
are well defined. We are given also that ¢’ f4+ = fp@’, and this proves that the
square commutes. The fifth square from the left is handled similarly.

We are left with the third square from the left. The map at the left side of this
square was shown to be well defined in the first paragraph of the proof, and the
map at the right side of this square was shown to be meaningful in the second
paragraph of the proof. We are to prove that the square commutes. Refemng to
the construction of @, let ¢ be in ker ¥, choose b in B with 1//(b) = ¢, and write
,B(b) = ¢'(@’). Then w(¢) is defined to be the coset of @’. Using the assumed
commutativity, we compute that ¥ fg(b) = fch(b) = fc(C) and that

¢ fa@) = f3@ @) = fzBb) = Bfs®).
Thus fp (l;) is an element whose image under v is f¢(¢), and B of this element

is ¢’ fo-(@"). Consequently the coset of w( fc(C)) is to be the coset of fu (a’) =
fa@(c). This proves the desired commutativity. |

Theorem 4.10. In a good category C, the long exact sequence that is obtained
from a short exact sequence of chain complexes as in Theorem 4.7 is functorial
in the following sense: if there are two short exact sequences of chain complexes
as in the theorem, one with tildes (~) over all modules and maps and the other
as is, each viewed as lying in a horizontal plane, and if there are vertical maps
fa,etc., from the tilde version of the exact sequence of chain complexes to the
original version such that all vertical squares commute, then the squares of the
diagram

wn ]// n wn 1

— H,,+1(C) — H, (A) AN Hn(B) — H, (C)

lfcnﬂ lfAn lfan l,fcn lfAn,l

Wp—1

— H,,+1(C) =" H, (A) BN H,(B) ———> H,(C) — H,_1(A) —

all commute.

H,_1(A) —

PROOF. Theorem 4.7 was proved by three applications of Proposition 4.2,
which includes its own assertion of functoriality, and two applications of Lemma
4.6, whose functoriality is addressed in Lemma 4.9. The argument involved only
manipulations with diagrams, and functoriality is in place for every step. Hence
functoriality is in place for the end result, and passage to the long exact sequence
is functorial. O
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4. Projectives and Injectives

In Section III.5 we exploited the fact that certain complexes were exact and
involved free modules in order to obtain chain maps and homotopies. The
hypothesis “free” entered the arguments through Propositions 3.25 and 3.27;
in both cases an R homomorphism was to be constructed from a free R module
to some other R module, and a computation revealed how the R homomorphism
should be defined on free generators. The universal mapping property of free
modules allowed the R homomorphism to be extended from the generators to the
whole free module. Examination of those arguments shows that it is enough to
assume that the domain on which this R homomorphism is to be constructed is a
“projective” R module, in the sense to be defined below, and we begin with that
notion.

Let C be a good category of unital left R modules. We say that a module P in
this category is projective in C or is a projective in C if whenever a diagram in
the category is given as in Figure 4.3 with ¢ mapping onto B, then there exists
o : P — C inC such that the diagram commutes.

P

T o
Q2

0 B <Y ¢

FIGURE 4.3. Defining property of a projective.

If P is a free R module in C, then P is projective in C. In fact, for each free
generator x of P, we choose an element ¢, in C with ¥ (c¢,) = t(x). Then we
define o (x) = ¢, and extend o to a homomorphism. We give further examples
of projectives shortly. First let us establish in Lemma 4.11 an ostensibly stronger
property that projectives automatically satisfy.

Lemma 4.11. If P is projective in the good category C and if the diagram
P

v

A <L A A"

in C has ker ¢ = image v and ¢t = 0, then there existsamapo : P — A” inC
such that the diagram commutes.

PROOF. The hypotheses force imaget C ker¢ = image . Thus if we put
B = image ¢ and C = A", then the above diagram leads to the diagram in Figure
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4.3. The hypothesis “projective” therefore gives us the map o in Figure 4.3 with
T = Yo, and the same o is the required map here. U

EXAMPLES OF PROJECTIVES.

(1) If R is a field F and if C is the category of all vector spaces over F', then
every module is free, hence projective, since every vector space has a basis.

(2) For general R, if C = Cg is the category of all unital left R modules,
then the projectives are the direct summands of free modules. This fact is easily
verified from Figure 4.3 as follows: In one direction if F = P @ P’ is a free
R module and the diagram in Figure 4.3 is given, extend 7 to F as 0 on P’,
find o from the fact that the free module F is projective, and restrict o to P.
In the other direction if P is projective, find a free R module F mapping onto
Pbyamap ¢,and put B = P,C = F,and v = 1 in Figure 4.3. Then the
equality 1p = 7 = o forces o to be one-one, and it follows that P = image o .
Consequently F' = imageo @ ker .

(3) For R = Z, the category C = Cz of all unital R modules is the category
of all abelian groups. Then the projective modules are the free abelian groups by
(2), since any subgroup of a free abelian group is free abelian.

(4) For R equal to any (commutative) principal ideal domain, the projective
modules in the category Cg of all unital R modules are the free modules, by
the same argument as in (3) in combination with the Fundamental Theorem of
Finitely Generated Modules (Theorem 8.25 of Basic Algebra).

(5) For R = Z, two good categories that were listed in Section 2 were the
category of all finitely generated abelian groups and the category of all torsion
abelian groups. With the first of these, the projectives are the free abelian groups
of finite rank, by the same argument as in (3). With the second of these, Problem 1
at the end of the chapter asks for a verification that some module in the category
fails to be the image of any projective in the category.

‘We come to the main result concerning flexibility in setting up chain complexes.
This result generalizes Proposition 3.25 through Corollary 3.30 in Section IIL.5.

Theorem 4.12. Let X = {(X,, 9,)}32_ and X' = {(X},, 9,)}7> _., be chain
complexes in the good category C, and letr be an integer. Let { f,, : X, — X, },<,
be afamily of mapsinCsuchthatd,_, f, = f,—19,—1 forn <r.If X, is projective
forn > r and X' is exact ateach X withn > r then{f, : X, = X },<, extends
to a chain map f : X — X', and f is unique up to homotopy. More precisely

any two extensions are homotopic by a homotopy % such that 4, =0 forn <r.

REMARKS. The diagrams in question are
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) +1 0, Op—1 On—2
n Xn+l n Xn n X n

n—1
E fn+l lfﬂ lfn—l
v

g1 d, _y 9,2
!/ n / n ! n
D (O X! X | =
for the construction of the chain map and
anJrl an 3n71

Xn—l —_ s ...

e Xn+2 _— Xn+1 Xn
lfnJrZ I,”/hn+l lf;l+l /lu lfﬂ %;—1 lfnf]
4
’ 8/
X

9, .
’ n l
n Xn—l

)
+1
s X/

/
' X n+1

n+2

—_
for the construction of the homotopy.

PROOF. For the existence of the chain map, it is enough by induction to
construct f,41. Matters are therefore as in the first of the above diagrams with
n = r. Since X’ is exact at X, and X, is projective, we are in the situation
of Lemma 4.11 with P = X, 1, A" = X, |, A= X, A =X _|,¢¥ =9,
¢ =9 _,,and T = f,9,. The lemma givesamapo : P — A” with yo = 1.
If we take f,41; = o, then Yo = t says that 9, f,.; = f.9,, and the inductive
construction of the chain map is complete.

For the uniqueness up to homotopy, let f : X — X' and g : X — X'
be two chain maps such that f,, = g, forn < r. Define h, : X, — X;/1+1
to be O for n < r, and observe that the system of functions {A,},<, satisfies
hp—10,—1 + 0,h, = f, — g for n < r because f, = g, forn < r. Proceeding
inductively, suppose thats > r and that /2, has been constructed forn < s such that
hp—10n—1+0,hy = fu—gaforn < s. Weare to construct hyy1 : Xop1 — X, 5.
This is the situation of the second diagram above with n = 5. Since s > r, X’
is exact at X | and X, is projective. Thus we are in the situation of Lemma
411 withP = X1, A" =X, ,,A=X |,A' =X, ¥ =0,,,,0 = 0;,and
T = (fs41 — gs+1) — hs0s. The lemma givesamap o : P — A” with Yo = 1.
If we take iy = o, then Yo = 7 says that 9, hyy1 = (fsy1 — gs41) — hs0y,
and the inductive construction of the homotopy is complete. |

A resolution in the category C is an exact chain complex X = {(X,, 0n)}72 _

or cochain complex X = {(X,,, d,)};2_, such that X, = 0 forn < —2. We say
that the complex is a resolution of X_;, and we abbreviate it as

X=x""5x ) o X=x"<<x).
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with X referring to

0 d1 do

Xt X, X Xo
or Xt: o <l x, A x
in the respective cases. A chain complex X = (X7 —5 M) that forms a

resolution is called a free resolution of M if every X,, for n > 0 is a free module.
It is called a projective resolution of M if every X, for n > 0 is projective.

Corollary 4.13. Let M be a module in a good category C and let
X=Xt -5 M and X =Xt -5 M

be two projective resolutions of M. Then there exist chain maps f : X — X’
and g : X' — X with f_; = 1), and g_; = 1, and any two such chain maps f
and g have the property that gf : X — X is homotopicto 1x and fg : X' — X’
is homotopic to 1x.

PROOF. The existence of f extending f_; = 1, is immediate by applying
the first part of Theorem 4.12 with r = —1. The hypotheses apply because X,
is projective for n > —1 and X’ is exact at X, forn > —1. A similar argument
shows the existence of g.

If we have f and g, then gf : X — X and 1x : X — X are chain maps
that extend the partial chain map given forn < —1 by 1, forn = —1 and by 0
for n < —2. Since again X, is projective for n > —1 and X’ is exact at X/, for
n > —1, the second part of the theorem shows that gf and 1x are homotopic. A
similar argument shows that fg and 1y’ are homotopic. O

There is an analogous sequence of results that ends with resolutions that are
cochain maps. They will be equally as useful as the above results when we
introduce derived functors in the next section. For the results below, the notion
of a projective is replaced by that of an injective. We say that a module / in the
good category C is injective in C or is an injective in C if whenever a diagram in
the category is given as in Figure 4.4 with ¢ mapping one-one from B into C,
then there exists o0 : B — [ in C such that the diagram commutes.

FIGURE 4 4. Defining property of an injective.
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We can think of the condition as saying that we can always extend such a 7 from
B to C,the extension being o . In any event, we give some examples after proving

an analog of Lemma 4.11.

Lemma 4.14. If [ is injective in the good category C and if the diagram

A/ A A//
in C has ker ¢ = image ¢ and Ty = 0, then there existsamapo : A” — I inC
such that the diagram commutes.

PROOF. The hypotheses force ker t © image i = ker¢. Thust : A — [ and
¢:A— A" descendtomapsT : A/kerp — I and g : A/kerp — A”. If we
put B = A/kery and C = A”, then the above diagram leads to Figure 4.4 with
7 and @ in place of T and ¢. The hypothesis “injective” gives us o in Figure 4.4
with T = 0@, and the same o is the required map in the diagram above. |

EXAMPLES OF INJECTIVES.

(1) If R is a field F and if C is the category of all vector spaces over F, then
every module is injective. In fact, in Figure 4.4 we write C = image ¢ & B’, and
we let y : image ¢ — B be the inverse of ¢ : B — image ¢. Then we can define
o tobe 0 on B’ and to be Ty on image ¢.

(2) Let C be the category of all abelian groups (unital Z modules). An abelian
group G is said to be divisible if for each integer n # 0 and each x € G, there
exists y € G with ny = x. Two examples of divisible abelian groups are the
additive group of rationals and the additive group of rationals modulo 1. It is
easy to see that any quotient of a divisible group is divisible and that direct sums
of divisible groups are divisible. Let us see for abelian groups that injective is
equivalent to divisible.

The argument that injective implies divisible is easy: Let I be injective. Given
x €landn #0,let B=C = Z,lett : Z — I have t(k) = kx, and let
¢ : Z — Z have ¢(k) = kn. Setting up Figure 4.4, we obtaino : Z — [
with T = o¢. If we put y = o (1) and evaluate both sides at 1, then we obtain
x =1(1) =0(p(l)) =o0(n) =no(l) = ny, as required.

The argument that divisible implies injective uses Zorn’s Lemma. Let I be
injective, and suppose that B, C, ¢, and t are given as in Figure 4.4. Consider
the set S of abelian-group homomorphisms ¢’ having domain a subgroup of
C containing ¢(B), having range I, and having o’¢ = 7. Order S by inclusion
upward of the corresponding sets of ordered pairs. The set S is nonempty because
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the homomorphism ¢’ with domain ¢(B) and values o’ (¢ (b)) = t(b) lies in
S; o' is well defined because ¢ is assumed one-one. Zorn’s Lemma yields a
maximal element o in S, say with domain C. We show that C = C. Arguing
by contradiction, suppose that C is a proper subgroup. Let ¢ be in C but not C.
The set of integers k with k¢ in C is an ideal in Z, and we let n be a generator.
Since I is divisible, there exists an element @ in I with na = o (nc). Define o on
the subgroup generated by ¢ and C by the formula & (k¢ + ¢) = ka + o (¢) for
k € Z and ¢ € C. We need to check that & is well defined. If kc + ¢ = k'c + ¢,
then (k — k')c = ¢ — ¢ is in C, and thus k — k' = gn for some integer q.
Hence 5 (kc +¢) —a(k'c+¢) = (k—k)a+o(c—C)=qna+o(c—7C) =
go(nc)+o(c—c') =qgonc)—o((k—k')c) = go(nc)—qo (nc) = 0. Therefore
o is a nontrivial additive extension of ¢, in contradiction to maximality of o, and
the proof is complete.

(3) For R = Z, two good categories that were listed in Section 2 were the
category of all finitely generated abelian groups and the category of all torsion
abelian groups. With the first of these, Problem 1 at the end of the chapter asks
for a verification that some module in the category fails to be a submodule of any
injective. With the second of these, the injectives are the torsion divisible groups.

The next proposition extends Example 2 and its proof to general R. Although
the condition in the proposition is not very intuitive for general R, it has a simple
interpretation for (commutative) principal ideal domains; see Problem 4 at the
end of the chapter.

Proposition 4.15. A unital left R module [ is injective for the good category
of all unital left R modules if and only if every R homomorphism of a left ideal
J of R into [ extends to an R homomorphism R — 1.

PROOF. The necessity is immediate from Figure 4.4 and the definition of
“injective” if we take B = J,C = R and write t for the given R homomorphism
of J into /.

For the sufficiency, suppose that I and a diagram as in Figure 4.4 are given.
Consider the set S of R module homomorphisms ¢’ having domain an R sub-
module of C containing ¢(B) and having range I such that 0’9 = 7, and
order S by inclusion upward of the corresponding sets of ordered pairs. The
set S is nonempty because the homomorphism o’ with domain ¢(B) and values
o'(p(b)) = t(b) lies in S; o’ is well defined because ¢ is assumed one-one.
Zorn’s Lemma yields a maximal element o in S, say with domain C. We
show that C = C. Arguing by contradiction, suppose that C is a proper R
submodule of C. Let ¢ be in C but not C. The set of elements r € R with r¢
in C is a left ideal J in R, and the mapping ¥ (r) = o(rc) is a well-defined R
homomorphism of J into /. By hypothesis, ¢ extends to an R homomorphism
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W : R — I. Define G on the subgroup generated by ¢ and C by the formula
G(rc+¢) = W)+ 0o(@) forr € Rand ¢ € C. We need to check that & is
well defined. If rc +¢ = r'c + &, then (r —r')c = & — ¢ is in C, and thus
r —r'isin J. Consequently ¥ (r) — W (r') = v (r —r') = o ((r —r')c). Hence
o(rc+c)—c(r'c+c) = (Y@ -V (F)+o(c—c) =oc(r—r)c)+o(c—C) =
o((r —r')c) —o((r —r")c) = 0. Therefore & is a nontrivial extension of o, in
contradiction to maximality of o, and the proof is complete. O

Now we can prove an analog of Theorem 4.12 for cochain complexes. This
result had no counterpart in Chapter III.

Theorem 4.16. Let X = {(X,.d)}>_ . and X' = {(X..d))}>>__ be

n=—oo n’=n
cochain complexes in the good category C, and let r be an integer. Let
{fn: Xy = X, }u<r be a family of maps in C such that d,_, fu—1 = fudy—

forn <r.If X is exact at each X, with n > r and X, is injective for n > r, then
{fn : X, = X, }u<r extends to a cochain map f : X — X', and f is unique up
to homotopy. More precisely any two extensions are homotopic by a homotopy
h such that h, =0 forn <r.

REMARKS. The diagrams in question are

dn—Z dn—l d, dn 1
RN ¢ X, " Xy ——

n—1
lfn—l lfn i Sut
\2

di_, d_, d, d!
n— / n— / n ’ ntl
' Xn—l Xn Xn—H
for the construction of the cochain map and
d,,,l d,l dn+l

- —> Xn,]

X
lfn—l /ln lfn %—H lfnﬂ ,"lf/ln+z lfn+2
©

a., d d
- / n ’ n+1 ’
Xn Xn+1 Xn+2

Xnt1 Xng2o ——> -+

s X [N

n—1
for the construction of the homotopy.

PROOF. For the existence of the cochain map, it is enough by induction to
construct f,;. Matters are therefore as in the first of the above diagrams with
n = r. Since X is exact at X, and X, is injective, we are in the situation of
Lemma 4.14 with I = X |, A" = X,11, A= X,, A = X, 1, ¥ =d, 1,
¢ =dy,and T = d) f,. The lemma givesamapo : A” — [ withop = 1.
If we take f,1 = o, then op = t says that f,,d, = d] f,, and the inductive
construction of the cochain map is complete.
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For the uniqueness up to homotopy, let f : X — X' and g : X — X' be
two cochain maps such that f, = g, forn < r. Define h, : X, — X, _, to
be 0 for n < r 4 1, and observe that the system of functions {A,},<, satisfies
hpt1dy +d),_h, = f, — g, for n <r because f, = g, forn < r. Proceeding
inductively, suppose thats > r and that 4,, has been constructed forn < s+1 such
that h,1d, +d,_ h, = f, — g, forn < s. We are to construct /1,45 : X0 —
X, 41 This is the situation of the second diagram with n = 5. Since s > r, X
is exact at X1 and X g 41 18 injective. Thus we are in the situation of Lemma
414 withl =X, |, A" = X2, A= X1, A =X, ¥ =ds, ¢ =dyy1, and
T = (fs+1 — 8s+1) —d hs11. The lemma givesamapo : A” — [ withop =T.
If we take hyo = o, then g = T says that hgods 1 = (fo41 — 8s+1) — dyhgyi,
and the inductive construction of the homotopy is complete. g

A cochain complex X = (X* <M ) that forms a resolution is called an
injective resolution of M if every X, for n > 0 is an injective.

Corollary 4.17. Let M be a module in a good category C and let
X=Xt <— M) and X =X+ <M

be two injective resolutions of M. Then there exist cochain maps f : X — X’
and g : X’ — X with f_; = 1) and g_; = 1y, and any two such cochain
maps f and g have the property that gf : X — X is homotopic to 1x and
fg: X’ — X'is homotopic to 1x.

PROOF. The existence of f extending f_; = 1,/ is immediate by applying
the first part of Theorem 4.16 with r = —1. The hypotheses apply because X
is exact at X,, for n > —1 and X/, is injective for n > —1. A similar argument
shows the existence of g.

If we have f and g,then gf : X — X and 1y : X — X are cochain maps
that extend the partial cochain map given forn < —1by 1), forn = —1 and by 0
for n < —2. Since again X is exact at X,, for n > —1 and X/, is injective for
n > —1, the second part of the theorem shows that gf and 1y are homotopic. A
similar argument shows that fg and 1y are homotopic. g

We conclude with elementary characterizations of projectives and injectives
that will turn out to be quite useful in the next two sections. We begin with a
lemma® that will be useful now and will be helpful as motivation in the next
section.

5The lemma is a slight variant of Problem 5 at the end of Chapter X of Basic Algebra.
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Lemma 4.18. Let C be a good category of unital left R modules, and let

042582 c—o0

be an exact sequence in C. Then the following conditions are equivalent:

(a) B isadirect sum B = B’ @ ker ¢ of modules in C,
(b) there exists an R homomorphism o : C — B such that o = 1,
(c) there exists an R homomorphism 7 : B — A such that t¢ = 14.

REMARK. When the equivalent conditions of this lemma are satisfied, one says
that the exact sequence is split.

PROOF. If (a) holds, then ¥r| ,, is one-one from B’ onto C. Let o be its inverse.
Then o : C — B’ is one-one with Yo = 1¢. So (b) holds.

If (b) holds, then any b in B has the property thatb—o v (b) has ¥ (b—o ¥ (b)) =
Y (b) — 1¢y(b) = 0 and is therefore in image ¢. Write b — oy (b) = ¢(a) for
some a depending on b; a is unique because ¢ is one-one. If 7 : B — Aisdefined
by 7(b) = a, then 7 is an R homomorphism by the uniqueness of a. Consider
T(p(a)) fora in A. The element b = p(a) hasb — o (b) = p(a) —oyrp(a) =
¢(a) — o0(0) = ¢(a), and the definition of t therefore says that t(p(a)) = a.
Hence 7¢p = 14, and (c) holds.

If (c) holds, then B’ = ker 7 is an R submodule of B. If b is in B’ N image ¢,
then b = ¢(a) for some a € A and also 0 = t(b) = t9(a) = 1x(a) = a. So
b =0,and B'Nimage ¢ = 0. If b € B is given, write b = (b — ¢t (b)) + ¢1(b).
Then ¢t () is certainly inimage ¢, and T (b— @t (b)) = T(b)—147(b) = 0 shows
that b — @7 (b) is in B’. Therefore B = B’ @ image ¢. Since image ¢ = ker ¢/,
we see that B = B’ @ ker ¢ and that (a) holds. O

Proposition 4.19. If C is a good category of unital left R modules, then
(a) amodule P in Cis projective if and only if Homg (P, -) is an exact functor

from C into Cyz, if and only if every exact sequence
4 v
0—A—B—C—0
in C splits when its third nonzero member C equals P, and
(b) amodule 7 in C is injective if and only if Homg( -, ) is an exact functor
from C into Cyz, if and only if every exact sequence

0—>Ai>Bl>C—>0

in C splits when its first nonzero member A equals /.
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PROOF. For (a), suppose that P is given. The functor Homg (P, -) is covariant
and left exact, no matter what P is. Proposition 4.3 shows it is exact if and only if
it carries short exact sequences into short exact sequences, and the left exactness
means that the functor is exact if and only if it carries onto maps from B to C
to onto maps from Homg (P, B) to Homg (P, C). If ¥ : B — C is given, then
Hom(1, ¢) : Homg (P, B) — Homg (P, C) operates onamap o inHomg (P, B)
by Hom(1, ¢)(0) = Yo. The statement that the equation ¥yo = 7 is solvable
for o for each t in Homg (P, C) whenever ¢ is onto is precisely the statement
that Figure 4.3 is solvable for ¢ for all possible 7’s whenever B —> C — 0 is
exact, and thus P is projective if and only if the functor is exact.

If P is projective and an exact sequence with C = P is given, take T = 1p
in Figure 4.3. The projective property yieldsamap o : P — B with yo = 1p,
and Lemma 4.18b shows that the exact sequence splits.

Conversely suppose that every short exact sequence with P as its third nonzero
member splits. Suppose that a diagram as in Figure 4.3 is given with ¢ : C — B
onto and with 7 mapping P into B. Let S = C @ P, and let T be the R
submodule {(c,x) € C & P | ¥(c) = t(x)} of S. Denote the projections
of Sto C and P by pc and pp,and let j : T — § be the inclusion. The
map’ ppj carries T onto P; in fact, if x € P is given, then ¢y : C — B
onto implies that there exists ¢, € C with ¥ (cy) = t(x). Then (cy, x) lies in
T, and ppj(cy,x) = pp(cy,x) = x. Consequently we have a 5-term exact
sequence with terms O, ker(ppj), T, P, 0, and this must split by hypothesis.
Thus there exists a map ¢ : P — T with ppjg = 1p. Define 0 = pcjq.
For x € P, jq(x) is some member of S of the form (c, x) with ¥ (c) = t(x).
Hence Yo (x) = ¥pcjq(x) = ¥pc(c,x) = ¥(c) = t(x). Thus yo = 7, and
o : P — C is the required map that exhibits P as projective.

For (b), suppose that I is given. The functor Homg( -, /) is contravariant and
left exact, no matter what / is. It is exact if and only if it carries one-one maps
from A to B to onto maps from Homg (B, I) to Homg(A,I). If ¢ : A — B is
given, then Hom(g, 1) : Homg (B, I) — Homg(A, I) operates on a map o in
Homg (B, I) by Hom(g, 1)(6) = o¢. The statement that the equation cp = 7
is solvable for o for each 7 in Homg (A, I) whenever ¢ is one-one is precisely
the statement that Figure 4.4 is solvable for o for all possible 7’s whenever
0 — A — B isexact, and thus [/ is injective if and only if the functor is exact.

If I is injective and an exact sequence with A = [ is given, take 7 = 1; in
Figure 4.4. The injective property yields amapo : B — I withog = 1, and
Lemma 4.18c shows that the exact sequence splits.

Conversely suppose that every short exact sequence with [ as its first nonzero
member splits. Suppose that a diagram as in Figure 4.4 is given withgp : A — B
one-one and with T mapping A into /. Let S = B@ [, and let T be the quotient of

TThe pair (pc j, ppJj) is called the pullback of (7, /). See Problem 35 at the end of the chapter.
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S by the R submodule {(¢(a), —7(a)) | a € A}. Denote the inclusions of B and /
into Sbyigandi;,andletk : S — T be the quotient mapping. The composition®
ki; is one-one from [ into T. In fact, if ki;(x) = O for some x € I, then (0, x)
is a member of S of the form (¢(a), —t(a)) for some a € A; thus ¢(a) = 0, and
the fact that ¢ is one-one implies that ¢ = 0 and hence that x = —t(a) = 0.
Consequently we have a 5-term exact sequence with terms 0,1, T, T /1,0, and
this must split by hypothesis. Thus there existsamapr : T — [ withrki; = 1;.
Defineoc =rkig. Fora € A,igp(a)—ijt(a) = (¢(a), —t(a)) is in ker k. Thus
kigp(a) = kijt(a),and op(a) = rkigp(a) = rkijt(a) = 1;t(a) = t(a) for
a € A. Therefore 0 = t,and o : A — [ is the required map that exhibits / as
injective. U

5. Derived Functors

Now we shall undertake the main construction of the chapter, that of “derived
functors.” Let C be a good category of unital left R modules. Arranging for
derived functors to be defined on every module in C requires that each module M
in C have either a projective resolution or an injective resolution, and thus C must
have either many projectives or many injectives in a suitable sense. Let us make
the condition precise.

We say that C has enough projectives if every module in C is a quotient of a
projective in C. Suppose that this condition is satisfied. Let M be a module in C,
and let X be a projective that maps onto M, say by a map e. Then ker ¢ is in C,
since good categories are closed under the passage to submodules, and we let X
be a projective in C that maps onto ker ¢, say by a map dy. Similarly let X, be a
projective that maps onto ker dy in X, say by a map 9, and so on. The result is
that we obtain a projective resolution of the form X* —> M with X* given by

Xt X, = X, -2 X,

Consequently the condition “enough projectives” implies that every module in C
has a projective resolution in C.

Similarly we say that C has enough injectives if every module in C is a
submodule of an injective in C. Suppose that this condition is satisfied. Let
M be a module in C, and let X be an injective into which M embeds, say by
amap . Then X,/ image ¢ is in C, since good categories are closed under the
passage to quotient modules, and we let X be an injective into which X/ image ¢
embeds, say by a map dg . Let dy be the composition of the quotient map from X
to X/ image ¢, followed by d?; then dy maps X, into X; with kerdy = image ¢.

8The pair (kip, ki) is called the pushout of (z, ¢). See Problem 35 at the end of the chapter.
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We let X, be an injective into which X/ image dy embeds, say by d¥, and we let
d; be the composition of the quotient map from X to X/ image dy, followed by
d!; then d| maps X, into X, with kerd; = image dy. Continuing in this way, we
obtain an injective resolution of the form X < M with X+ given by

Xt: < x, Ax L,

Consequently the condition “enough injectives” implies that every module in C
has an injective resolution in C.

The category Cg of all unital left R modules certainly has enough projectives.
In fact, every module in Cp, is the quotient of a free R module, and free R modules
are projective in Cg. It is less trivial but still true that Cg has enough injectives.
Let us pause for a moment to prove this result in Proposition 4.20 below.

As is shown in Problems 1-2 at the end of the chapter, other good categories
of unital left R modules may or may not have enough projectives or enough
injectives, and a good category may have the one without the other.

Proposition 4.20. If R is any ring with identity, then the category of all unital
left R modules has enough injectives.

PROOF. We treat first the case that R = Z. In view of Example 2 of injectives,
we are to exhibit an arbitrary abelian group A as isomorphic to a subgroup of a
divisible group. We know that A is isomorphic to a quotient of some free abelian
group. Write A = F/S with F a direct sum of copies of Z and S equal to some
subgroup of F'. Taking a Z basis for F' and forming a Q vector space with that
same basis, we can regard F as a subgroup of the additive group D of a rational
vector space. The group D is divisible, and A is isomorphic to a subgroup of
D/S. Any quotient of a divisible group is divisible, and thus D/S is divisible.

Now we allow R to be any ring with identity. We shall make use of various
results from Chapter X of Basic Algebra. If M is any unital left R module, let us
denote by FM the underlying abelian group’ of M. If we regard R as an (Z, R)
bimodule, then Proposition 10.17 makes Homgz (R, M) into a left R module,
with ro(r’) = @(r'r) forr and r" in R. The mapping m +— ¢, with ¢,,(r) = rm
is a one-one R homomorphism of M into Homz(R, FM). From the previous
paragraph we can find a divisible abelian group with FM C D, and we can then
regard the left R module Homz(R, M) as an R submodule of Homz(R, D).
Consequently we can regard M as an R submodule of Homz(R, D). We are
going to prove that I = Homy(R, D) is injective in Cg.

We digress for a moment to make a side calculation. With D fixed and N equal
to any unital left R module, we make use of the isomorphism

Homg (N, Homz(R, D)) = Homz(R ®r N, D)

9 F is called the forgetful functor from Crt0Cy.
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given in Proposition 10.23 of Basic Algebra; in the expression R ®g N, the left
factor of R is to be regarded as a right R module (and not also a left R module),
and then R ®x N is really F(R ®r N) in the sense that the tensor product retains
only the structure of an abelian group. Meanwhile, Corollary 10.19a gives us

Homz(R ®g N, D) = Homgz(N, D);

here the R on the left is an (R, R) bimodule, and the isomorphism is one of left
R modules. However, there is no harm in applying J to both sides and obtaining

Homyz(F(R ®g N, D)) = Homy(FN, D).

Thus
Hompg (N, Homyz(R, D)) = Homy(FN, D). (%)

If we track down the isomorphisms in the results of Chapter X, we see that
the map from left to right sends ¢ € Hompg(N, Homgz(R, D)) to the map
® € Homgz(FN, D) with ®(x) = ¢(x)(1) for x € N, and the inverse sends
d to ¢ with p(x)(r) = ©(rn).

Now we return to / = Homgz(R, D). By Proposition 4.19b, I will be injective
if and only if Homg( -, I) is an exact functor. Since this functor is contravariant

and left exact, it is enough to prove that if 0 — A ¥, BisexactinC R, then

Hompg(B, I) —22-1,

Homg(A,I) — O (%)
is exact in Cz. Let us reinterpret () in the light of the isomorphism () when
N = Band N = A. If ¢ is in Homg(B, Homz(R, D)), then Hom(yr, 1)(¢p)
is the member ¢y of Homg (A, Homz(R, D)). The corresponding members of
Homyz(FB, D) and Homz(FA, D) are ® with ®(b) = ¢(b)(1) and a member
@’ of Homy(FA, D) with @' (a) = ¢y (a)(1). Thus & = ®(Fyr), and the map-
ping Hom(, 1) in (xx) translates under the isomorphisms () into the mapping
Hom(Fy, 1) of Homz(FB, D) into Homz(FA, D). The group D is divisible,
hence injective in Cz. Since Fy : FA — JFB is one-one and D is injective
in Cyz, Proposition 4.19b shows that Hom(F, 1) carries Homz(FB, D) onto
Homgz(FA, D). Therefore (xx) is exact, and we conclude that [ is injective
in CR . ]

Derived functors of an additive functor F from one good category to another
will be useful when F is left exact or right exact, and there will be one derived
functor for each integer n > 0. The value of the n™ derived functor on a module
M is obtained by taking a projective or injective resolution of M according to
the rule in Figure 4.5, applying F to the resolution, dropping the term F (M)
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that occurs in degree —1, and forming the n" homology or cohomology of the
resulting complex. The full traditional notation for the derived functor in question
appears in Figure 4.5, along with an abbreviated notation that we shall tend to
use.

The choice of projective or injective resolution at the start is made in such a
way that the O derived functor is naturally isomorphic to F; this condition will
be clarified in Proposition 4.21 below. If a projective resolution is to be used,
one makes the assumption that the domain category has enough projectives; if
an injective resolution is to be used, one makes the assumption that the domain
category has enough injectives.

If the resulting complex obtained by applying F to the resolution is a chain
complex, the abbreviated notation is F), for the n'M derived functor; otherwise it
is F". The full traditional notation involves using an L or R in front of F to
denote the one-sided exactness, left or right, that F' is not assumed to have, and
the subscript or superscript # is moved from F to the L or R.

Exactness — variant Resolution —ology Notation Example
right co— projective hom— Fu, LyF M Qg (-)
right contra— injective hom— F,, L,F M ®7, Homy (-, 1),
I injective
left co— injective cohom— F" R'F Hompg (M, -)
left contra— projective cohom— F" R'F Homg (-, M)

FIGURE 4.5. Formation of derived functors.

There are several things that need elaboration in this definition, and we take
them up right away.

First there is the fact that F,,(M) or F"(M) is well defined. Suppose that we
start with two resolutions X and X’ of M (projective or injective by the rules in
Figure 4.5). Corollary 4.13 or 4.17 gives us chain or cochain maps f : X — X’
and g : X’ — X with f_; = Iy and g_; = 1) and shows that gf : X — X is
homotopic to 1x and that fg : X’ — X’ is homotopic to 1x:. For definiteness
let us suppose that F is covariant and right exact; then chain maps are involved
and the derived functors of F are to be denoted by F),. Applying F to our chain
maps, we obtain chain maps F(f) : F(X) - F(X'), F(g) : F(X') - F(X),
F(gf): F(X) > F(X),and F(fg) : F(X') — F(X’). The last two of these
are homotopic to 1px) : F(X) — F(X) and to lpx) : F(X')) - F(X),
respectively, by F of the respective homotopies. Proposition 4.1 shows that
F(g)F(f) = F(gf) induces the identity on H,(F (X)) and that F(f)F(g) =
F(fg) induces the identity on H,(F (X’)). Consequently the mappings induced
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on homology by F(f) and F(g) are two-sided inverses of one another. Thus
F,, (M) as computed from X is isomorphic to F, (M) as computed from X'.

Moreover, this isomorphism is canonical. If ' : X — X’ is another chain
map, then the same calculation shows that F(f’) and F(g) induce two-sided
inverses of each other on homology, and hence F(f) = F(f’) on homology.
Thus F,,(M) is well defined up to canonical isomorphism when F is covariant
and right exact. The other three situations in Figure 4.5 are handled in similar
fashion and lead to analogous conclusions.

Next we make F), or F" into a functor. Todo do,lety : M — M’ be given. For
definiteness, again let us suppose that F is covariant and right exact. Let X and X’
be projective resolutions of M and M’, respectively, and apply Theorem 4.12 to
produce a chainmap ® : X — X’ with ®_; = ¢. Then F(®) : F(X) — F(X')
is a chain map and induces maps on homology that we denote by F, (¢). Here
F,(¢) maps F, (M) into F,(M’).

Let us see that F,(¢) is well defined. If X is replaced by X, Corollary 4.13
produces chainmaps f : X — Xandg : X — X with f_; = Ipyandg_; = 1y,
and Theorem 4.12 produces a chainmap ® : X — X’ with ®_; = ¢. Since ®o f
and @ are both chain maps from X to X’ that equal ¢ in degree —1, Theorem
4.12 shows that ® o f is homotopic to ®. Similarly ® o g and ® are chain
maps from X to X’ and are homotopic. By Proposition 4.1, F(® o f) = F(®)
on homology, and F(® o g) = F(®) on homology. Thus on homology F (®)
corresponds to F'(®) under the canonical isomorphism F (f), whose inverse on
homology is F(g). In short, F,(¢) is well defined up to the previously obtained
canonical isomorphisms. The other three situations in Figure 4.5 are handled in
similar fashion and lead to analogous conclusions.

Tracing through the definition of how derived functors affect maps, we see
that the map 1 goes to the map 1 and that compositions go to compositions, in
the same order as for F'. Thus the derived functors are indeed functors. The
derived functors of a covariant functor are covariant, and the derived functors of
a contravariant functor are contravariant.

We need to check that the derived functors are additive. If ¢ : M — M’ and
¢’ : M — M’ are given, then we can proceed as above and use a single resolution
of M and a single resolution of M’ to investigate ¢, ¢’, and ¢ + ¢’. Then it
is apparent that the chain or cochain maps built from maps of M to M’ add in
the same way as the maps, and the result is that each F,, or F” is additive with
particular choices of the resolutions in place. Allowing the resolutions to vary
means that we have to take canonical isomorphisms into account, and after doing
so, we still get additivity.

If two functors F and G from Cto C’ of the same type in Figure 4.5 are naturally
isomorphic, then F,, and G, (or else F"* and G") are naturally isomorphic for all
n. In fact, if T is the natural isomorphism, then 7 associates a member T4
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of Hom(F (A), G(A)) to each module A in C. Take a projective or injective
resolution X = {X,} of A, as appropriate, and form the two complexes F (X) and
G(X). The system {T¥,} is then a chain map from F(X) to G(X), with inverse
{Ty, 11}, and the homology or cohomology of F(X) is exhibited as isomorphic to
the homology or cohomology of G(X). This much shows that F,,(A) = G,(A)
(or F"(A) = G"(A)) for all n. We omit the details of verifying the naturality of
this isomorphism in the A variable for each n.

Proposition 4.21. In the four situations of derived functors in Figure 4.5, under
the assumption that the domain category for F has enough projectives or enough
injectives as appropriate, the 0" derived functor of F is naturally isomorphic to F.

PROOF IF F IS COVARIANT AND RIGHT EXACT. Let

3() &

X, Xo M 0

be the termsindegree 1, 0, —1, —2 of a projective resolution of M. By Proposition
4.5 and its remark, the right exactness and covariance of F' imply that

F(X) 2% pxo) 29 F(M) —> 0

is exact. The derived-functor module Fy(M) is computed as the 0" homology of

Fx) 22 F(xy) —> 0.

Thus
Fo(M) = F(Xo)/image F(dy) = F(Xo)/ ker F(¢).

Since F'(¢) is onto F (M), the right side here is = F (M) via F (¢g).
This establishes the isomorphism. Let us prove that it is natural in the variable
M.If ¢ : M — M’ is given, we are to prove that the diagram

Foo) 22E98 pon

Fo((ﬂ)l lF(w) (%)

via F(&')
—_

Fo(M') F(M)

commutes. Using Theorem 4.12, we form the part of a chain map that is indicated:

X, —2 s Xg —— M 0
flJ/ fol wl
/ % ’ e /

X X M 0
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Application of F gives a commutative diagram

F(Xo) — F(M)

F(.fo)l F(fﬂ)l

Fxp 5 o
and this becomes (x) upon passage to the quotients F(Xg)/ker F(e) and
F(X{)/ ker F(¢&'). This completes the proof. O

EXAMPLES.

(1) The invariants functor F(M) = M© for a group G. Suppose that a group
G acts on an abelian group M by automorphisms. This situation is completely
equivalent to considering M as a unital left ZG module, where ZG is the integer
group ring of G. The subgroup of invariants of M is

MG={meM|gm=mforallgeG}.

The formulas F(M) = MC for such a module M and F(h) = h’ ya for i in
Homyg (M, M) define a covariant additive functor called the invariants functor;
we can think of F as carrying Cyz¢ into itself, but it is preferable to think of it as
carrying Cz¢ into the category Cz of abelian groups. The functor F is naturally
isomorphic to the functor H = Homgg(Z, -), where Z is made into a ZG
module with trivial G action; as with F, we consider H as a functor from Cyg
to Cz. To see the isomorphism, we associate to each module M the abelian-
group homomorphism Ty, : M¢ — Homy(Z, M) defined by Ty, (m) = ¢,, with
@m (k) = mforallk € Z. If hisin Homgzg (M, M’), then the two maps Ty o F (h)
and H(h) o Ty, of F(M) into H(M') are equal, since at each m € MY we have

H(h)Ty (m) = H(h)(¢m) = Hom(1, h)(¢n) = hm = @nm) = Tm F (h)(m).

This identity means that {T),} is a natural transformation; we readily check for
each M that Ty, carries M one-one onto Homy,(Z, M), and thus {7} is a natural
isomorphism.

Because of this natural isomorphism, the invariants functor is covariant and left
exact. Its derived functors F" or H" are obtained by using an injective resolution
I < M < 0, applying the functor (-)° or Homzg(Z, -), dropping the term in
degree —1, and forming cohomology. Briefly

F'"(M) = H"(1°) =< H"(Homyg(Z, 1))

for an injective resolution I <— M < 0.
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It turns out that the result is given also by the cohomology-of-groups functors
H" (G, M) even though this was not the procedure by which we obtained group
cohomology in Section IIL.5. In fact, what Section III.5 said to do was to start
from a free resolution (a projective resolution would have been good enough)
such as P —> M — 0 of Z in Cz, apply the contravariant left exact functor
Homgzg (-, M), drop the term in degree —1, and form cohomology. Briefly then,
Section III.5 said that

H"(G, M) = H"(Homyg (P, M)) for a projective resolution P — Z — 0.

The fact that H" (G, M) can be computed in either of these ways is not particularly
obvious from what we have done so far, but it will be a special case of the natural
isomorphism of functors Ext" and ext” that is proved as Theorem 4.31 in Section 7.
With either formula for H" (G, M), we obtain H*(G, M) = M¢ in agreement
with Proposition 4.21.

(2) The co-invariants functor F'(M) = Mg for a group G. In the same setting
as in Example 1, the subgroup of co-invariants of M is

Mg = M/(subgroup generated by all gm —m forg € G, m € M).

The functor F can be seen to be naturally isomorphic to the functor H with
H(M) = Z ®zc M. Itis therefore covariant and right exact. Its derived functors
are given by

F,(M) = H,(Pg) = H,(Z @z P) for a projective resolution P —- M — 0.

These are by definition the homology-of-groups functors H, (G, M). Although
the equality is not particularly obvious, H, (G, M) can be computed also from

H,(G, M) = H,(P ®z¢ M) for aprojective resolution P — Z — 0.

This isomorphism is a special case of the natural isomorphism of functors Tor,
and tor, that is mentioned just before Proposition 4.29 in Section 7; the proof
is completely analogous to the proof of Theorem 4.31. With either formula for
H,(G, M), we obtain Hy(G, M) = Mg in agreement with Proposition 4.21.

(3) Derived functors with R = Z. For the ring Z and the category Cyz (or more
generally for Cg for any principal ideal domain R), projective resolutions and
injective resolutions can be fairly short, and derived functors in degree > 2 are
all 0. Let M be a given unital Z module, i.e., an abelian group. We know that
M is the quotient of some free abelian group X, say with a quotient map ¢, and
then X; = ker ¢ is a subgroup of a free abelian group and hence is free abelian.
Thus a projective resolution of M is

inc 3

0 X, Xo M 0.
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The kinds of derived functors that make use of projective resolutions are the
covariant right exact ones and the contravariant left exact ones. If F is such a
functor, then we are led to the complexes

0 —— F(X)) —2% F(Xe) —5 0

and 0« F(Xy) <M pixy) <290

in the two cases. Thus the values of the derived functors are Fo(M) = M and
Fi (M) = ker F (¢) in the first case, and FO(M) = M and F'(M) = coker F (&)
in the second case. Higher derived functors are 0. Similar remarks apply to
injective resolutions and the remaining two cases for derived functors in Figure
4.5. Every abelian group is a subgroup of a divisible group, which is injective in
Cz, and the quotient of the divisible group by the given abelian group is divisible,
hence injective. Thus we can arrange for all terms of an injective resolution to
be 0 beyond the X term, and an analysis of the results similar to the one above
is possible.

6. Long Exact Sequences of Derived Functors

The first four theorems of this section say that a short exact sequence of modules
leads to a long exact sequence of derived functor modules and that it does so in
a functorial way. Let us suppose that F : C — C’ is an additive functor between
good categories. For the first of the theorems, suppose further that C has enough
projectives and that F is one of the types of functors in Figure 4.5 making use of
projective resolutions in the definition of its derived functors. The last of these
conditions means that F' is to be covariant right exact or contravariant left exact.

To prove such a theorem, we shall want to apply Theorem 4.7, which produces
a long exact sequence from a short exact sequence of complexes. To each of the
modules in the given short exact sequence, we attach a projective resolution. If
these projective resolutions can somehow be related by chain maps so as to give
a short exact sequence of projectives in each degree, then we can apply F' to the
entire diagram, invoke Theorem 4.7, and obtain the desired long exact sequence.
Application of Theorem 4.10, in combination with some further checking, will
show that the passage from the given short exact sequence of modules to the long
exact sequence of derived functor modules is functorial in the modules of the
short exact sequence.

Thus the problem is to obtain the compatible projective resolutions. Propo-
sition 4.19a gives us a clue about what to look for: any short exact sequence of
projectives has to be split. Here is the statement of the first theorem.
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Theorem 4.22. Let F : C — C’ be an additive functor between two good
categories. Suppose that F either is covariant right exact or is contravariant
left exact, and suppose that C has enough projectives. Whenever there are three
modules and two maps in C forming a short exact sequence

0—aA-5BYSCc—o,

then the derived functors of F' on the three modules form a long exact sequence
in C’ as follows:

(a) If F is covariant and right exact, then the long exact sequence is
0 «— F(C) «— F(B) «— F(A) «— Fi(C) <— Fi(B) <— Fi(A)
<« F2(C) «— F2(B) «— F2(A) «— F3(C) «— -+~
(b) If F is contravariant and left exact, then the long exact sequence is
0 — F(C) — F(B) — F(A) — F'(C) — F'(B) — F'(A)
— F*(C) — F*(B) — F*(A) — F’(C) — -

We begin with a lemma.

Lemma 4.23. In the good category C, suppose that the diagram

0 0 0
! ! !

0 A EA PA 1//A MA 0
Lol

0 «—— B <" Py@Pc <-m My <o 0
wl I’cl ‘//]\L

0 C ec PC II/C MC O
! ! !
0 0 0

has the first two columns and the two rows with solid arrows exact and has P4
and Pc projective. Here i 4 is the inclusion into the first component of P4 @ Pc,
and pc is the projection onto the second component. Then there exist a module
Mp and maps €p, ¥p, ¢1, and V¥ such that the whole diagram, including the
dashed arrows, has exact rows and columns and has all squares commuting.
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PROOF. The module P4 @ Pc is in C because C is good, and it is easy to see
that P4 @ Pc is projective. Let us define ep. Since Pc is projective, there exists
h : Pc — B suchthat ¥h = gc,and we put eg(x4, Xc) = @eaxas + hxc. Then
the equation

peaxs = €p(x4,0) = epiaxy

says that the upper left square commutes, and the equation
Vep(xa, xc) = Ypeaxa + Yhxe =0+ ecxe = ecpelxa, xc)

says that the lower left square commutes.

To see that ¢p is onto B, let b € B be given. Since pc¢ and g¢ are onto,
so is ecpc = Yep. Thus we can choose (x4, xc) in Py & Pc with ¢ (b) =
Yep(xa, xc). Hence b — ep(x,, x¢) lies in ker ¢ = image ¢, and we can write

b —ep(xa, xc) = @(a) = pea(x)y) = epia(x)y) = ep(x},0)

for some x/; € P4. Then b = ep(x4 + x4, x¢), and &5 is onto.
Let Mg = kerep, and let ¥ : Mg — P4 @ Pc be the inclusion. For m 4 in
My, let oy(my) = (Wama,0). Then @) (m4) is in Mp because

ep(Yama,0) = peayama + h0 = 90 + h0 = 0.

Moreover, this definition of ¢; makes the upper right square commute.

To define ¥, let (x4, xc) be in Mg, so that eg(x4, xc) = 0. Then 0 =
Yep(xa, x¢) = ecpc(xa, xc¢) = ec(xc), xc lies in kerec = image ¢, and
xc = Yc(me) for a unique m¢e in Mc. We put (x4, xc) = mc. Then the
equation

Ve (xa, xc) = Ye(me) = xc = pc(xa, xc) = pc¥p(xa, Xc)

shows that the lower right square commutes.

Now all the squares commute, and all the rows and columns are exact except
possibly the third column. Corollary 4.8 allows us to conclude that the third
column is exact, and the proof of the lemma is complete. O

PROOF OF THEOREM 4.22. The main step is to construct projective resolutions
of A, B, and C by an inductive process in such a way that the three resolutions to-
gether form an exact sequence of chain complexes. We start by forming projective
resolutions

and 0<—C<E—CZ()(£21<l
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Replacing X; by M4 = kerogy and Z; by M¢c = keryy, we are led to the
starting diagram in Lemma 4.23. Application of the lemma produces a short
exact sequence

0(—B(£—BX0@Zo<m—CMB<—O

and the vertical maps ¢; and v, that make the squares commute in the lemma.
Next we move everything one step to the right, applying the lemma to a diagram
as in the lemma with first and third rows

o inc
0 «— kerey <— X «<— kera; «— 0
Yo inc
and 0 «— kerec <«— Z; «— kery; «<— 0

and with an exact sequence in the first column involving the maps ¢; and ¥;.
Application of the lemma produces a short exact sequence

0 «<— kerep &Xl ® Z; <m—cker,80 «~——0

and the vertical maps ¢, and i, that make the squares commute in the lemma.
We can put these steps together to form the following diagram with exact rows
and columns and with commuting squares:

0 0 0 0

0 A <4 Xo P X & keroy «<—— 0
‘/)l ixol ixll ‘/’zl

0 B <t XOGBZ()(LXl@Z1<m—Ckerﬂ1<—O
llfl pzol pzll Wzl

0 Cc << Zo " Z & kery;, «—— 0
0 0 0 0

We can repeat the use of Lemma 4.23, starting from the last column of the above
diagram and more of the projective resolutions of A and C, and then we can merge
the new result with the diagram above to obtain a diagram with one additional
column. Continuing in this way, we arrive at three projective resolutions and
vertical maps that together form an exact sequence of chain complexes.
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To obtain a long exact sequence for our derived functors, we apply the functor
F to the final diagram above, except that we drop the left column of 0’s and the
column containing A, B, C. After the application of F, the remaining columns
are still exact because the columns in C are split and because F sends split
exact sequences to split exact sequences.'” Then we apply Theorem 4.7, taking
Proposition 4.21 into account, and the long exact sequence results except for the
one detail of the O at the end. In other words, we still have to prove exactness
at F(C). But exactness at this point is immediate from the assumed one-sided
exactness of F'. This completes the proof. O

Before addressing the functoriality of the association in Theorem 4.22, let us
record the corresponding result when the derived functor makes use of injective
resolutions.

Theorem 4.24. Let F : C — C’ be an additive functor between two good
categories. Suppose that F either is contravariant right exact or is covariant
left exact, and suppose that C has enough injectives. Whenever there are three
modules and two maps in C forming a short exact sequence

O—>Ai>Bl>C—>0,

then the derived functors of F on the three modules form a long exact sequence
in C’ as follows:

(a) If F is contravariant and right exact, then the long exact sequence is
0<«— F(A) «<— F(B) «— F(C) «<— Fi(A) <— Fi(B) <— Fi(0)
<«— F(A) «— F»(B) «— F,(C) <— F3(A) «— ---
(b) If F is covariant and left exact, then the long exact sequence is
0 — F(A) — F(B) — F(C) — F'(A) — F'(B) — F'(C)
—> F*(A) — F*(B) — F*(C) —> F*(A) —> ---.

PROOF. The necessary modifications to the proof of Theorem 4.22 are fairly
straightforward, but some comments are in order concerning how Lemma 4.23 is
to be modified. In the diagram in the statement of Lemma 4.23, all the horizontal
arrows are to be reversed, the projectives P4 and Pc are to be replaced by injectives

10 A split exact sequence is the union of two four-term exact sequences from each end, and F is
exact on each of these. In addition, we saw in Section 2 that F' respects direct sums. It follows that
F carries split exact sequences to split exact sequences.
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I, and I¢, and M4 and M¢ are the quotients My = I4/€4(A) and M¢ =
Ic/ec(C). Let us define ¢g. Since 4 is injective, choose & : B — 1[4 with
hg = g4, and put eg(b) = (h(b), ecy(b)). Then the equation

epp(a) = (hoa, ecyrpa) = (g4(a),0) =isea(a)

says that the upper left square commutes, and the equation

ec¥(b) = pc(h(b), ec¥r (b)) = pcep(b)

says that the lower left square commutes.

To see that ep is one-one, let eg(b) = 0. Then 0 = pcep(b) = ecy ().
Since g¢ is one-one, ¥ (b) = 0, b lies in ker y = image ¢, and b = ¢(a). Then
0 = ep(b) = epp(a) = isca(a), and a = O because i4 and €4 are one-one.
Hence b = ¢(a) = 0, and €5 is one-one.

Let Mp = (I4 ® Ic)/ep(B), and let g : 14 @ Ic — Mp be the quotient
map. To define ¢, we let g (m4) = Yp(xa,0) if mgy = Yaxy with xg € 4.
If x’, is another preimage of m 4 under w;l, then x/, — x4 = ea(a) for some
a € A, and ¥p(xa,0) — ¥p(x),,0) = Vpiscala) = Ypepp(a) = 0; hence
¢ is well defined. Since Ypisxa = Yp(x4,0) = @ima = @1¥axy, the
upper right square commutes. To define i1, let mg € Mp be Yg(x4, xc), and
define ¥ (mp) = Ye(xc). If (x), x;) is another preimage of mp under wg',
then (x'y, x) — (x4, xc) = ep(b) for some b € B, and Yc(x;) — Ye(xe) =
Ve pc Xy, x¢) — Yepe(xa, xc) = Yepcep(b) = Yeecy (b) = 0; hence vy is
well defined. Since Y¥¢c pc(xa, xc) = Yc(xc) = Y1(mp) = Y1¥p(xa, xc), the
lower right square commutes.

Now all the squares commute, and all the rows and columns are exact except
possibly the third column. Corollary 4.8 allows us to conclude that the third
column is exact, and the proof of the analog of Lemma 4.23 for injectives is
complete. Theorem 4.24 then follows routinely. g

Theorem 4.25. Let F : C — C’ be an additive functor between two good
categories. Suppose that F either is covariant right exact or is contravariant left
exact, and suppose that C has enough projectives. Then the passage as in Theorem
4.22 from short exact sequences in C to long exact sequences of derived functor
modules in C’ is functorial in the following sense: whenever

O—>Z—¢>§i>5—>0

aloal

0—>Ai>Bl>C—>O
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is a diagram in C with exact rows and commuting squares, then the long exact
sequences of derived functors of F on A, B, C and A, B, C make commutative
squares with the maps induced by the derived functors on f4, f5, fc.

PROOF. The proof of Theorem 4.22 involved constructing a diagram

0 0 0 0

l !

0 — A <4 X, %0

o]
X1 <~ X7 < .-

T ) |

0 «—— B (i XQ@Z() (ﬂL XI@ZI (ﬂ—] Xz@Zz < -

wl onl Pz, l Pzzl

Yo 3!

0<—C<L Zy Z Z> “«— ...
| ! ! !
0 0 0 0

with exact rows and commuting squares in which each X, and Z, is projective,
and a similar diagram corresponds to the given short exact sequence with tildes
on it. The present theorem will follow from the functoriality in Theorem 4.10
if we can arrange that these two diagrams can be embedded in a 3-dimensional
diagram with each of these diagrams in a horizontal plane and with vertical maps
from the one diagram to the other such that all vertical squares commute.

We are given vertical maps f4, fp,and fc, which we can regard as extending
from the diagram with tildes to the other diagram. In addition, Theorem 4.12
gives us chain maps { fx,} and {fz,} with fx_, = fa and fx_, = fc,and all the
completed vertical squares in the 3-dimensional diagram commute. To complete
the proof, we construct by induction forn > Oamap f, : X, & Z, — X, & Z,
such that

Pz, fn = fz,P7,; iz, = ix, fx, Bo-1fn = fa-1Bn-1, (%)

with the understanding that 8_; = ep. To make it possible for the inductive step
to include the starting step of the induction, let us write X_| = A, Z_| = B,
ix, = @, pz, = ¥,a_1 = €4, Y-1 = &c,and f_; = fp. Also, let us
understand any module or map with subscript —2 to be 0.
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We shall construct f,. For 7 € Z,, we apply pz, , to the difference
Bn-100, £2,2) — fu—1Bn-1(0,%) and get
P2, B0, £2,2) = pz, fa1Br1(0,2)

= Vn—lpzn (Ov fZ,,’Z) - fZ,,_lp'Z',F],Bn—l(OvE)

= Vn—lenE_ fZ,,q )7n—1PZn O, E)

= f2,.\ V12 = fz,,Var1Z2 =0.
Thus B,-1(0, f2,2) — fn_lg,,_l(O,E) =iy, ,(x) for a unique x € X,_;, and we
define T : Z, — X,_1 by saying that t(%) should be this x. This makes

ix, 1@ = Bu1(0, 2,2 = fu-1B01(0,2).

Setting up the diagram
Zy

T o
Q

op—2 Up—1
Xn72 < . anl < - Xn

we prepare to invoke Lemma 4.11. We have

ix, 20n-2T@) = Busix, ,TQ) = Bu-2Ba-100, f2,2) = Bu-2 fu—1Bn-1(0,%)
=0~ fa—2Bu-2Bu-1(0,7) = 0.
SincS ix, , is one-one, a,_»7 = 0, and Lemma 4.11 applies. Thus we obtain
o:7Z,— X, witha,_j0 = 7, and o satisfies
ix, 110 @) = Bui1(0, [2,2) = fu-1Ba-1(0,7), (%)
Define
fo(X,2) = (fx,¥) =0 @), f2,2)). ()

With f,, defined, we are to prove the three formulas (). For the first formula
in (%), we apply pz, to both sides of (+) and obtain pz, f,(X,2) = fz,2) =
fz,rz, (X, 7), which is the desired formula. The second formula in (x) at X is just
(T) withZ = 0.

We are left with proving the third formula in (). Using the second formula in
(), we have

,anlfn(za 0) == ,anlfni)?n(z) = .anlix,,fx,,(i)
=ix, 0n—1fx,(X) =ix, , fx, ,0n—1(X)
= fuctiz, @1 ®) = fac1Buoriz, @)

= fnfllgnfl(;, 0). (1)
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Also,

Brn-1/1(0,2) = =Bu_1ix,0 @) + Br-1(0, f72,(2)) by (T)
= —iyx, 0y—10@2) + Bu-1(0, fz,()) by commutativity
= fn—llgn—l 0,2) by (k).

Adding this equality and (17), we obtain the third formula of («). This completes
the proof. |

The version of Theorem 4.25 appropriate for Theorem 4.24 is the following,
and its proof is similar.

Theorem 4.26. Let F : C — C’ be an additive functor between two good
categories. Suppose that F either is contravariant right exact or is covariant left
exact, and suppose that C has enough injectives. Then the passage as in Theorem
4.24 from short exact sequences in C to long exact sequences of derived functor
modules in C’ is functorial in the following sense: whenever

O—>Z—(Z>I§i>5—>0

Wl oal x|

O—>Ai>Bl>C—>0

is a diagram in C with exact rows and commuting squares, then the long exact
sequences of derived functors of F on A, B, C and A, B, C make commutative
squares with the maps induced by the derived functors on f4, f5, fc.

We come to an important application of the long exact sequences in Theorems
4.22 and 4.24. Projective and injective resolutions make it easy to work with de-
rived functors theoretically, but in practice any computations with them are likely
to be difficult. It is therefore convenient to be able to compute derived functors
from other resolutions than projective and injective ones.!! For definiteness let
us work with the case of a covariant left exact functor in a good category with

"The case of sheaf cohomology illustrates this point well. The present theory extends from
good categories of modules to arbitrary abelian categories along the lines of Section 8 below, and
the cohomology theory of sheaves fits into this more general framework. One additive functor
of interest with sheaves is the “global-sections” functor. Its derived functors can be formed with
injective resolutions, built from “flabby” sheaves, but flabby sheaves as a practical matter are too
big to be useful in computations. In the theory of several complex variables for example, one
approach is to substitute “fine” sheaves in resolutions; these permit computations and fall under the
abelian-category generalization of Theorem 4.27 below.
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enough injectives; this is the most important case in applications, and the other
three cases in Figure 4.5 can be handled in similar fashion. Let F : C — C’ be an
additive functor between good categories that is covariant left exact. A module
M in C is said to be F-acyclic if F"(M) = 0 for all n > 1. Every module M
that is injective in C is F-acyclic, since 0 — M — M — 0 is an injective
resolution of M from which we can see that F*(M) = 0 forn > 1. An F-acyclic
resolution of a module A in C is a resolution X = (A —> X ™) in which X,, is
an F-acyclic module for all n > 0.

Theorem 4.27. Let C and C’ be two good categories, let F' be an additive
functor from C to C’ that is covariant and left exact, and suppose that C has enough
injectives. If a module A in C has an F-acyclic resolution X = (A — X™)
and if I = (A — I™) is any injective resolution of A, then any cochain map
f 1 X — I with f_; = 1, induces an isomorphism F"(A) = H"(F (X)) for
eachn > 0.

REMARKS. Such a cochain map always exists and is unique up to homotopy,
according to Theorem 4.16. Theorem 4.27 says that the derived functors of
F on any module A can be computed from any F-acyclic resolution of A; it
is not necessary to work only with injective resolutions. The same result as
in the theorem holds with F,(A) = H,(F(A)) if F is contravariant and right
exact. If F is covariant right exact or contravariant left exact and if C has
enough projectives, then any chain map from a projective resolution of A to
an F-acyclic resolution!? induces an isomorphism of the derived functors of A
with the homology or cohomology of F of the F-acyclic resolution.

PROOF. The injective resolution is at our disposal, according to Corollary
4.17. Using the hypothesis that C has enough injectives, choose for each n an
injective J, containing X,,, let g, : X,, — J, be the inclusion, and make {J,}
into an injective resolution of 0 with coboundary maps 0. Then replace [ in the
assumptions by I @ J and f by (f, g). The result is that we have reduced the
theorem to the case that f is one-one. Changing notation, we may assume from
the outset that the injective resolution is I = (A —> I") and that the chain map
f : X — I is one-one in each degree.

PutY, = I,/f,(X,) = coker f,. The sequence

0—>X,,i>1,,—>Y,,—>O ()

is exact, and Theorem 4.24a shows that the sequence

F&1,) — F*(Y,) — F**'(X,)

12For this situation, F-acyclic resolutions are understood to be chain complexes rather than
cochain complexes.
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is exact for every k > 0. Since I, and X,, are F-acyclic for n > 0, the end terms
are 0 for all kK > 1. Consequently Y, is F-acyclic for all n > 0.

Referring to (x) for n and for n 4- 1, we see that the coboundary map from 1,
to 1,41 induces a compatible coboundary map from Y, to Y, ;. Thus we may
consider Y = (0 —> Y ™) as a cochain complex with Y™ = {¥,,},>0. Then the
equations () for all n > 0, together with the coboundary maps, make

0—>X-T1—y—0 (%)

into a short exact sequence of complexes. Since X and [ are exact, Corollary 4.8
shows that Y is exact.

If we apply F to the short exact sequence of complexes (%), we obtain a
planar diagram

0— F(X) Y% F(I) —> F(Y) —> 0 )

whose rows are the result of applying F to (x), whose columns are complexes,
and whose squares commutes. As usual we drop the row for n = —1, replacing
it with a row of 0’s. Let us prove that (1) is in fact a short exact sequence of
complexes. In fact, the result of applying F to (x) is the long exact sequence that
begins

0 — F(X,) — F(I,) — F(Y,) — F'(X,).

For n > 0, X,, is F-acyclic. Thus F!(X,) = 0, and the exactness for n > 0
follows. Forn < —1, the rows of the diagram () are 0 and hence are exact. Thus
(1) is a short exact sequence of complexes.

We shall now prove that F(Y) = (0 —> F(Y ™)) is exact. Combining this
fact with the exactness of the rows of () and applying Corollary 4.8 will then
yield H"(F (X)) = H"(F(l)) for all n > 0. Since H"(F (1)) = F"(A), this
step will complete the proof.

To prove that F(Y) = (0 — F(Y™)) is exact, define Zg = Yy and Z, =
coker(Y,—; — Y,) forn > 1. Letd, : Y, — Y, 41 be the coboundary map. For
each n > 0, the complex

0— Y,/kerd, — Y,y — Z,11 — 0

is exact. Since kerd, = imaged,_; by exactness of Y, we have Y,/ kerd, =
Y,/imaged,—; = Z,, and thus

0—Z, — Y1 —> Zyy1 — 0 (1)

is exact for all n > 0.
Let us use (f1) to prove the preliminary result that Z, is F-acyclic for all
n>0. Forn =0, Zy = Yy, and Y; is known to be F-acyclic. Proceeding
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inductively, suppose that Z, is known to be F-acyclic. Applying Theorem 4.24a
to (1), we see that

F*(Yyi1) — FNZpy1) — F*NY(Z,)

isexactforalln > Oandallk > 0. Forn > 0 and k > 1, the left end is O because
Y,41 is F-acyclic, and the right end is 0 because Z,, is F-acyclic by the inductive
hypothesis. Therefore the middle term is 0, Z,,4 is F-acyclic, and the induction
is complete.

Theorem 4.24a when applied to (1) shows that

0 — F(Z,) —> F(Yyy1) —> F(Zy11) — F'(Z,)

is exact for all n > 0, and we now know that the term at the right end is O.
Therefore

0— F(Zy) — F(Yp11) —> F(Zny1) — 0 (€3]

1s exact for all n > 0.
Now we can prove that the complex

0— F(Yo) — F(Y1) — F(Y2) — F(Y3) — --- (1)

is exact at each module F (Y,,). We know from Section 2 that we can merge two
exact sequences

o> F(Yny) > F(Zyy1)) >0 and 0 — F(Zy41) &> F(Ypi2) > -+
into a single exact sequence
> F(Ypq1) — F(Ypi2) — -+

Consequently inductive application of (f) shows that the sequence
0— F(Zp) — F(Y)) — F(Y2) — -+ — F(Yy41) — F(Zyy1) — 0

is exact for each n > 0. In addition, we know that Zy = Y, by definition.
Therefore (%) is exact at F(Y,) for each n > 0, and the proof is complete. [l

Theorems 4.22 and 4.24 produce a long exact sequence from one additive
functor and a short exact sequence of modules. Although it may at first seem odd
to do so, we can obtain a different long exact sequence by varying the functor
and fixing the module. This result, given as Proposition 4.28 below, will be used
in the next section in analyzing the Ext and Tor functors.
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Let C and C’ be two good categories, and let F, G, H be three additive functors
from Cto C’. For definiteness, suppose that F, G, H are covariant and right exact.
Suppose that there is a natural transformation § of F into G and there is a natural
transformation 7' of G into H. We say that the sequence

FreLoH
is exact on projectives if for every projective P in C, the sequence
0 — F(P) =5 G(P) 25 H(P) — 0

is exact. Analogous definitions are to be made with projectives or injectives for
the three other kinds of derived functors as in Figure 4.5.

Proposition 4.28. Let C and C’ be two good categories, let F, G, H be three
additive functors from C to C’, suppose that ', G, H are covariant and right exact,
and suppose that C has enough projectives. If there are natural transformations

S:F — Gand T : G — H such that the sequence F 5, G L5 H is exact
on projectives, then the derived functors of F, G, H on each module A in C form
a long exact sequence

0<«— H(A) «<— G(A) «— F(A) «<— H|(A) <— G(A) < F1(A)
«— Hy(A) «— G1(A) «— F3(A) «— H3(A) «<— ---.
The passage from A to the long exact sequence is functorial in A.

REMARKS. The same long exact sequence and functoriality hold with the
arrows reversed and F and H interchanged if the three functors are contravariant
and left exact. If F, G, H are contravariant and right exact or are covariant and
left exact, then analogous conclusions are valid provided C has enough injectives
and the natural transformations S and 7 are exact on injectives.

PROOF. If P = (Pt —> A) is a projective resolution of A, then the natural
transformations S and 7' give us a planar diagram

0 0 0

T T T

Spy Tp,
0 — F(P) — G(P) — HPy) — 0

T T T

Sp T
0 — F(P) —% G(P) —% H(P) —> 0

T T T
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in which the columns are complexes, the rows are exact because the sequence

F = 6 5 His exact on projectives, and the squares commute because S
and 7 are natural transformations. The construction of the long exact sequence
then follows from Theorem 4.7.

For the functoriality, suppose that ¢ : A — A’ is a map between two modules
of C. Let P = (P* —> A) and P’ = (P't —> A) be projective resolutions
of A and A’, and use Theorem 4.12 to extend ¢ to a chain map {¢,} of P to
P’. Then the planar diagrams as above for P and P’ can be embedded in a
3-dimensional diagram in such a way that the various maps F(¢,), G(¢,), and
H (¢,) connecting the diagram for P to the diagram for P’ make all squares
commute. The functoriality now follows immediately from Theorem 4.10. [

7. Ext and Tor

In this section we study the derived functors of Hom and tensor product. Although
we shall treat each as carrying unital left R modules, where R is aring with identity,
to abelian groups, the theory applies also to more complicated versions of Hom
and tensor product, such as when one of the R modules in question is actually
a bimodule for the rings R and S and the result of Hom or tensor product is an
S module. Problems 9-11 at the end of the chapter address the situation with
bimodules.

‘We know that Homg (A, B) is a contravariant left exact functor of the A variable
and a left exact covariant functor of the B variable. Thus we have two initial
choices for inserting resolutions and creating derived functors, namely

Extz (A, B) = H"(Homg(P, B)), with P = (A < P™) projective,
and
extz(A, B) = H"(Homg (A, 1)), with I = (B — I") injective.

Existence of the first one depends on having enough projectives in the category
of the A variable, and existence of the second one depends on having enough
injectives in the category of the B variable. Each of these, just as with Hom,
depends on two variables, one in contravariant fashion and the other in covariant
fashion. Thus Ext and ext are not functors of two variables in the strict sense of
our definitions. Instead, they are examples of “bifunctors,” of which Homg( -, -)
is the prototype, and the main result, Theorem 4.31 below, in essence says that
Ext and ext are naturally isomorphic as bifunctors, provided the first domain
category has enough projectives and the second has enough injectives. Among
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other things this natural isomorphism will justify and explain how we were able
to define cohomology of groups in more than one way.'3

In the case of tensor product A @ B, similar remarks apply. Here A is a
unital right R module, and B is a unital left R module. The module A in a natural
way is a unital left R° module, where R° is the opposite ring of R, and thus
tensor product is to be regarded as defined on the product of two categories of
left modules just as Hom is. We can regard tensor product as an actual functor in
either variable, and the functor is covariant right exact in both cases. Again we
have two initial choices for inserting resolutions and creating derived functors,
namely

TorX (A, B) = H"(P ®& B), with P = (A < P™) projective,
and
torf (A, B) = H"(A®g P), with P’ = (B < P'") projective.

These exist if the domain categories have enough projectives. Both Tor and tor
can be considered as covariant functors of two variables, or else as “bifunctors,”’
and one can show in the same way as for Ext and ext that Tor and tor are naturally
isomorphic. There is no need to write out the details. It is customary to write Tor
for the common value.

Proposition 4.29. Let C and C’ be good categories of unital left R modules,
and suppose that C has enough projectives. Then the contravariant left exact
functors Homg( -, B) from C to Cz and their derived functors Ext} (-, B) have
the following properties:

(a) Whenever 0 - A" — A — A” — 0 is a short exact sequence in C, then
there is a corresponding long exact sequence

0 — Homg(A”, B) — Hompg(A, B) — Hompg(A’, B)
— Exth(A”, B) — Exty(A, B) —> Exth(A’, B)

— Ext4(A”, B) —> Extk(A, B) —> Extk(A’, B) — Exth(A", B) — ---

in Cz for each module B in C’. The passage from short exact sequences in Cto long
exact sequences of derived functor modules in Cz is functorial in its dependence
on the exact sequence in the first variable in the sense of Theorem 4.25 and is
natural in the second variable in the sense that if a map  : B — B is given, then
Hom(1, n) defines a chain map from the long exact sequence for B to the long
exact sequence for B.

131t would add only definitions to our discussion to say precisely what a general bifunctor is and
what a general natural transformation between bifunctors is, and we shall skip that detail, in effect
incorporating the definitions into the theorem.
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(b) If P is a projective in C and [ is an injective in C’, then Ext} (P, B) = 0 =
Ext (A, I) for all n > 1 and all modules A inCand B inC’.

(c) Whenever 0 -~ B’ — B — B” — 0 is a short exact sequence in C’, then
there is a corresponding long exact sequence

0 — Hompg(A, B’) — Homg(A, B) — Hompz(A, B”)
— Exth(A, B') —> Exty(A, B) —> ExtL(A, B”)

— Exth(A, B) —> Exth(A, B) —> Extk(A, B") — Extp(A, B)) — ---

in Cyz, for each module A in C. The passage from short exact sequences in C’ to
long exact sequences of derived functor modules in Cz is functorial in the exact
sequence in the second variable and is natural in the first variable in the sense that
ifamapn: A — Ais given, then Hom(z, 1) defines a chain map from the long
exact sequence for A to the long exact sequence for A.

REMARKS. The naturality in the B parameter of the construction of the long
exact sequence in (a) implies that Ext}, is a covariant functor of the second variable
for fixed argument of the first variable. It implies also that all maps Ext}, («, 1)
commute with all maps Ext (1, B).

PROOF. For (a), Theorem 4.22b gives the exact sequence, and Theorem 4.25
proves the functoriality in the first variable. For the naturality in the second
variable, let n : B — B be given. The proof of Theorem 4.22 produces a
short exact sequence of projective resolutions of A’, A, A” to which the functor
in that theorem is then applied. We now have two such functors Homgz( -, B)
and Homg (-, B), and the maps within each image diagram are all of the form
Hom(w, 1). The two diagrams fit into a 3-dimensional diagram, and the maps
between the two diagrams are of the form Hom(1, 1). Since all maps Hom(w, 1)
commute with all maps Hom(1, B), the 3-dimensional diagram is commutative.
The corresponding long exact sequences are then related by a cochain map ac-
cording to Theorem 4.10.

For (b), 0 <~ P < P <« 0 is a projective resolution of P, and hence any
derived functor that is defined by projective resolutions is O in degree > 1. In
addition, Proposition 4.19b shows that Homg( -, ) is an exact functor, and hence
its derived functors are O in degree > 1.

For (c), we shall apply Proposition 4.28 in its version for contravariant left exact
functors. Let ¢ : B' — B and vy : B — B” be the maps in the given short exact
sequence, and let F, G, H be the functors with F(A) = Homg(A, B’), G(A) =
Hompg (A, B), H(A) = Homg(A, B”). Then we have a natural transformation §
of F into G given by S4 = Hom(1, ¢) and a natural transformation T of G into
H given by T4 = Hom(1, v). Since

0 —> Homg(P, B') - Homg(P, B) %> Homg(P, B") —> 0
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is exact by Proposition 4.19a, the sequence
F565LH

is exact on projectives. Proposition 4.28 in its version for contravariant left exact
functors then says that there is a long exact sequence

0— F(A) — G(A) — H(A) — Fi(A) — G1(A) — H;(A)
— F(A) — G2(A) — Hy(A) — F3(A) — - --

and that the passage to this long exact sequence is functorial in A. This much es-
tablishes the long exact sequence in (c) and the naturality in the A variable. For the
behavior in the second variable with A fixed, suppose that we have a second exact
sequence 0 — B’ — B — B” — 0 that maps to the given one by a chain map f.
Let F’, G’, H' be the functors Homg (-, B"), Homg(-, B), Homg(-, B”). We
then get two horizontal planar diagrams of the kind in the proof of Proposition
4.28, one for F’, G’, H' and one for F, G, H. The maps within each of the
two diagrams are maps in the A variable. The two diagrams embed in a 3-
dimensional diagram with vertical maps Homg (1, f), and the 3-dimensional
diagram is commutative because all maps Hom(c, 1) commute with all maps
Hom(1, B). Application of Theorem 4.10 then completes the proof of functori-
ality in the exact sequence in the second variable. O

Proposition 4.30. Let C and C’ be good categories of unital left R modules,
and suppose that C’ has enough injectives. Then the covariant left exact func-
tors Homg (A, -) from C’ to Cz and their derived functors ext}, (A, -) have the
following properties:

(a) Whenever 0 > A’ — A — A” — 0 is a short exact sequence in C, then
there is a corresponding long exact sequence

0 — Homg(A”, B) — Hompg(A, B) — Hompg(A’, B)

— extR(A”, B) —> exth(A, B) —> exth(A’, B)

— extn(A”, B) —> extx(A, B) —> ext3(A’, B) — exty(A”, B) — ---

in Cz, foreach module B inC’. The passage from short exact sequences in C to long
exact sequences of derived functor modules in Cz is functorial in its dependence
on the exact sequence in the first variable and is natural in the second variable in
the sense that if amap n : B — B is given, then Hom(1, ) defines a chain map
from the long exact sequence for B to the long exact sequence for B.
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(b) If P is a projective in C and [ is an injective in C’, then ext}, (P, B) =0 =
extz (A, I) for all n > 1 and all modules A inCand B inC’.

(¢) Whenever 0 > B’ — B — B” — 0 is a short exact sequence in C’, then
there is a corresponding long exact sequence

0 — Hompg(A, B'’) — Homg(A, B) — Homg(A, B”)

—> extR(A, B') —> extR(A, B) —> exti(A, B")

— exth(A, B') —> exth(A, B) —> extx2(A, B”) — exty(A, B') — -

in Cz for each module A in C. The passage from short exact sequences in C’ to
long exact sequences of derived functor modules in Cz is functorial in the exact
sequence in the second variable and is natural in the first variable in the sense that
ifamapn: A — Ais given, then Hom(z, 1) defines a chain map from the long
exact sequence for A to the long exact sequence for A.

REMARKS. The naturality in the A parameter of the construction of the long
exact sequence in (c) implies that ext’; is a contravariant functor of the first variable
for fixed argument of the second variable. It implies also that all maps ext’, («, 1)
commute with all maps ext, (1, 8).

PROOF. The proof of (c) is a simple variant of the proof of Proposition 4.29a,
the proof of (b) is a simple variant of the proof of Proposition 4.29b, and the proof
of (a) is a simple variant of the proof of Proposition 4.29c. ]

Propositions 4.29 and 4.30 show that Ext and ext, as functors of the first variable
and as functors of the second variable, generate the same long exact sequences,
the first under the assumption that C has enough projectives and the second under
the assumption that C’ has enough injectives. Theorem 4.31 will show that Ext
and ext may be treated as equal if both assumptions are satisfied. It is customary
therefore to use Ext as the notation in both cases; thus Ext exists if either C has
enough projectives or C’ has enough injectives. In both cases, Ext has a long
exact sequence in the first variable and another long exact sequence in the second
variable.

Theorem 4.31. Let C and C’ be good categories of unital left R modules,
and suppose that C has enough projectives and C’ has enough injectives. Then
Ext (-, -) and exty (-, -) are naturally isomorphic from C x C’ to Cz in the
sense that for each n > 0 and each pair of modules (A, B) in C x C’, there exists
an isomorphism 7, 4,p) in Homz (Exty (A, B), ext} (A, B)) such that if ¢ is in
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Homg (A, A’) and v is in Homg (B, B’), then the diagrams

T(?LA.B)
—_—

Ext’;(A, B) ext’,(A, B)

Ext" (¢, I)T Text" (p,1)

Ext’, (A", B) —"“"% exin (A, B)
R ’ R s

and
Tn.A.B)
—

Ext’.(A, B) ext’,(A, B)

Ext"(l,w)l lext”(lJ//)

T, 4,8
/0

Ext’.(A, B') ext’,(A, B')

commute.

REMARKS. The reader will be able to observe that a certain part of this proof
amounts to showing that 3-dimensional diagrams in the shape of a cube having
5 faces equal to commuting squares and having suitable hypotheses on the maps
automatically have their sixth face equal to a commuting square. The hypotheses
concerning the faces and the maps come from Propositions 4.29 and 4.30, as well
as induction. We shall not try to abstract a general result of this kind, however.

PROOF. We induct on n for n > 0. Several steps are involved in the proof, and
we complete all of them for a particular n before going on to n + 1. The steps for
a particular n are

(i) to define T, 4,p) in the presence of an injective / and a one-one map
@ : B — I and to observe that T(, 4 p) is an isomorphism,
(i1) to show that the same T{, 4, p) results independently of the choice of 7,
(iii) to prove the commutativity of the second diagram in the statement of the
theorem, and
(iv) to prove the commutativity of the first diagram in the statement of the
theorem.

The first base case of the induction is n = 0, for which we take 7o, 4,p) to be the
identity on Homg (A, B). Then (i) through (iv) are immediate.

The other base case of the induction is n = 1. Let (A, B) be given. An
injective I and a one-one map u : B — I exist as in (i) because C’ has enough
injectives. Then we have an exact sequence

0—B-51-5Cc—0 (%)

in which C = I/ (B) and v is the quotient map. We know from Propositions
4.29b and 4.30b that Ext}e(A, I =0 = ext}e(A, I). Therefore Propositions
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4.29c and 4.30c give us exact sequences

Hompg(A, 1) —UY Homg(A, C) —2225 Extly(A, B) — 0

and
Hom(1,v) We,0 1
Hompg (A, I) ———— Homg(A, C) —— extz(A, B) —— 0
in which wg o and w, are suitable connecting homomorphisms. We define
Tq,aB = a)e,o(a)E,o)’1 . This definition is meaningful, since the exactness of the
two sequences gives

(wE.0) "' (0) = kerwg o = Hom(1, v)(Homg (A, I)) = ker o, o;

by an analogous computation, wE,O(we,O)il is a well-defined function, and it is
evidently a two-sided inverse. Thus T(;, 4,p) is an isomorphism. This completes
step (i).

In order to be able to handle steps (ii) and (iii) without being repetitive, let a
map ¥ : B — B’ be given. For (ii), B’ will be B, and v will be the identity on
B. For (iii), B’ and ¢ will be general. Given v and one-one maps ; : B — [
and i’ : B — I’, we can form the exact rows and the first column of the diagram

n v

0 B I c 0
wl fl f l (k%)
0 L (e 0.

If we think of 7 and I” as extended to injective resolutions, Theorem 4.16 allows
us to fill in a cochain map from the one extension to the other, and the first new
step of that cochain map is f. If we define f = v/ fv~', then f is well defined
because

v fv=1(0) = v f kerv = V' f image
=V'fu(B) =v'i'y(B) = 0(y(B)) =0,
and the squares of the diagram (*%) now commute. Continuing with the effort
to cut down on repetitive arguments, let k > 1 be an integer that will be 1 when

n = 1 and will be different later in the proof. Applying Proposition 4.29¢ to ()
gives us a commuting square

k—1

Extt (4, 0) 2

Extk’l(l,f_)l lExtk(l,x//) )

Ext% (A, B)

Exti1(A, C') —2L Extb (A, B)
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for k > 1, and Proposition 4.30c gives us a similar commuting square for ext for
k>1.

For each module in the diagram with Ext when k = 1, there is a map to the
corresponding module in the diagram with ext. These maps are T(x—1,4,c) for
the upper left and 7 _1, 4,c) for the lower left. The maps for the upper right and
lower right depend on the step of the argument.

For step (ii), we are taking B = B, and the maps at the right are the two
versions of T 4 p), one for the injective I and one for the injective I’. Let
us call them T 4 p) and T(’k’A’B). We are to prove that T(’k’A’B) Ext‘(1,¥) =
extt(1, ¥) T a.p) for ¥ = 1. The relevant definitions are

-1
Tk, a,8) = @ k- Tk—1,4,0)0(f k1)
/ / / -1
and T a8y = Qe s—1y Lk—1,4,0) (@ 1)
or equivalently

T, A, BYOE k-1) = D x-1)T(k—1,4,0)
/ / /
and T a.BYPE k1) = Qe k—1) Lk—1,4,1)-

Since Tix—1,4,c) and T—1,4,c7) are known inductively to be well defined and to
satisfy (iii), we have ext{~1(1, T-1,40) = Tk—1,4,¢) Ext*~(1, f). Thus

ext’ (1, ) T4 3y@(E s—1y) = ext (1, V) s—1) Tr—1.4.0)
= (o) X1, HTa1,4.0) = Ofe i1y Ti—1.4.0) Ext* ' (1, f)
= Tl a @ g k—1) EXCTN(LL ) = T 4 gy Ext (1, Yo g 1)

Since Ext“(1, ¥) = 1 and ext‘(1,¢) = 1 when ¢ = 1, step (ii) follows for
n =1,ie., Tk 4, p) is well defined.

For step (iii), we are allowing general B’, and the maps at the right between
the two versions of (f) are the well-defined isomorphisms Tk, 4,5y and Tk 4, 5.
We are to prove that T 4, p) Ext*(1, V) = extf(1, ¥)T 4,5y The argument in
the previous paragraph applies if we change T(/k’ .p) Systematically to Tk 4,5
and take into account that g x—1) is onto, and step (iii) follows forn = 1.

For step (iv), let ¢ : A — A’ be given. The conclusion of Proposition 4.29¢c
that the dependence is natural in the first variable gives us a commuting square

k—1

Exth (A, 0) 225

Ext*~! (¢, 1>T TExtkw), 1 (1)

Ext%.(A, B)

Exti1(A), €) —2 Exth(A', B)
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for k > 1 and for suitable connecting homomorphisms wg -1 and w’, ,_,, and
Proposition 4.30c gives a similar commuting square for ext for k > 1. For each
module in the diagram with Ext when & = 1, there is a map to the corresponding
module in the diagram with ext. These maps are T(x—1,4,¢) for the upper left,
T(k—1,4,c) for the lower left, T, 4, p) for the upper right, and Tk, 4/, g) for the lower
right. We are to prove that Tk, 4 p) Ext (@, 1) = extt (g, )T, ',y The relevant
definitions are

T4, a,ByOE k1) = O k-1)T(k—1,4,0)
and T(k»A’,B)sz,kfl) = wze,kfl)T(kflsA/’C)'

Since T(x—1,4,cy and T(x—; a,c) are known inductively to satisfy (iv), we have
ext‘" (@, DTu—1.a.c) = Ta—1.4.c) Ext* (g, 1). Thus

eth(¢7 I)T(k,A’,B)CUEE,k_U = eth(w, l)wze,k_l)T(k—l,A’,C)
= wer—1 ext o, DTy 1.4.0) = @i Tu-1.4.c) Ext: (g, 1)
= T, 4,5y (E k—1) EXE (@, 1) = Ty a5 Ext (0, Do _y).-

Since “’E E.k—1) 1s onto, step (iv) follows for n = 1. This completes the proof for
n=1.

For the inductive step, suppose that steps (i) through (iv) have been carried out
for some n > 1. Let us carry out step (i) for stage n + 1. For a given B, we know
from Propositions 4.29b and 4.30b that Exty (A, I) = 0 = ext} (A, I). Hence
Propositions 4.29¢ and 4.30c give us exact sequences

0 —> Ext},(A, C) —=> Ext’*'(A, B) — 0

and

0 — extir(A, C) e ext’,’e“(A, B) —— 0.

In other words, wg , and ., are isomorphisms. If we put
-1
Tnt1,4,8) = @enTn,a,0)0F >

then T(,41,4,5) is an isomorphism of Ext’,’fl(A, B) onto ext’}e“(A, B). This
completes step (i) for stage n + 1.

We now refer back to our argument for n = 1 and put k = n + 1 throughout.
Tracing matters through, we see that the argument carries out steps (ii) through
(iv) for stage n 4 1. This completes the induction and the proof. O
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8. Abelian Categories

Not all situations in which one wants to apply homological algebra are limited to
good categories of unital left R modules for some ring R. We have mentioned
sheaves as one example, and we shall develop some properties of sheaves in Chap-
ter X. Implicitly we have carried along a second example: all chain complexes
within a good category, with chain maps as morphisms, form a category in which
short exact sequences have remarkable properties, such as those in Theorems 4.7
and 4.10.

A setting to which one can generalize well such basic parts of homological
algebra is that of “abelian categories,” which we define in this section. It is
advisable not to require that the objects in an abelian category actually be sets
of individual elements; otherwise there is little chance that the notion of abelian
category could be self dual. The morphisms of the category are then effectively
all we have to work with, since a morphism already determines its “domain” and
“range.” If X and Y are objects, then a morphism in Morph(X, Y) need not be a
function, but at least Morph(X, Y) is a set with elements to it. Since objects no
longer have elements, books usually suppress the objects in the discussion to the
point of referring to things like kernels and cokernels as morphisms rather than
objects. It is perhaps more comfortable to think of a kernel as a pair, consisting of
an object and a morphism into another object, rather than just as the embedding
morphism, and we shall follow the more comfortable convention temporarily.

We introduce the notion of “abelian category” in stages. We begin with some
definitions and remarks that make sense in a general category. First of all, let
us have names for X and Y when referring to morphisms in Morph(X, Y) that
do not require us to think in terms of functions. The convention is that if u is
in Morph(X, Y), then X is the domain of ©# and Y is the codomain. We allow
ourselves to write compositions of morphisms as gf oras g o f.

Next, it is possible to generalize usefully the notions of “one-one” and “onto” to
make them applicable in any category. The definitions are in terms of cancellation
laws. In the category C, a morphism u € Morph(X, Y) is a monomorphism'# if
for any f and g in the same set Morph(W, X) such that uf = ug, it follows that
f = g. Any isomorphism is certainly a monomorphism. The composition of two
monomorphisms is a monomorphism. In fact, if ¥ and v are monomorphisms
with vuf = vug, then uf = ug because v is a monomorphism, and f = g
because u is a monomorphism. If m is a monomorphism in Morph(X, Y) and u
is any morphism in Morph(Y, X) such that mu = 1y, then m is an isomorphism.
In fact, mu = 1y implies mum = lym = m, which implies um = 1y, since m
is a monomorphism; therefore u is a two-sided inverse to m.

14Some authors use the word “monic” or the word “mono” as an adjectival form of this noun.
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The morphism # € Morph(X, Y) is an epimorphism'> if for any f’ and g’
in the same set Morph(Y, Z) such that f'u = g'u, it follows that f' = g’. Any
isomorphism is an epimorphism. The composition of two epimorphisms is an
epimorphism. If e is an epimorphism in Morph(X, Y) and u is any morphism in
Morph(Y, X) such that ue = 1y, then e is an isomorphism.

Finally a zero object O in a category C is an object such that for each X in
Obj(C), each of Morph(X, 0) and Morph(0, X) has exactly one member. It is
immediate that any two zero objects are isomorphic: if 0 and 0 are zero objects,
then Morph(0, 0) and Morph(0’, 0") each have just one member, which must be 1
and 1¢ in the two cases; the composition of the member of Morph(0, 0") followed
by the member of Morph(0’, 0) must be 1¢, and the composition in the other order
must be 1y, and the isomorphism of O with 0’ has been exhibited.

Suppose that a zero object exists. Since the composition law for morphisms
in C insists that the composite of a member of Morph(X, 0) and a member
of Morph(0, Y) be in Morph(X, Y), it follows that Morph(X, Y) has a distin-
guished member, which we denote by Oxy. This is called the zero morphism of
Morph(X, Y). By associativity it satisfies fOxy = Oxz forall f € Morph(Y, Z)
and Oxyg = Owy for all g € Hom(W, X). Since Morph(0, 0) has just one
element, we have Ogp = 1¢. If X is any other object such that Morph(X, X) has
Oxx = lx,then X is a zero object; in fact, the equalities Oxo0px = 0go = 1¢ and
00ox0x0 = Oxx = 1x show that X and O are isomorphic.

An additive category C is a category with the following three properties:

(i) C has a zero object,
(i) the product and the coproduct!® of any two objects in C exists in C,
(iii) each set Morph(X, Y) is an abelian group with the property that the
operation is Z bilinear in the sense that if the operation is + and if f, f’
are arbitrary in Morph(X, Y) and g, g’ are arbitrary in Morph(Y, Z), then

g+g)o(f+fHr=gof+gof+gof +gof
and go(=f)=(=g)of=—(gof).

If C is an additive category, then so is the opposite category C°PP; this fact
will enable us to use duality arguments occasionally. We shall henceforth write
Hom(X, Y) in place of Morph(X, Y) for additive categories.

The zero morphism Oxy of Hom(X, Y) is the additive identity O of the abelian
group Hom(X, Y). In fact, Opy is the additive identity of Hom(O0, Y), since
Hom(0, Y) has just one element. Therefore Oxy = OpyOxo = (Ogy + Opy)Ox0 =
00rO0x0 + 0pyOxo = Oxy + Oxy, and we obtain 0 = Oxy.

15Some authors use the word “epi” as an adjectival form of this noun.
16These are defined in Section IV.11 of Basic Algebra. They are always unique up to canonical
isomorphism when they exist.
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In an additive category a morphism # in Hom(X, Y) is a monomorphism if
whenever uf = 0 with f in some Hom(W, X), then f = 0; a morphism u in
Hom(X, Y) is an epimorphism if whenever f'u = 0 with f’ in some Hom(Y, Z),
then /' = 0.

This much structure forces products and coproducts to amount to the same
thing in an additive category. The precise result is as follows.

Proposition 4.32. In an additive category, let (C, p4, pg) be a product of two
objects A and B. Then there exist unique i, € Hom(A, C) andig € Hom(B, C)
such that

paia =14, ppip=1p, ispa+ippp=Ilc.
These satisfy paip = 0and pgis = 0,and (C, i4, ip) is a coproduct of A and B.

REMARKS.

(1) Since the defining properties of an additive category are self dual, any
coproduct has a similar structure and becomes a product. The proof in effect will
show more—that whenever there are data A, B, C, i, ip, pa, pp satisfying the
displayed identities, then (C, p4, pp) is a product of A and B, and (C, i, ip) is
a coproduct. Thus a product/coproduct can be recognized without reference to
other objects in the category.

(2) To emphasize the analogy with modules or vector spaces, we write A @ B
for a product or coproduct of A and B in C and call it the direct sum of A and
B. The notation is understood to carry the morphisms i4, ip, pa, pp along with
it. The direct sum is unique up to an isomorphism that carries the one set of
morphisms i4, ip, pa, pp to the other.

PROOF. To the pair 14, € Hom(A, A) and 0 € Hom(A, B), the product C
associates a unique iy € Hom(A, C) with psiq = 14 and pgig = 0. Similarly
the coproduct associates a unique i € Hom(B, C) with psip = 0 and ppip =
15. Computing with the aid of the Z bilinearity and associativity, we have

paliapa+ippp) =14apa+0pp = py
and ppiapa+ippp) =0pa+ 1pps = ps.

Therefore h = iapa + ippp is a member of Hom(C, C) with the property that
pah = pa and pgh = pp. Since 1¢ is another member of Hom(C, C) with this
property, the assumed uniqueness shows that 4 = 1. This proves the displayed
formulas in the proposition and the formulas p4ip = 0 and ppis = 0.

For uniqueness of i 4 and i g, suppose that i/, and i’ satisfy i’ pa +ippp = 1c.
Right multiplication by i4 givesiq = lcia = (i/ypa+igpplia =i}14+i50 =
i'y,and similarly ip = i%.
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To see that (C,i4,ip) is a coproduct of A and B, let f € Hom(A, X) and
g € Hom(B, X) be given, and define h = fps+ gpp. Thisisin Hom(C, X), has
hia = fpais+ gppisa = fla = f,and similarly has hip = g. For uniqueness
suppose that k is in Hom(C, X) with kis = f and kip = g. Thenkiaps = fpa
and kig pp = gpp. Addition gives

k=klc =k(iapa+ippp) = fpa+gps =h,

and uniqueness is proved. O

For an additive category C, the notions of the kernel and cokernel of a morphism
are defined by universal mapping properties. Problems 18-22 at the end of
Chapter VI of Basic Algebra discussed universal mapping properties abstractly,
saying what they are in a general context. For current purposes it is enough to
know that what a universal mapping property produces (if it produces anything
at all) is a pair consisting of an object and a morphism, and moreover the pair is
automatically unique (if it exists) up to canonical isomorphism.

We allow ourselves to write morphisms as arrows in any of the customary ways
for functions. Thus a member u of Hom(A, B) may be written as A LN B, and
a composition of u followed by a morphism v € Hom(B, C), which has been
written as v o u or as vu, may be written as A - B-5C.

IfA—> Bisa morphism in the additive category C, then the kernel of u,
denoted by ker u, is a pair (K, i) withi € Hom(K, A) such that the composition
K —> A - B has ui = 0 and such that for any pair (K’, ") with i’ in
Hom(K’, A) for which ui’ = 0, there exists a unique ¢ € Hom(K’, K) with
ip =i’. See Figure 4.6. It is customary to drop all mention of K in the definition
of kernel, saying that the kernel is i, since any mention of i carries along K as the
domain of i; we shall adopt this abbreviated terminology shortly but shall refer
to the pair (K, i) as the kernel for the time being.

i u

K A B

»
ot
K/
FIGURE 4.6. Universal mapping property of a kernel (K, i) of u.

The brief form of the definition of kernel is that u o (keru) = 0 and
ui'’ =0  implies i" = (keru) o ¢ uniquely.

The kernel of u is determined only up to an isomorphism applied to K; that is,
is determined only up to right multiplication by an isomorphism. The condition
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for (K, i) to be a kernel is equivalent to the exactness of the sequence of abelian
groups

0 —— Hom(K’, K) -2 Hom(K’, A) =25 Hom(K’, B).
In fact, ui = 0 makes the sequence a complex, the existence of ¢ produces exact-

ness at Hom(K’, A), and the uniqueness of ¢ produces exactness at Hom(K’, K).
Similarly the cokernel of u, denoted by cokeru, is a pair (C, p) with p in

Hom(B, C) such that the composition A s B % Chas pu = 0 and such
that for any pair (C’, p’) with p’ in Hom(B, C") for which p’u = 0, there exists
a unique ¥ € Hom(C, C’) with ¢yp = p’. See Figure 4.7. It is customary to
drop all mention of the object C in the definition of cokernel, saying that the
cokernel is p, since any mention of p carries along C as the codomain of p; we
shall adopt this abbreviated terminology shortly but shall refer to the pair (C, p)
as the cokernel for the time being.

c <2 B A
v /p’

\"2

C/

FIGURE 4.7. Universal mapping property of a cokernel (C, p) of u.

The brief form of the definition of cokernel is that (cokeru) o u = 0 and
pu=0 implies p' = o (cokeru) uniquely.
The cokernel of u is determined only up to an isomorphism applied to C; that is, p
is determined only up to left multiplication by an isomorphism. The condition for
(C, p) to be a cokernel is equivalent to the exactness of the sequence of abelian
groups

0 —— Hom(C,C’) —— Hom(B,(C’) —— Hom(A, C’).

In fact, pu = 0 makes the sequence a complex, the existence of { produces exact-
ness at Hom(B, C’), and the uniqueness of i produces exactness at Hom(C, C).

Proposition 4.33. Let C be an additive category. If an element u of Hom(A, B)
has a kernel (K, i) and if m € Hom(B, B’) is a monomorphism, then (K, i) is
also a kernel of mu. If u has a cokernel (C, p) and if e € Hom(A’, A) is an
epimorphism, then (C, p) is also a cokernel of ue. Briefly

ker(mu) = keru and coker(ue) = cokeru.

REMARK. We can safely omit the proof of any dual statement about addi-
tive categories, since the dual follows by expressing the original argument as a
diagram, reversing all the arrows, and writing down the argument that the new
diagram represents.
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PROOF. We test whether i = ker u is a kernel of mu. We know that (mu)i =
m(ui) = 0. Suppose that mui’ = 0 with i’ € Morph(K’, A). Since m is a

monomorphism, ui’ = 0. Because i is a kernel of u, we obtain i’ = i¢ for a
unique ¢ € Morph(K’, K). Hence i is a kernel of mu. The statement about
cokernels is dual. ]

Proposition 4.34. Let Cbe an additive category. If an element u of Hom(A, B)
has a kernel (K, i), then i is a monomorphism. Dually if u has a cokernel (C, p),
then p is an epimorphism.

PROOF. Suppose that u has a kernel (K, i). For any object K’, the zero
morphism i” = 0 of Hom(K’, A) has the property that ui" = 0. The uniqueness
property of the kernel says that the ¢ in Hom(K’, K) with i¢p = i’ is unique.
Evidently ¢ = 0 is one such choice and hence is the only such choice. Thus if f
in Hom(K’, K) has i f = 0, then f = 0. Therefore i is a monomorphism. O

Propositions 4.33 and 4.34 give a first hint that the notation (K, i) for the kernel,
which we know is redundant, may also be inconvenient; it would be far simpler
to refer to the kernel as i, and analogously for cokernels. Then Proposition 4.33
could truly be stated as the displayed formulas in its statement, and Proposition
4.34 would have the tidier statement that every kernel is a monomorphism and
every cokernel is an epimorphism. Let us therefore now allow ourselves to regard
kernels and cokernels as morphisms, rather than pairs consisting of an object and
a morphism. With this convention in place, we always have u o (keru) = 0 and
(cokeru) ou = 0.

Proposition 4.35. Let C be an additive category, and let # be in Hom(A, B). If
u has a kernel and ker u has a cokernel, then coker(ker u) is a kernel of u. Briefly

ker(coker(keru)) = keru.
Dually if u has a cokernel and coker u has a kernel, then
coker(ker(cokeru)) = cokeru.

PROOF. Let (K, i) be a kernel of u, and let (C, p) be a cokernel of i. We are to
show that i is a kernel of p. For the existence step, suppose thati’ in Hom(K’, A)
has pi’ = 0. We are to show that i’ factors as i’ = i for some unique ¢ in
Hom(K’, K). We know that ui = 0. Since p = cokeri, u factors as u = yp for
some v in Hom(C, B). Then ui’ = (yp)i’ = ¥ (pi’) = 0. Since i = keru, i’
factors as i’ = i¢ as required. This proves existence of ¢.

For the uniqueness step, suppose that pi’ = 0 for some i’ in some Hom(K’, A).
If i’ were to have two distinct factorizations, say as i’ = i¢ = i@, then i could
not be a monomorphism, in contradiction to Proposition 4.34 and the fact that
i = ker u. This proves uniqueness of ¢. |
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An abelian category C is an additive category with the following two proper-
ties:

(iv) every morphism has a kernel and a cokernel,
(v) every monomorphism is a kernel, and every epimorphism is a cokernel.

It is evident that the opposite category of any abelian category is abelian. Thus
we can continue to use duality arguments.

Property (iv) is certainly desirable if one wants to have a theory involving ho-
mology and cohomology. Property (v) may be viewed as a converse to Proposition
4 .34; some other authors use a different but equivalent formulation of this axiom.
The objective is to have a generalization of the kind of factorization that one has
with homomorphisms of abelian groups: any homomorphism factors canonically
as the product of the canonical passage to the quotient by the kernel, followed by
an isomorphism of this quotient onto the image of the homomorphism, followed
by the inclusion of the image into the range.

Proposition 4.36. In any abelian category, every morphism that is both a
monomorphism and an epimorphism is an isomorphism.

PrROOF. If f € Hom(K, A) is a monomorphism, then f = ker g for some g
in some Hom(A, B) by (v). This fact implies that gf = go (kerg) = 0. If f
is also an epimorphism, then the equality gf = 0 implies that g = 0. Hence
f = ker0sp. Taking K’ = A and i’ = 1, in Figure 4.6, we have 0i’" = 0 and
thus have 14 = f¢ for some ¢ in Hom(A, K). Thus the monomorphism f has
a right inverse and must be an isomorphism. g

Lemma 4.37. In an abelian category C, every monomorphism is the kernel of
its cokernel, and every epimorphism is the cokernel of its kernel.

PROOF. If m is amonomorphism, then (v) says that m = ker u for some u. Sub-
stituting into the first conclusion of Proposition 4.35, we obtain ker(cokerm) =
m. If e is an epimorphism, then (v) says that e = coker u for some u. Substituting
into the second conclusion of Proposition 4.35, we obtain coker(kere) = e. [

Proposition 4.38. In an abelian category C, any morphism f factorsas f = me
for a monomorphism m and an epimorphism e. Here one such factorization is
given by

m = ker(coker f) and e = coker(ker f).

Any other such factorization f = m’e’ has the property that there is some
isomorphism x with ¢’ = xe and m'x = m.
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PROOF. Put m = ker(coker f). Since (coker f)f = 0, the brief form of the
definition of kernel gives f = me for some e. We are going to prove that e is an
epimorphism. Thus suppose that re = 0 for some morphism r. The brief form
of the definition of kernel shows that e = (kerr)e’ for some morphism ¢’. Then
we have

f=me=mkerr)e =m'e, where m’ = mkerr.

Being a kernel, kerr is a monomorphism. As the composition of two monomor-
phisms, m’ is a monomorphism. Lemma 4.37 shows that m" = ker p’, where
p’ = cokerm’.

Put p = cokerm. The definition of m and the second identity of Proposition
435 gives p = coker(ker(coker f)) = coker f. Since m’ = ker p’, we have
p'm’ = 0. Hence p'f = p'm’e’ = 0. Since p = coker f, the brief form of the
definition of cokernel shows that p’ = sp for some s. Thus p'm = spm = 0, the
latter equality holding because p = cokerm. Since m’ = ker p’, the brief form
of the definition of kernel gives m = m’t for some z.

Resubstituting for m’ gives m = m’t = m(kerr)t. Since m is a monomor-
phism, we can cancel and obtain 1y = (kerr)t, where X is the codomain of kerr.
In other words, kerr has a right inverse. Being a monomorphism, it must be an
isomorphism. Since any morphism v has v ker v = 0, we obtain r kerr = 0 and
conclude that » = 0. Therefore e is an epimorphism, as asserted.

Since e is an epimorphism, Lemma 4.37 gives ¢ = coker(ker ¢), and Propo-
sition 4.33 gives kere = ker(me) = ker f. Therefore ¢ = coker(ker f). This
completes the proof of existence of the decomposition.

For uniqueness, suppose that f = m’e’ for a monomorphism m’ and an
epimorphism ¢’. Proposition 4.33 gives ker f = ker(m'e’) = kere’, as well
as ker f = ker(me) = kere, the understanding being that these equalities hold
up to an isomorphism on the right. Set u = kere and u’ = kere’; then u = u'w
for some isomorphism w. Since e and ¢’ are epimorphisms, Lemma 4.37 gives
e = cokeru and ¢ = cokeru’. Since m’ is a monomorphism, the equality
0 = f(ker f) = fu = m’e’u implies that ¢'u = 0; by the brief form of the
definition of coker u as a cokernel, e’ factors as ¢’ = xe for a unique x. Similarly
the equality 0 = f ker f = fu’ = meu implies that eu = 0; by the brief form of
the definition of coker 1’ as a cokernel, e factors as ¢ = x’¢’ for a unique x’. Then
e = x’¢’ = x'xe; since e is an epimorphism, x’x is the identity on its domain.
Similarly ¢’ = xe = xx’¢’, and it follows that xx’ is the identity on its domain.
Consequently x is an isomorphism. Multiplying ¢’ = xe by m’ on the left gives
me = f = m'e’ = m’'xe; since e is an epimorphism, m = m’x. This completes
the proof. O

With this canonical factorization in hand, we introduce two terms that will
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simplify the definition of “exact sequence.” We define the image and coimage
of f = me in Hom(A, B) by

m = image f and e = coimage f.

In words, the image of any morphism is its monomorphism factor, and the coimage
is its epimorphism factor; in particular, a monomorphism is its own image, and
an epimorphism is its own coimage.!” Let us see what the factorization and these
formulas say in terms of diagrams. We write (K, i) for the kernel of f and (C, p)
for the cokernel of f. Let I be the codomain of e, which equals the domain of
m. In terms of a diagram, the situation for f is then given by

i=kere e =cokeri m =ker p p =cokerm

K A 1 B C.

=ker f = coimage f =image f =coker f

The top row of labels explains the relationships among i, e, m, p, and the bottom
row of labels relates i, e, m, p to f. The morphism f itself is the composition of
the two morphisms in the center.

In a good category of modules, we can interpret this diagram in terms of the
two short exact sequences

0o —— K A — > A/imagei —— 0,

0 —— A/imagei " > B

C — 0,

which we can merge into a single 6-term exact sequence

0 K ‘a2 p_"r,¢ 0.

Now we can define complexes and exact sequences for abelian categories, and
we can readily check that the new definitions are consistent with the definitions
for good categories of modules. A chain complex is a doubly infinite sequence of
morphisms with decreasing indexing such that the consecutive compositions are
defined and are 0. If f € Hom(A, B) and g € Hom(B, C) are given morphisms,
then the sequence

A—Ll.p_2,¢
is exact at B if image f = ker g, or equivalently if coker f = coimageg. As
usual in the subject of abelian categories, the equality sign here means “can be
taken as.” In more detail if f and g decompose as f = me and g = m’e’,image f
is defined to be m, and ker g equals kere’. Thus the condition for exactness is

"The term “coimage” is not really needed for recognizing exact sequences, but it makes any
implementation of duality more symmetric.
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that m be a kernel of ¢’. Since u(keru) = 0 for any morphism u, exactness at
B implies that ¢'m = 0. Then gf = m'e¢’'me = 0, and we see that the given
sequence (when extended by 0’s at each end) is a complex.

Exactness of any finite or infinite sequence of morphisms whose consecutive
compositions are defined means exactness at every object X in the sequence
for which there is an incoming morphism in some Hom(W, X) and there is an
outgoing morphism in some Hom(X, Y). With the kind of indexing used for a
chain complex, a sequence

myey, my—jen—1

S — Xn+l Xy Xy —> -+

is exact if m, = kere,_1, or equivalently if ¢,_; = cokerm,,, for all n.
For a sequence of four morphisms of the form

m e

0 K A C 0,

exactness means exactness at K, A, and C. The conditions are that m is a
monomorphism, e is an epimorphism, and m = kere (or equivalently that e =
coker m). In this case the sequence is called a short exact sequence.

One can now proceed to define projectives and injectives for any abelian
category as certain objects in the same way as in Figures 4.3 and 4 .4, and extend
all the results of earlier sections of this chapter to all abelian categories. We shall
not carry out this detail '®

Instead, we shall indicate an approach to carrying out this detail that takes most
of the difficulty out of translating results from the context of good categories to
the context of abelian categories. It is to use the notion of “members.” The
word “members” in the present setting refers to something that substitutes for
elements in situations in which objects need not necessarily be sets of elements.
The idea is to recast elements, when they exist, in terms of morphisms and then
to generalize the resulting definition. For orientation, consider the category Cp
of all unital left R modules, R being a ring with identity. Let us write Ry for
the left R module R. The elements of a unital left R module X are then in
one-one correspondence with the R homomorphisms of Ry into X, the element
x corresponding to the homomorphism that carries r to rx. Thus the category
Cr has a distinguished object Ry such that the elements of any object X are in
one-one correspondence with Hom(Rp, X). Hence any argument about elements
for this category immediately translates into an argument about morphisms.

The trouble is that a general abelian category has no distinguished object to play
the role of Ry. The idea for getting around this difficulty is to take all possible

18The entire theory for abelian categories is carried out in detail in Freyd’s book Abelian Cate-
gories: An Introduction to the Theory of Functors.
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objects Xg in place of Ry, consider the union on Xy of all sets Hom(Xp, X),
introduce an equivalence relation, and hope for the best.

The definition is as follows. Let C be an abelian category, fix X in Obj(C),
and consider all morphisms with codomain X. Two such morphisms x and y are
said to be equivalent morphisms for current purposes, written x = y, if there
exist epimorphisms # and v such that xu = yv. It is evident that “equivalent”
is reflexive and symmetric. Transitivity requires proof, and we return to this
matter in a moment. Once = has been shown to be an equivalence relation, an
equivalence class of such morphisms is called a member of X. We write x €,, X
to indicate that x is a morphism with codomain X, hence to indicate that x is a
morphism whose equivalence class is a member of X. To avoid clumsy wording
when there is really no possibility of confusion, we often simply say that x is
a member of X. The question arises whether this definition presents any set-
theoretic difficulties. As usual in category theory, one can answer the question
painlessly by working when necessary only with subcategories for which the
objects actually form a set; in this case, the union over all objects X and Y in the
subcategory of all the groups Hom(X, Y) of morphisms is a set, and there is no
problem. Let us return to a special case of our example.

EXAMPLE OF MEMBERS. Let C = Cy, be the category of all abelian groups, and
fix an abelian group X. If x is an abelian-group homomorphism with codomain
X, let us use Proposition 4.38 to write x = me for a monomorphism m and
an epimorphism e. Then x = m, and thus we might just as well consider only
one-one homomorphisms into X. If H is the image of x, then we can view
X as a composition x = iy of a homomorphism y carrying the domain of x
onto H, followed by the inclusion iy : H — X. The homomorphism y is an
isomorphism, hence is an epimorphism. Thus x = iy. It is apparent that no
two inclusions of subgroups of X into X are equivalent morphisms. Since every
inclusion of a subgroup of X into X yields a member of X, the members of
X are exactly the subgroups of X. Thus for example the set of members of Z
corresponds to the set of integers > 0, in which addition is lost, and does not
correspond exactly to the set of elements of Z. This fact is a little discouraging,
but it turns out not to be as bad an omen as one might expect.

Returning to the setting of a general abelian category, we work toward a proof
that = is an equivalence relation. We need the notion of the “pullback” of two
morphisms, which we define by a universal mapping property momentarily. The
appropriate construction establishing existence appears in the next proposition.
Then we prove a proposition for using pullback as a tool, and afterward we prove
the transitivity.

In an abelian category C, let X, Y, Z be objects, and let f € Hom(Y, Z)
and g € Hom(X, Z) be morphisms. A pullback of the pair (f, g) is a triple
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w, £.2) in which W is an object in C, in which f and g are morphisms with
f € Hom(W,Y) and g € Hom(W, X) , and in which the following universal
mapping property holds: whenever (W', f’, g") is atriple such that W' is an object
in Cand f" and g’ are morphisms with " € Hom(W’', ¥) and g" € Hom(W’, X)
and with fg’ = gf’, then there exists a unique ¢ € Hom(W’, W) such that
f'= foand g = gp. See Figure 4.8.

7

wo.lsy
@ ! I
\'2

;
X ——

FIGURE 4.8. The pullback of a pair (f, g) of morphisms.

Proposition 4.39. In an abelian category C, let X, Y, Z be objects, and let
f € Hom(X, Z) and g € Hom(Y, Z) be morphisms. Let X & Y be the direct
sum, let px and py be the projections on the two factors, define h = fpx — gpy
in Hom(X @ Y, Z), and let m = kerh. Then a pullback (W, f, g) of (f, g) is
given by W = domainm, f = pym,and g = pxm.

REMARKS. The dual statement asserts the existence of a pushout of a pair
of morphisms, and it is a consequence of Proposition 4.39. Problem 35 at the
end of the chapter points out that the proof of Proposition 4.19a made use of a
concretely constructed pullback, while the proof of Proposition 4.19b made use
of a concretely constructed pushout.

~

PROOF. From hm = hkerh =0, we obtain 0 = fpxm — gpym = fg —gf,
and thus fg = gf. Now suppose that W', f’, and g’ are given with fg' =
gf'. Thenm’ = (g’, f) is a morphism in Hom(W’, X @ Y) such that hm’ =
fpxm' — gpym’ = fg' — g f' = 0. Therefore m’ factors through m = kerh as
(&', f') = mg for a unique ¢ € Hom(W’, W). Application of py and py to this
equality gives g’ = pxme = gy and f' = pymo = fo. O

Proposition 4.40. In the notation of Figure 4.8 and Proposition 4.39 if f is a
monomorphism, then so is f. If f is an epimorphism, then so is f; in the case
of an epimorphism, ker f factors as ker f = g(ker f).

PROOF. Throughout the proofletix and iy be the injections associated with the
direct sum X @Y. Suppose that f is a monomorphism, and suppose that fw = 0
for some morphism with codomain W. Since f = pym, pymw = 0. Then
0= (fpx —gpy)mw = fpxmw —0 = fpxmw. Since f is a monomorphism,
pxmw = 0. Sincealso fw = pymw = 0,mw = (ixpx+iypy)mw = 0. Butm
is a monomorphism, and therefore w = 0. Consequently f is a monomorphism.

For the remainder of the proof, assume that f is an epimorphism. Let us
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see that h = fpx — gpy is an epimorphism. In fact, if zh = 0, then 0 =
z2(fpx — gpy)ix = zfpxix = zf . Since f is an epimorphism, z = 0. Thus £ is
an epimorphism.

_ It follows from Lemma 4.37 that h = coker(ker k) = cokerm. To prove that
f is an epimorphism, suppose that v f = 0 for some morphism v with domain
Y. This means that vpym = 0. Since & is the cokernel of m, vpy factors as
vpy = v'h for some morphism v’. Applying ix on the right end of both sides
gives 0 = vpyix = v'hix = V'(fpx — gpy)ix = V' fpxix = v'f. Since f is
an epimorphism, vL: 0. Hence vpy = v’h = 0. Since py is an epimorphism,
v = 0. Therefore f is an epimorphism.

Now set k = ker f, and let K be its domain. The morphisms k¢ € Hom(K, X)
and 0 € Hom(K, Y) have fk =0 = g0. If we set W =K, f =0,and g =k,
then fg" = g f', and Proposition 4.39 produces a unique ¢ in Hom(K, W) with
0 = fyand k = gp. We shall show that ¢ is a kernel of f, and then the equation
k = g completes the proof.

We know that f @ = 0. Thus suppose that fv = 0 for some morphism v in
some Hom(K’, W). Since fg = g f,wehave fgv = g fv = 0. Thus gv factors
through k = ker f as gv = kv’ for some v’ in Hom(K’, K).

Put ® = v — @v'. Then f® = fv— fo = 0—0 = 0, and 3& =

gv — gpv’ = kv’ — kv’ = 0. Consequently if we put W’ = K’, i =0, and
g” = 0, then ® and 0 are two morphisms in Hom(K’, W) with f” = f® = f0
and g’ = g® = f0. By uniqueness of the morphism in the universal mapping
property for pullbacks, ® = 0. Therefore v = ¢v’, and v has been exhibited as
factoring through ¢.

If v factors through ¢ also as v = @v”, then 0 = ¢ (v’ — v”), and we have
k(v —v") = gp(v' —v") = 0. Since k = ker f is a monomorphism, v’ = v".
Thus the factorization of v through ¢ is unique, and ¢ is a kernel of f. This
completes the proof. |

Proposition 4.41. Let C be an abelian category, let X be an object in C,
and define x = y for two morphisms x and y with codomain X if there exist
epimorphisms u and v with xu = yv. Then the relation = on the morphisms
with codomain X is transitive and hence is an equivalence relation.

REMARK. A nontrivial special case is that the obvious equivalences xu = x
and x = xv imply the nonobvious equivalence xu = xv when u and v are
epimorphisms.

PROOF. Assuming that x = y and y = z, write xu = yv and yr = zs
for epimorphisms u, v, r,s. Since v and r have the same codomain, namely
domain(y), the pullback (v, 7) of (v, r) as in Proposition 4.39 is well defined,
and Proposition 4.40 shows that v and 7 are epimorphisms. Since rv' = vr, we
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obtain xu7 = yvF = yrv = zsv. The morphisms u7 and sV are epimorphisms
as compositions of epimorphisms, and therefore x = z. ]

Fix an object X. Then Ogx is a member of X called the zero member, denoted
by 0. Every zero morphism Oyy with codomain X is equivalent to Opx; in fact,
Oyx = 0ox0yo. The morphism Oy is an epimorphism because if f € Hom(0, Z)
has fOyo = Oyz, then f is the unique element Oy of Hom(0, Z). Conversely
any nonzero morphism » in Hom(Y, X) is inequivalent to Oy y . In fact, an equality
ru = Oyxv for epimorphisms u and v would imply that »r = Oyy, since we can
cancel in the equality ru = Oyxv = Oyxu.

Each x €,, X has a “negative,” namely the class of the negative of the repre-
sentative x of the member; i.e., taking the negative of a morphism is respected
in passing to classes. We write —x €, X for the negative. (Warning: As
the example with the category of abelian groups shows, one should use care in
inferring any relationship between “negatives” and zero members.)

If f is a morphism in Hom(X, Y), then each member x €, X yields by
composition a well-defined member fx €, Y. To see that this notion is indeed
well defined, suppose that x = x’, and choose epimorphisms u# and v with
xu = x'v. Then (fx)u = f(xu) = f(x'v) = (fx’)v shows that fx = fx'.

The main result is Theorem 4.42 below, which gives a calculus for diagram
chases using members in general abelian categories. After the proof we shall be
content with one example of how the theorem allows all the diagram chases in
earlier sections of this chapter to be extended to general abelian categories. The
example is the proof of the part of the Snake Lemma that involves an explicit
construction.'” More examples appear in Problems 34-35 at the end of the
chapter.

Theorem 4.42. The members of an abelian category satisfy the following
properties:
(a) a morphism f € Hom(X, Y) is a monomorphism if and only if every
x €, X with fx =0hasx =0,
(b) amorphism f € Hom(X, Y) is a monomorphism if and only if every pair
of members x €, X and x" €, X with fx = fx"hasx = x/,
(c) a morphism g € Hom(X, Y) is an epimorphism if and only if for each
y € Y, there exists some x €,, X with gx =y,
(d) a morphism 27 € Hom(X, Y) is the O morphism if and only if every
X €, Xhashx =0,
(e) asequence X —f> Y £ Zisexactat Y if and only if gf = 0 and also
each y €, Y with gy = 0 has some x €,, X with fx =y,

19For more detail about this example and for further examples, see Mac Lane’s Categories for
the Working Mathematician.
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(f) whenever x, y, z are members of an object X and x = yu + zv for some
epimorphisms u and v, then xu’ — yv’ = z for some epimorphisms u’
and v'.

REMARKS.

(1) The interpretations of (a) through (e) are straightforward enough and
already give an indication that the notion of a member may be of some help
in translating proofs for good categories into proofs for abelian categories. Ap-
plication of (d) to the difference f; — f, of two morphisms in Hom(X, Y) shows
that fix = fox for all x €,, X implies f; = f>.

(2) The interpretation of (f) is more subtle. As the example with the Snake
Lemma below will show, conclusion (f) makes it possible to mirror in the theory
of members the kind of subtraction that takes place with elements of a module to
get their difference to be in the kernel of some homomorphism.

PROOF. For (a) and (b), if f is a monomorphism and fx = fx', then fxu =
fx'v for suitable epimorphisms u and v, and cancellation yields xu = x'v and
hence x = x’. Conversely suppose fx = 0 only forx = 0. If f has fx' = 0ay
for some x’ in some Hom(A, X), then fx’ = 0 and so x’ = 0 by hypothesis. In
this case, x’ = 04 because we know that nonzero morphisms are not equivalent
to 0.

For (c), suppose that g is an epimorphism. If y €, Y is given, let y be
in Hom(X’, Y), and let (g, y) be the pullback of (g, y), satisfying yg = gy
Proposition 4.40 shows that g is an epimorphism, and then y = gx for x = y.
Conversely if g fails to be an epimorphism, then there exists » # 0 in some
Hom(Y, Z) withrg = Ox . If there is some x in some Hom(A, X) withgx = 1y,
we can compose with 7 on the left of both sides and obtainrgx = rly = r. Since
the left side equals 047, which is equivalent to Oy, we obtain Oyz =047z =,
which we know not to be true for nonzero members r of Hom(Y, Z).

For (d),if h = Oxy and if x is in Hom(Z, X), then hx = Oxyx = 0zy = Opy.
Conversely if every x in every Hom(Z, X) has hx = Ogpy, we take Z = X and
x = 1x. Then hu = hxu = Qpyv for some epimorphisms # € Hom(A, X) and
v € Hom(A, 0). This says that hu = 04y = Oxyu. Since u is an epimorphism,
h =0xy.

For (e), let f = me be the decomposition of f as in Proposition 4.38. Then
m = image f, and we define k = ker g. If the sequence is exact at Y, then
gf = 0 as part of the definition. Suppose y €,, Y has gy = 0,i.e.,gy = 0. Since
m = ker g by exactness, the equality gy = 0 and the definition of kernel together
imply that y = my’ for some y’. Using Proposition 4.39, let (e, y) have (¢, y")
as pullback, satisfying ¢y’ = y’¢. Since e by construction is an epimorphism,
Proposition 4.40 shows that ¢ is an epimorphism. From the computation 7y =
mey = my'e = ye,we obtain fy = y. Thenx =y hasx €, X and fx = y.
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Conversely suppose that gf = 0 and that the other condition holds. Since e
is an epimorphism, the equality gf = O implies that gm = 0. The definition of
k = ker g thus gives m = k¢ for some morphism ¢. Meanwhile, the morphism
k = kerg has k €, Y and gk = 0. Thus gk = 0. The hypothesis produces
x €, X with fx = k, i.e., with mexu = kv for suitable epimorphisms u and
v. Write ex = m’e’ according to Proposition 4.38. Then mm’e'u = kv, and the
uniqueness in Proposition 4.38 shows that k = mm’ for some isomorphism .
Putting the results together gives m = k¢ = mm’y ¢ and k = mm’yy = kom'r.
Since m and k are monomorphisms, 1 = m’y¢ and 1 = ¢m’y. These show that
¢ has a left inverse and a right inverse, hence is an isomorphism. Then m’ too is
an isomorphism, and k = m except for a factor of an isomorphism on the right
side. This means that we can take ker g = image f and that the given sequence
isexactat Y.

For (f),letx = yu + zv. Then xu; = (yu +zv)vy,and xu; — y(uvy) = zvv;.
Consequently xu; — y(uvy) = zvv; = z, and (f) follows with u’ = u; and
vV = uv;. O

Theorem 4.42 enables us to use members to verify properties of morphisms in
diagrams, but it does not by itself construct any morphisms. That is, just because
we know what the equivalence class of fx should be for every x €,, X does not
mean that we have a construction of f; it means only that we know how to work
with f once f is known to exist. Specifically we know from Remark 1 with
the theorem that there cannot be a different morphism g with fx = gx for all
X €, X. Some tools that we have for constructing morphisms for a general abelian
category are the existence of kernels and cokernels via Axiom (iv), Proposition
4.39 asserting the existence of pullbacks of pairs of morphisms, and the dual of
Proposition 4.39 asserting the existence of pushouts of pairs of morphisms. For
particular categories of interest, the hypotheses “enough projectives” and “enough
injectives” provide additional constructions of morphisms.

The most complicated example of a constructed mapping that we encountered
in the theory for good categories was the connecting homomorphism in the Snake
Lemma. In the generalization to abelian categories, the construction of the
connecting morphism has to go outside the usual diagram given in Figure 4.2.
Problem 33 at the end of the chapter will compare the actual construction and
Figure 4.2 for the chain map of exact sequences of abelian groups given below
and observe that the two diagrams are different:

0 7 x8 7 1~ 1mod8 Z/8Z 0

lxé‘ lxz 1mod8
—2mod4
0 7 x4 7 I+~ 1mod4 Z/4Z .0
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The domain of the connecting homomorphism for this situation is the set of even
members of Z/8Z, and the mapping carries 2 + 8Z to 1 4+ 4Z in Z/4AZ.

EXAMPLE OF DIAGRAM CHASE. In the setting of the Snake Lemma (Lemma
4.6), we shall construct the connecting morphism w and verify that its value on
each member of its domain corresponds to what we expect on the basis of Lemma
4.6. The given snake diagram, partially enlarged toward Figure 4.2, is

Co
J'k
At Y. 0
FoboL
0 Uy N Nl
|
Ay

with the rows exact and the squares commuting. The added parts at the top
and bottom are the kernel (Co, k) of y and the cokernel (A, p) of @. Once
the connecting homomorphism has been constructed, the proof of exactness will
involve a diagram chase that makes rather straightforward use of Theorem 4.42,
including conclusion (f). By contrast, the initial construction will involve a
different sort of diagram, namely

v
By -----> Cy
a [
@ Tk lk
o
0...-.>4 -2, p_"Y,C 0

S\
<
|

C ----->0
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In the construction we adjust the first row of (%) to make it exact when a
0 is included at the left end. To do so, we factor ¢ according to Proposition
438 as ¢ = me, we let A = domainm = codomaine, and we write @ for
m. The commutativity of the left square of (x) implies that ¢'a(kergp) =
Be(kerp) = 0. Since ¢’ is a monomorphism, a(kerp) = 0. Then the fact
e = coker(ker ¢) implies that o factors through e as « = @e for some o with
domain A. Consequently the left square in the adjusted diagram commutes, and
the first row is exact with the O inserted at the left. Since e is an epimorphism,
p = coker o = coker(ae) = cokera, and the vertical line at the left is exact.

By a dual argument starting from a factorization of ', we can replace the
triple (C’, ¥, y) in similar fashion by («, W, V), see that k = kery, and add
a 0 at the end of the second row to obtain an exact sequence.

Next, let (By, ¥/, k) be a pullback of (¥, k). Proposition 4.40 shows that
is an epimorphism and that ker y» = k ker y. Since the first row is a short exact
sequence, we know that ¢ = ker ¢, and the condition keryy = kkery shows
that ¢ = kery satisfies @ = k@. This completes the dashed arrows in the top
part of the diagram. By a dual argument using p = cokerao, we complete the
dashed arrows in the bottom part of the dlagram deducing from 1// = coker ¢’
the fact that 1/// = coker ¢ satisfies 1// w p.

Lemma 4.37 shows from ¢ ¢ = kerl// that 1// = coker @, and it shows from
w’ = coker ¢’ that ¢’ = ker w With these formulas in hand, we can construct
the connecting homomorphism. Define wy = p,Bk in Hom(By, B))) to be the
composition down the center. Then wy@ = pﬂk(p =g pax = 0, the last
equality holding because pa = 0. Therefore wy factors through w = coker(p as
wy = a)lw for some w; € Hom(Co, Bj). The morphism w; satisfies ¥’ a)lw =
w p,Bk )/kl/l = 0, the last equality holding because ¥k = 0. Since w is
an epimorphism, we can cancel it, obtaining ¥'w; = 0. Therefore w, factors
through ¢" = ker ¢ as w; = @'w for some morphism w € Hom(Cy, Ay).

The construction of w is now complete, and the assertion is that the value of @
on members corresponds to what we expect from the proof of Lemma 4.6. Since
equivalences wx = w'x for some other candidate ' for the connecting morphism
and for all x €,, Cy would imply that ® = «’, the argument will show that we
have found the unique morphism taking the prescribed values on members.

During the verification we refer to (x) to do the diagram chase. The member of
C corresponding to x €, Cy is kx €,, C. Since ¥ is an epimorphism, Theorem
442¢ produces b €,, B with b = kx. Then '8b = y b = ykx = 0, since
yk = 0. Theorem 4.42¢ and exactness at B’ imply that ¢’a’ = Bb for some
a’ € A, and the class of @’ is unique (for the b under consideration) by Theorem
4.42b because ¢’ is a monomorphism. We shall verify that wx = pa’, and then
the class of wx matches what we expect from the proof of Lemma 4.6.
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First let us show that a different choice of b, say b;, leads to the same class
pa’. We are given that /b = ¥b;. Let a’ and a] be the corresponding members
of A" with ¢'a’ = Bb and ¢’a| = Bb,. We shall make repeated use of Theorem
4 .42f, letting subscripted u’s and v’s denote suitable epimorphisms. From b =
¥by, Theorem 4.42f gives vbu, — ¥byvy = 0, ie., Y (bu; — bjv;) = 0. By
Theorem 4.42¢ and exactness at B, bu; — bjv| = ¢a for some a €,, A. Hence
Bbuy — Bbiv; = Bya = ¢'aa. Two applications of Theorem 4.42f starting from
Bbuy — Bbivy = ¢'aa give

¢'a’ = Bb = ¢'aaus + Bbivy,
and then ¢'a'us — ¢'aavs = by = ¢a;.
Since ¢’ is a monomorphism, Theorem 4.42b says that
a'us — aavs = aj.

Applying p, we obtain pa’uz — paavs = paj. Since pa = 0, we can drop the
term pavs, and we conclude that pa’ = pa’u; = pa’l.

We can now return to the verification that wx = pa’, making use of the adjusted
diagram as necessary.*’ Since w is an epimorphism, Theorem 4.42¢ produces
by €, By with wbo = x. Then kbo €, B has wkbo = kwbo = kx. Hence kbo
is a member of B like b and by in the previous paragraph The above argument
shows that ,Bkbo €, B’ has ,Bkbo = ¢'a’ for some a’ €,, A" and that pa’ €, A
is what we should hope for as the value of wx. So we compute that

7 ox = w1x = w1 by = woby = ﬁﬁ’kvbo =py'd = ¢ pa.

Since ¢’ is a monomorphism by the dual of Proposition 4.40, Theorem 4.42b
shows that wx = ¢’a’, which is the formula we were seeking.

9. Problems

1. (a) Prove that the good category of all finitely generated abelian groups has
enough projectives but not enough injectives.
(b) Prove that the good category of all torsion abelian groups has enough injec-
tives but not enough projectives.

2. LetCy be the category of all abelian groups. Give an example of a nonzero good
category C of abelian groups that has enough projectives and enough injectives
but for which no nonzero projective for Cz lies in C and no nonzero injective for
Clies in Cz.

20Warning: The construction of w involves By and B, which are in the adjusted diagram but
are not in (x). These objects do not necessarily coincide with the domain of ker 8 and the codomain
of coker 8.
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Let R be a semisimple ring in the sense of Chapter II, and let Cg be the category
of all unital left R modules. Prove that every module in Cg is projective and
injective.

Let R be a (commutative) principal ideal domain, and let C be the category of

all unital R modules. A module M in Cy is divisible if for each a # 0 in R and

Xx € M, there exists y € M withay = x.

(a) Referring to Example 2 of injectives in Section 4, prove that injective for Cg
implies divisible.

(b) Deduce from Proposition 4.15 that divisible implies injective for Cg.

Let R be a (commutative) principal ideal domain, and let Cg be the category of all
unital R modules. Prove that every module M in Cg has an injective resolution
of the form 0 — M — Iy — I} — 0 with I and I; injective.

LetC, C’, C” be good categories of modules with enough projectives and enough

injectives, let G : C — C’ be a one-sided exact functor with derived functors G,

or G",and let F : C’ — C” be an exact functor.

(a) Prove that if F is covariant, then F o G is one-sided exact, and its derived
functors satisfy (F 0 G), = F o G, or (F 0o G)" = F o G".

(b) Prove that if F is contravariant, then F o G is one-sided exact, and its derived
functors satisfy (F o G)" = F o G, or (F o G)" = F o G".

LetC, C’, C” be good categories of modules with enough projectives and enough
injectives, let F : C — C’ be an exact functor, and let G : C' — C” be a
one-sided exact functor with derived functors G,, or G”".

(a) Suppose that F is covariant, that G, or G" is defined from projective res-
olutions, and that F carries projectives to projectives. Prove that G o F is
one-sided exact and that its derived functors satisfy (G o F), = G, o F or
(GoF)'=G"oF.

(b) Suppose that F is covariant, that G, or G" is defined from injective res-
olutions, and that F carries injectives to injectives. Prove that G o F is
one-sided exact and that its derived functors satisfy (G o F),, = G, o F or
(GoF)'=G"oF.

(c) Suppose that F is contravariant, that G, or G" is defined from projective
resolutions, and that F* carries injectives to projectives. Prove that G o F is
one-sided exact and that its derived functors satisfy (G o F)" = G" o F or
(GoF),=G,oF.

(d) Suppose that F is contravariant, that G, or G" is defined from injective
resolutions, and that F' carries projectives to injectives. Prove that G o F is
one-sided exact and that its derived functors satisfy (G o F)" = G" o F or
(GoF),=G,oF.
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8. Let G be a group, and let F = (F™ — Z) be a free resolution of the trivial
Z.G module Z in the category ZG. If M is an abelian group on which G acts by
automorphisms, then we know that the cohomology H" (G, M) is defined to be
the n'M cohomology of the cochain complex Homgzg (F+, M) and the homology
H,(G, M) is defined to be the nth homology of the chain complex F* ®zc M.
Take for granted the result of Proposition 3.32 that if G is a finite cyclic group
with generator s, then

Ny e BN e NI T o N BN/ 0

isafreeresolution of ZG,where T and N are the left ZG module homomorphisms
defined by

T = multiplication by (s) — (1),
N = multiplication by (1) + (s) +--- + (s”’l).

Prove that H*(G, M) = H"t?(G, M) and H,(G, M) = H,.»(G, M) for all
n > 1 and all M when G is a finite cyclic group.

Problems 9-11 concern changes of rings. Fix a homomorphism p : R — S of rings
with identity. This homomorphism determines three functors of interest, denoted by
f§ :Cs — Cg, P,*g :Cr — Cg,and Ig : Cr — Cg. The first takes an S module M
and makes it into an R module ]-"§ (M) by the definition rm = p(r)m forr € R and
m € M; the effect on an § homomorphism is to leave the function unchanged and to
regard it as an R homomorphism; this functor is manifestly exact. For the second,
regard S as an (S, R) bimodule with right R action given by sr = sp(r), and define
P3(M) = S ®g M for M in Obj(Cg) and P§(¢p) = 15 ® ¢ for ¢ in Homg(M, N);
this functor is covariant and right exact. For the third, regard S as an (R, S) bimodule
with left R action given by rs = p(r)s, and define I,g(M) = Homg (S, M) for M in
Obj(Cgr) and Ig(go) = Hom(lg, ¢) for ¢ in Homg (M, N); this functor is covariant
and left exact.

9. IfCand D are good categories of modules andif ¥ : C - Dand G : D — Care
covariant additive functors such that there exist isomorphisms of abelian groups

Hom(F (A), B) = Hom(A, G(B))

natural for A in Obj(C) and for B in Obj(D), then F is said to be left adjoint to

G and G is said to be right adjoint to F'.

(a) Prove that if G carries onto maps in D to onto maps in C, then F' carries
projectives in C to projectives in D.

(b) Prove that if F carries one-one maps in C to one-one maps in D, then G
carries injectives in D to injectives in C. (Educational note: The conclusions
in this problem extend to any abelian categories C and D, and in this enlarged
setting, (b) follows from (a) by duality.)
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(b)
(©)
D
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Prove that P} is left adjoint to FX.

Deduce from the previous problem that Pg sends projectives in Cg to pro-
jectives in Cyg.

Prove that if the right R module S is projective, then Pj is exact. (Ed-
ucational note: In the subject of Lie algebra homology and cohomology,
this hypothesis is satisfied when S is the universal enveloping algebra of a
Lie algebra g over a field K, R is the universal enveloping algebra of a Lie
subalgebra h of g, and p : R — § is the inclusion. It is satisfied also in the
subject of homology and cohomology of groups if S is the group algebra KG
of a group G over a field K and if R is the group algebra KH of a subgroup
H . See Problem 13c below.)

Using Problem 7, prove that if the right R module S is projective, then
Exti(PSM, N) = Extk(M, FEN) naturally in each variable (M being in
Obj(Cg) and N being in Obj(Cs)).

Even without the assumption that the right R module S is projective, let
X = (XT — M) be a projective resolution of a module M in Cg, and let
Y=t —> PgM) be a projective resolution of PgM in Cg. Construct a
chain map from Pg X to Y extending the identity map on P,g M, and use it to
obtain the associated homomorphism Extlg(Pg M,N) — Ext];e (M, }"g N)
natural in each variable.

Prove that 7} is right adjoint to 7.

Deduce from Problem 9 that 73 sends injectives in Cg to injectives in Cs.
Prove that if the right R module S is projective, then / 1§ is exact.

Using Problem 7, prove that if the right R module S is projective, then
Exti(M, ISN) = Exth(FEM, N) naturally in each variable (M being in
Obj(Cs) and N being in Obj(Cg)).

Even without the assumption that the right R module S is projective, let
X = (Xt — N) be an injective resolution of a module N in Cg, and let
Y =" —> IgN) be an injective resolution of I,gN in Cg. Construct a
chain map from Y to / 1§ N extending the identity map on / ,‘g N, and use it
to obtain the associated homomorphism Ext’g(M A 1§ N) — Ext],‘e (.7-"§ M,N)
natural in each variable.

Problems 12-13 concern the effect on cohomology of groups of changing the group.
The main result is the exactness of the “inflation-restriction sequence”; this is applied
particularly in algebraic number theory to relate Brauer groups (see Chapter III) for
different field extensions. Let J and K be groups, and let p : J — K be a group
homomorphism. By the universal mapping property of group rings, p extends to
a ring homomorphism, also denoted by p, from ZJ into ZK. For any group G,
we make use of the standard free resolution F(G) = (F(G)" SN 7Z) of Z in the
category Cyzg, as described before Theorem 3.20. A Z basis of F,,(G) consists of all
tuples (go, -- ., &), and a ZG basis consists of those members of the Z basis with
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go = 1. In the context of the groups J and K, any ZK module M becomes a ZJ
module by the formula xm = p(x)m forx € ZJ and m € M. In particular, each free
ZK module F,(K) can be regarded as a ZJ module. Meanwhile, the homomorphism
p : J — K induces a function from the ZJ basis of F, (J) into F, (K) by the formula
oL, ji, .oty ju) = (4, p0(1), ..., p(ju)) for ji, ..., j, € J, and this extends to a
Z.J homomorphism, still called p, of F,,(J) into F,(K). A look at the formula for
the boundary operators d; and dx in Section III.5 shows that p is a chain map in
the sense that dx p = pd;. If M is any unital left ZK module, then it follows that
Hom(p, 1) : Hom(F (K), M) — Hom(F(J), M) is a cochain map. Consequently
we get maps on cohomology foreach n of the form H" (p) : H"(K, M) — H"(J, M).
There are two cases of special interest:

(1) If p : H — G is the inclusion of a subgroup into a group, then the mapping
on cohomology is called the restriction homomorphism

Res: H'(G,M) — H"(H, M).

(i) If H is a normal subgroup of G, let p : G — G/H be the quotient
homomorphism. For any ZG module M, let M be the subgroup of H
invariants. Then G/H acts on M*. The above construction is applicable
to the module M* for the group ring Z(G/H) of G/H, and we form the
mapping on cohomology H"(G/H, M) — H"(G, M*"). The inclusion of
the ZG module M* in M induces a mapping H"(G, M) — H"(G, M),
and the composition is called the inflation homomorphism

Inf: H*(G/H, M") - H"(G, M).

When H is a normal subgroup of G and M is a ZG module and ¢ > 1 is an integer
such that H*(H, M) =0 for 1 <k < q — 1, the inflation-restriction sequence is
the sequence of abelian groups and homomorphisms

0 — HY(G/H, M") 25 H9(G, M) 25 HY(H, M).
12. For g = 1, use direct arguments to prove the exactness of the inflation-restriction
sequence by carrying out the following steps:

(a) By sorting out the isomorphism &, : Homgzg(F,, M) — C9(G, M) of
Section II1.5, show that the effect of a homomorphism p : G — G’ on
C1(G', M) is given by (0™ f)(g1, .-, 8¢) = f(p(81), ..., P(8g))-

(b) Verify that Res o Inf = 0 by looking at cocycles.

(c) Show that Inf is one-one on H9(G/H, M*") by showing that any cocycle
f : G/H — M*" that is a coboundary when viewed as a function on G is
itself a coboundary for G/ H .

(d) Show that every member of ker(Res) lies in image(Inf) by showing that any
cocycle f : G — M whose restriction to H is a coboundary may be adjusted
to be 0 on H and that an examination of the equation f (st) = f(s) + sf(¢)
in this case shows f to be a cocycle of G/H with values in M%7
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13. Assume inductively that ¢ > 1, that HY(H, M) =0forl <k < q — 1, and that
the inflation-restriction sequence is exact for all N for degree ¢ — 1 whenever
HY(H,N)=0forl <k <g—1.Form B = IZZGfZZGM = Homyz(ZG, M) as
in Problems 9-11. Elements of B can be identified with functions ¢ on G with
values in M, and G acts by (go¢)(g) = ¢(ggo)-

(a)

(b)
(©)
(@

(e)

®

(€9)
(h)

®

For m € M, show that the function ¢, () = tm is a one-one ZG homomor-
phism of M into B. If N = B/M, then the sequence 0 - M — B —
N — 0 is therefore exact in Czg .

Use Problem 11 to verify that H*(G, B) = Ext’i(Z, fZZGM ), and deduce
that H*(G, B) =0 fork > 1.

Verify the equality of right ZH modules ZG = A ®z ZH for some free
abelian group A.

Using (c), show that fZZg B = Homy(ZH, Homy (A, M)), and deduce that
H*(H,B) =0fork > 1.

Using the hypothesis that H'(H, M) = 0 and a long exact sequence asso-
ciated to the short exact sequence in (a), show that 0 — M — Bf —
N — 0 is exact.

Prove that Z @y ZG = Z(G/H) as right ZG modules, where Z(G/H) is
the integral group ring of G/H.

Show that B = 1" M, and deduce that H*(G/H, B") = 0 fork > 1.
Using the long exact sequences for G and for H associated to the short exact
sequence of (a), as well as the long exact sequence for G/H associated to
the short exact sequence of (e), establish isomorphisms of abelian groups

HY(G/H,N")= HY(G/H, M),
HY™Y (G, N) = HI(G, M),
HY Y(H,N) = H1(H, M).
Set up the diagram

0 > H"Y(G/H,N") —— H9Y(G,N) —— H? '(H,N)

! ! !

0 —— HY(G/H,MY"Y —— HIY(G,M) —— HI(H, M)

show that it is commutative, and deduce from the foregoing that the
inflation-restriction sequence is exact for M in degree g. (Educational note:
For an application to Brauer groups, let F C K C L be fields, and assume
that K/F, L/F, and L/K are all finite Galois extensions. The groups in
questionare G = Gal(L/F),H = Gal(L/K),and G/H = Gal(K/F),and
the modules in question are M = L* and M = K*. The index g is to
be 2, and the vanishing of H' is by Hilbert’s Theorem 90. The conclusion
is that the sequence 0 — B(K/F) — B(L/F) — B(L/K) is exact.)
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Problems 14-16 introduce the cup product in the cohomology of groups. This is a
construction having applications to topology and algebraic number theory. Let G
be a group, and form the standard free resolution F = (F* -5 Z) of Z in the
category Cyzc, as described before Theorem 3.20. A Z basis of F), consists of all
tuples (go, - - ., &), and a ZG basis consists of those members of the Z basis with
go = 1. Let 0 denote the boundary operator, with the subscript dropped that indicates
the degree. Define ¢, , : Fpyy — F, @z F, by

gop,q(gOa ceey gp+q) = (gOa ceey gp) ® (gp’ ey gq)

14. Check that (¢ ® €) o @0 = € and that each ¢, ;, with p > 0and g > Ois a ZG
homomorphism satisfying

0pg0d =0 D o@,r14+ (11 ®3)owpy,+1.

15. If A and B are abelian groups on which G acts by automorphisms, show that G
acts by automorphisms on A ®yz B in such a way that g(a ® b) = ga ® gb for
alla € A,b € B, g € G. Thus whenever A and B are unital left ZG modules,
thensois A ®z B.

16. For any unital left ZG module M, we work with Homy (F,,, M) as the space of
n-cochains. (Here it is not necessary to unravel the isomorphism given in Section
II1.5 that relates Homgzg (F,,, M) to the space C"(G, M) of cochains defined in
Chapter VII of Basic Algebra.) Define the coboundary operator on the complex
Homgzg(FT, M) to be d = Hom(d, 1). For any unital left ZG modules A and
B, let f € Hom(F),, A) and ¢ € Hom(F,, B) be given. The product cochain
f - g is the member of Homz (Fp44, A ®z B) givenby f-g = (f ®g) o, 4.
(a) Checkthat f-g=(df)-g+ (—D?f-(dg).

(b) How does it follow that this product descends to a homomorphism of abelian
groups a ® b — a U b carrying the space H? (G, A) ®z HY(G, B) to
HPT(G, A ®z B)? The descended mapping is called the cup product.

(c) Explain why the cup product is functorial in each variable A and B.

(d) Explain why the cup product for p = 0 and ¢ = 0 may be identified with
the mapping on invariants given by A° ® B¢ — (A ®z B)°.

Problems 17-20 introduce flat R modules, R being aring with identity. These modules
are of interest in topology and algebraic geometry. Let R’ be the opposite ring of
R; right R modules may be identified with left R’ modules. Let Cg be the category
of all unital left R modules; tensor product over R can be regarded as a functor in
the second variable, carrying Cg to Cz, or as a functor in the first variable, carrying
Cgo to Cz. A unital right R module M (i.e., a unital left R’ module) is called flat if
M ®p () is an exact functor from Cg to Cz. Since this functor is anyway right exact,
M is flat if and only if tensoring with M carries one-one maps to one-one maps, i.e.,
if and only if whenever f : A — B isone-one,then 1, ® f : M ®r A > M ®r B
is one-one. Take as known the analog for the functor Tor of all the facts about Ext
proved in Section 7.
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17. Prove for unital right R modules that
(a) the right R module R is flat,
(b) adirect sum F = @, ¢ F; is flat if and only if each F; is flat,
(c) any projective in Cgo is flat.

18. Let M be a unital right R module. For each finite subset F' of M, let My be the
right R submodule of M generated by the members of F. Prove that M is flat if
and only if each M is flat.

19. Let B be in Cg, write B as the R homomorphic image of a free left R module F,
and form the exact sequence 0 - K — F — B — 0in which K is the kernel
of F — B. Prove for each unital right R module A that the sequence

O—>Torf(A,B)—>A®RK—>A®RF—>A®RB—>O

is exact. Deduce that A is flat if and only if Torf(A, B) = 0 for all B.

20. Suppose that R is a (commutative) principal ideal domain, so that in particular
R = R°. The torsion submodule 7' (M) of a module M in Cg consists of all
m € M with rm = 0 for some r # 0 in R.

(a) Suppose that M is of the form M = F & T (M), where F is a free R
module. Using the exact sequence 0 - F — M — T(M) — 0, prove
that Torf (M, B) = Tor{ (T (M), B) for all modules B in Ck.

(b) Deduce from (a) and Problem 18 that a module M in Cy is flat if and only if
T (M) is flat. (Note that M is not assumed to be of the form F & T (M).)

(c) By comparing the one-one inclusion (@) C R for a nonzero @ € R with the
induced map from (a) g M to R g M, prove that T (M) # 0 implies M
not flat.

(d) Deduce that a module M in Cy is flat if and only if M has O torsion, i.e., if
and only if M is torsion free. (Educational note: In combination with the
result of Problem 19, this condition explains the use of the notation “Tor”
for the first derived functor of tensor product.)

Problems 21-25 deal with double chain complexes of abelian groups. A double
chain complex is a system {E, ,} of abelian groups defined for all integers p and ¢
and having boundary homomorphisms 9, : E}, ; — Ej_14and 9 : Ep g — Ep 41
such thato) , o, =0,9 9, = O andd, 0, +0, 8/ = 0. This set
of problems W111 assume that E p.q = 0 if either p or q 1s sufﬁ01ent1y negatlve

21. Let{E, 4} beadouble complex of abelian groups with boundary homomorphisms
as above, let E,, = @pﬂ _n Epg,and define 9, : E, — E,_1 by 9, \EM =
d,4 1+ 0, ,- Show that the maps 9, make the system {£,} into a chain complex.
(Note: The indexing on the boundary maps has been changed by 1 from earlier in
the chapter in order to simplify the notation that occurs later in these problems.)
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22. Let C; be a good category of unital left R modules, and let C, be a good category
of unital left R° modules; the latter modules are to be regarded as unital right
R modules. Let C = {C}},>_o and D = {D,},>_ be chain complexes with
boundary maps &, : C;, — Cp_1inC, and B, : Dy — D,_1inC;. Itis assumed
that C, = 0 for p sufficiently negative and that D, = 0 for g sufficiently
negative. Define E, ;, = C, Qg Dy, 81;4 =, ®1,and 81’;(1 =(=D"(1Q By).
Prove that {E), ,} with these mappings is a double complex of abelian groups.
(Educational note: Therefore the previous problem creates a chain complex
{E,} with boundary maps 9, : E, — E,_; from this set of data. One writes
E = C ®g D for this chain complex and calls it the tensor product of the two
chain complexes.)

23. In the notation of the previous problem, suppose that C, = 0 if p < 0 and
D, =0ifg < 0. Let Z, = kera, and ?q = ker f,. Prove that if ¢ is in Z,,
and d is in Z,, then ¢ ® d is in the subgroup ker(d,, , + 9, ) of E, , and that as
a consequence, there is a canonical homomorphism of H?”(C) @ H?(D) into
HP*(C ®g D).

24. Suppose that a double complex E,, of abelian groups has E,; = 0if p < —1or
q < —lor p=gq = —1. Suppose further that E. ; is exact for each ¢ > 0 and
E, . is exact for each p > 0. Prove that the r" homology of E_y, as g varies
matches the 7 homology of E »,—1 as p varies. To do so, start from a cycle a
under 8" in E_j ; with k > 0. It is mapped to 0 by d’, hence has a preimage a’
under 3’ in Eg . The element 3”a’ in Eq —_; is mapped to O by 9, hence has a
preimage a” in Ej ;_;. Continue in this way, and arrive at a cycle in E o. Then
sort out the details.

25. With notation as in Problem 22, let A be in C,, and let B be in C;. Let C =
(Ct — A) be a projective resolution of A, and let D = (DT — B) be a
projective resolution of B. Form E = C ®z D as in Problem 22, and apply
Problem 24 to give a direct proof (without the machinery of Section 7) that one
gets the same result for Tor® (A, B) by using a projective resolution in the first
variable as by using a projective resolution in the second variable.

Problems 26-31 concern the Kiinneth Theorem for homology and the Universal
Coefficient Theorem for homology. Both these results have applications to topology.
It will be assumed throughout that R is a (commutative) principal ideal domain.

STATEMENT OF KUNNETH THEOREM. Let C and D be chain complexes
over the principal ideal domain R, and assume that all modules in negative
degrees are 0 and that C is flat. Then there is a natural short exact sequence

0> @ (Hy(C)®k Hy(D)) —> H,(C ® D)
ptq=n
Py @ TorR(H,(C). Hy(D)) — 0.
prg=n—1
Moreover, the exact sequence splits, but not naturally.
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The point of the theorem is to give circumstances under which the homology of
each of two chain complexes C and D determines the homology of the tensor product
E = C®g D, the tensor product complex being defined as in Problem 22. Problem 26
below shows that some further hypothesis is needed beyond the limitation on R. A
sufficient condition is that one of C and D, say C, be flat in the sense that all
the modules in it satisfy the condition of flatness defined in Problems 17-20. The
problems in the set carry out some of the steps in proving the Kiinneth Theorem, and
then they derive the Universal Coefficient Theorem for homology as a consequence.
To keep the ideas in focus, the problems will suppress certain isomorphisms, writing
them as equalities.

26. With R = Z,let C = D be the chain complex with Cy = Z/2Z and with C,, =0
for p # 0. Let C’ be the chain complex with C(j = Z, with C| = Z, and with
C, =0for p > 1 and for p < 0. Let the boundary map from Cj to C;, be
x 2. Compute the homology of C,C’, D,C ®z D, and C’' ®z D, and justify the
conclusion that the homology of each of two chain complexes does not determine
the homology of their tensor product.

27. Let 9’ be the boundary map for C. Show how to set up an exact sequence
0—z-5c-5B—0

of complexes in which each module in Z is the submodule of cycles of the
corresponding module in C, ¢ is the inclusion, B is the complex of boundaries,
and B’ is B with its indices shifted by 1. Why does it follow from the fact that
C is flat that Z, B, and B’ are flat?

28. Explain why

0— Z@x D25 Cr D 2 B @gD —0

is exact even though D is not assumed to be flat.

29. The long exact sequence in homology corresponding to the short exact sequence
in the previous problem has segments of the form

Wy, L1
Hy41(B' ®g D) —2> H,(Z ®g D) =25 H,(C ®x D)

9,®1 , Wn—1
e Hn(B ®r D) — Hn—l(Z ®r D)

Let 3" be the boundary map for D, and let Z, B, and B’ be the counterparts for

D of the complexes Z, B, and B’ for C. Show that

(a) the boundary map in B’ @ D may be regarded as 1 ® 3” because the
boundary map in B’ is 0.
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(b) ker(1® d”), = (B’ ® Z), and image(1 ® 3”),4+1 = (B’ @ B), because
B’ is flat.

(¢) H,(B'®g D) = (B ®g H(D)),_1 because B’ is flat. (This isomorphism
will be treated as an equality below.)

(d) similarly H,(Z®g D) = (Z®r H(D)),. (This isomorphism will be treated
as an equality below.)

Form an exact sequence
0—B—>Z—HC)—0

of complexes, form the low-degree part of the long exact sequence corresponding
to applying the functor (-) ®g H (D), namely

0 — Torf (H(C), H(D)), — (B ®& H(D)),
— (Z ®g H(D)), — (H(C) ®& H(D)), — 0,

and rewrite it by (c) and (d) of Problem 29 as

0 — Tork(H(C), H(D))y 2> H, ;1 (B @ D)

“3 H,(Z @k D) = (H(C) & H(D), — 0.

(a) Why is the term Torf (Z, H(D)) in the long exact sequence equal to 0?
(b) In the 5-term exact sequence of Problem 29, rewrite the part of the sequence
centered at the map 9, ® 1 in such a way that two exact sequences

2@l H.(C ®r D) —— coker(t, ® 1) —> 0

and
0 — kerw,_ | —— H,(B'®z D) ~>='s H, |(Z ®z D)

result. Why can the group ker w,_; and the homomorphism i be taken to be
Torf (H(C), H(D)),—1 and B, ,?

(¢) Why in (b) can coker(t, ® 1) and g be taken to be Torf(H(C), H(D)),—1
and some one-one homomorphism S, such that ,8:1_1 Brn—1 =10, ®1?

(d) Arguing similarly with the map ¢, ® 1 in Problem 29, obtain a factorization
i ®1 =oya, inwhicha), : (Z®g H(D)), - (H(C) ®g H(D)), is onto
and o, : (H(C) ®g H(D)), - H,(C ®g D) is one-one.
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(e) The maps «, and B,—; having now been defined in the sequence in the
statement of the Kiinneth Theorem, prove that the sequence is exact.
(Universal Coefficient Theorem) By specializing D in the statement of the

Kiinneth Formula to a chain complex that is a module M in dimension 0 and is 0
in all other dimensions, obtain the natural short exact sequence

0 — H,(C)®r M —> H,(C ®g M) —> Tor{(H,_1(C), M) — 0,
valid whenever R is a principal ideal domain and C is a chain complex whose

modules are all O in dimension < 0. (Educational note: The exact sequence
splits, but not naturally.)

Problems 32-35 concern abelian categories.

32.

33.

34.

35.

Let C be an abelian category. Let D be the category for which Obj(D) consists of
all chain complexes of objects and morphisms in C and for which Morph(X, Y)
for any two objects X and Y in D consists of all chain maps from X to Y. Prove
that D is an abelian category.

Consider the snake diagram in the category of all abelian groups consisting of the
four rightmost groups in the first row and the four leftmost groups in the second
row of the following commutative diagram:

0 7, x8 7, I+ 1mod8 Z/SZ 0
1mod8
,LX4 lxz —2mod4
0 7, x4 7, I~ 1mod4 Z/4Z 0

Adjoin the 0’s to make the diagram become what is displayed. Following the
steps in the example of a diagram chase in Section 8, extend this diagram to the
auxiliary diagram that appears in that discussion, and show that (By, k) for the
extended diagram is not a kernel of 8.

For a general abelian category C and any M in Obj(C), verify that Hom( -, M)
is a left exact contravariant functor from C to Cz and Hom(M, -) is a left exact
covariant functor from C to Cy,.

Proposition 4.19 shows for any good category C of unital left R modules that a
module P in C is projective for C if and only if Hom(P, -) is an exact functor,
if and only if every short exact sequence 0 - X — Y — P — 0 splits.
Rewrite this proof in such a way that it applies to arbitrary abelian categories
C. For the step in the argument that the splitting of every short exact sequence
0 - X - Y — P — 0implies that P is projective, use the notion of pullback
that is developed in Section 8.



CHAPTER V

Three Theorems in Algebraic Number Theory

Abstract. This chapter establishes some essential foundational results in the subject of algebraic
number theory beyond what was already in Basic Algebra.

Section 1 puts matters in perspective by examining what was proved in Chapter I for quadratic
number fields and picking out questions that need to be addressed before one can hope to develop a
comparable theory for number fields of degree greater than 2.

Sections 2—4 concern the field discriminant of a number field. Section 2 contains the definition of
discriminant, as well as some formulas and examples. The main result of Section 3 is the Dedekind
Discriminant Theorem. This concerns how prime ideals (p) in Z split when extended to the ideal
(p)R in the ring of integers R of a number field. The theorem says that ramification, i.e, the
occurrence of some prime ideal factor in R to a power greater than 1, occurs if and only if p divides
the field discriminant. The theorem is proved only in a very useful special case, the general case
being deferred to Chapter VI. The useful special case is obtained as a consequence of Kummer’s
criterion, which relates the factorization modulo p of irreducible monic polynomials in Z[X] to the
question of the splitting of the ideal (p) R. Section 4 gives a number of examples of the theory for
number fields of degree 3.

Section 5 establishes the Dirichlet Unit Theorem, which describes the group of units in the ring
of algebraic integers in a number field. The torsion subgroup is the subgroup of roots of unity, and
it is finite. The quotient of the group of units by the torsion subgroup is a free abelian group of a
certain finite rank. The proof is an application of the Minkowski Lattice-Point Theorem.

Section 6 concerns class numbers of algebraic number fields. Two nonzero ideals / and J in the
ring of algebraic integers of a number field are equivalent if there are nonzero principal ideals (a)
and (b) with (a)I = (b)J. Itisrelatively easy to prove that the set of equivalence classes has a group
structure and that the order of this group, which is called the class number, is finite. The class number
is 1 if and only if the ring is a principal ideal domain. One wants to be able to compute class numbers,
and this easy proof of finiteness of class numbers is not helpful toward this end. Instead, one applies
the Minkowski Lattice-Point Theorem a second time, obtaining a second proof of finiteness, one that
has a sharp estimate for a finite set of ideals that need to be tested for equivalence. Some examples
are provided. A by-product of the sharp estimate is Minkowski’s theorem that the field discriminant
of any number field other than Q is greater than 1. In combination with the Dedekind Discriminant
Theorem, this result shows that there always exist ramified primes over Q.

1. Setting

It is worth stepping back from the results of Chapter I to put matters into perspec-
tive. Chapter I studied three problems, all of which could be stated in terms of

262



1. Setting 263

elementary number theory. These were the questions of solvability of quadratic
congruences, of representability of integers or rational numbers by primitive
binary quadratic forms, and of the infinitude of primes in arithmetic progressions.

We had started from the more general problem of studying Diophantine equa-
tions, beginning with the observation that solvability in integers implies solvabil-
ity modulo each prime.! Linear congruences being no problem, we began with
quadratic congruences and were led to quadratic reciprocity. Then we sought
to apply quadratic reciprocity to address representability of integers or rational
numbers by binary quadratic forms. The reasons for studying the infinitude of
primes in arithmetic progressions were more subtle; what we saw was that at
various stages in dealing with binary quadratic forms, this question of infinitude
kept arising, along with techniques that might be helpful in addressing it.

Work on at least the first two of the problems was helped to some extent by the
use of algebraic integers, and we shall see momentarily that algebraic integers
illuminate work on the third problem as well. In any event, it is apparent where
to look for a natural generalization. We are to study higher-degree congruences,
perhaps in more than one variable, and we are to use algebraic extensions of the
rationals of degree greater than 2 to help in the study.

The situation studied in Section IX.17 of Basic Algebra will be general enough
for now. Thus let F'(X) be amonic irreducible polynomial in Z[ X]. Section IX.17
began to look at the question of how F(X) reduces modulo each prime p. We
begin by reviewing the case of degree 2, the main results in this case having been
obtained in Chapter I in the present volume. For the polynomial F(X) = X% —m
with m € Z, the assumed irreducibility means that m is not the square of an
integer. For fixed m and most primes p, either F'(X) remains irreducible modulo
p or F(X) splits as the product of two distinct linear factors. The exceptional
primes have the property that F(X) modulo p is the square of a linear factor;
these are the prime divisors of m and sometimes the prime 2. In short, they occur
among the prime divisors of the discriminant 4m of F(X). In terms of quadratic
residues, the irreducibility of F(X) modulo p means that m is not a quadratic
residue modulo p, and the splitting into two distinct linear factors means that it
is. The odd primes for which F'(X) modulo p is the square of a linear factor are
the odd primes that divide m. Modulo 2, every integer is a square, and reduction
modulo 2 was not helpful.

The number theory of quadratic number fields sheds additional light on this
factorization. The relevant field is of course Q(+/m ); this is a nontrivial extension
of QQ, since m is not square. In working with this field in Chapter I, we imposed
the additional condition that m be square free. Promising a general definition for

I'Solvability modulo each prime power is also of interest but played a role in Chapter I only for
powers of 2.
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later, we defined the field discriminant of Q(+/m ) in that chapter to be

D_{4m if m =2 mod 4 orm = 3 mod 4,

m if m = 1 mod 4.

Problems 20-24 in Chapter I implicitly related the splitting of F(X) modulo p
to the factorization of ideals. Let R be the ring of algebraic integers in Q(y/m ).
If p is an odd prime, those problems observed that (p) R is a prime ideal in R if
D is a nonsquare modulo p, is the product of two distinct prime ideals if D is a
square modulo p but is not divisible by p, and is the square of a prime ideal if D
is divisible by p. The factorization of (2) R was more subtle and was addressed
in Problem 21.

In any event, the pattern of reducibility modulo p of X?> — m, at least when
the prime p is odd, mirrors the pattern of factorization of the ideal generated
by p in the ring of algebraic integers in the number field Q(y/m ). The role
of quadratic reciprocity was to explain this pattern. Problem 1 at the end of
Chapter I showed that one qualitative consequence of quadratic reciprocity is that
the odd primes p for which X? — m remains irreducible are the ones in certain
arithmetic progressions, and similarly for the odd primes not dividing p for which
a factorization into two linear factors occurs.

One objective of a generalization is to produce a corresponding theory for an
arbitrary monic irreducible polynomial F (X) in Z[X], say of degree n. Let K be
the extension of (Q generated by a root of F'(X), and let R be the ring of algebraic
integers in K. Theorem 9.60 of Basic Algebra shows for each prime number p
that the decomposition of the ideal (p) R in R as a product of powers of distinct
prime ideals takes the form (p)R = []f_, P with f; = [R/P; : Z/(p)] and
Y% e f; = n. Meanwhile, F(X) factors modulo p as a product of powers of
irreducible polynomials modulo p. Sections 2-3 will describe a theory begun
by Kummer and Dedekind for how the factorization of the ideal (p)R and the
factorization of the polynomial F (X) modulo p are related. One introduces a field
discriminant for K that is closely related to the discriminant of the polynomial
F(X), and a key result, the Dedekind Discriminant Theorem, says that some e;
is > 1 if and only if p divides the field discriminant. The primes p for which
some ¢; is greater than 1 are said to ramify in the extension field K. These primes
are not as well behaved as the others, and one’s first inclination might be to try
to ignore them. However, Problems 25-40 at the end of Chapter I show that the
ramified primes encode a great deal of information; in particular, they explain the
theory of genera and the relationship between exact representability of rational
numbers and representability of integers modulo the field discriminant.

Generalizations of quadratic reciprocity lie much deeper and are central results
of the subject of class field theory, a subject that is beyond the scope of the present
book. Suffice it to say that class field theory in its established form seeks to
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parametrize all finite Galois extensions of any number field having abelian Galois
group; the parametrization is to refer only to data within the given number field.
The reciprocity theorem in this setting goes under the name “Artin reciprocity,’
which includes quadratic reciprocity as a very special case. Class field theory
for nonabelian finite Galois extensions is at present largely conjectural, and the
conjectural reciprocity statement goes under the name “Langlands reciprocity.”

Beginning in Section 1.6, we translated some of the theory of binary quadratic
forms into facts about quadratic number fields. One tool we needed was a de-
scription of the units in the ring of algebraic integers within the quadratic number
field. It is to be expected that a similar description for an arbitrary number field
will play a foundational role in number theory beyond the quadratic case. The
description in question is captured in the Dirichlet Unit Theorem, which appears
as Theorem 5.13 in Section 5.

The translation of the notion of proper equivalence class of binary quadratic
forms into the language of quadratic field extensions led to a notion of strict
equivalence of ideals, as well as a notion of ordinary equivalence. Because there
are only finitely many proper equivalence classes of forms, there could be only
finitely many strict equivalence classes of ideals, and this set of classes of ideals
acquired the structure of a finite abelian group. Dirichlet studied the order of this
group, which figures into formulas for the value of certain Dirichlet L functions
L(s, x) at s = 1. The ideal class group for ordinary equivalence is a quotient of
this group by a subgroup of order at most 2.

Although we shall not be concerned with representability of integers by forms
of degree greater than 2, the ideal class group and its order (the “class number”
of the field) are of interest for general number fields when defined in terms of
ordinary equivalence, not strict equivalence. Section 6 is devoted to proving that
the class number is finite for any number field and to developing some tools
for computing class numbers. Class number 1 is equivalent to having the ring
of algebraic integers in question be a principal ideal domain. Apart from the
appearance of class numbers in various limit formulas, here is one other indicator
of the importance of the ideal class group: It is possible to extend the above theory
of ramification in such a way that it applies to any extension K /T of number fields,
not just to finite extensions of Q. Hilbert proved that for any IF, there is a finite
Galois extension K/F with abelian Galois group that is small enough for the
extension to be unramified at every prime ideal of F and that is large enough for
any unramified abelian extension of I to lie in K. Artin reciprocity can be used
to show that Gal(IK/F) is isomorphic to the ideal class group? of IF and thus gives
some control over the nature of K. In particular, K = T if and only if every
ideal in the ring of integers of I is principal. When I is quadratic over Q, the

2The field K is called the Hilbert class field of F. The name “class field” is meant to be a
reminder of this isomorphism.
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field K can be used to give more definitive results than in Chapter I concerning
representability of integers by binary quadratic forms.

2. Discriminant

Let us recall some material about Dedekind domains from Chapters VIII and IX
of Basic Algebra. A Dedekind domain is a Noetherian integral domain that is
integrally closed and has the property that every nonzero prime ideal is maximal.
Any principal ideal domain is an example. Any Dedekind domain has unique
factorization for its ideals. Theorem 8.54 of the book gave a construction for
extending certain Dedekind domains to larger Dedekind domains: if D is a
Dedekind domain with field of fractions IF and if K is a finite separable extension
of IF, then the integral closure of D in K is a Dedekind domain R. The hard
step in the proof, which was not carried out until Section IX.15, was to deduce
from the separability that R is finitely generated over D. The role of separability
was to force the bilinear form (a, b) — Trg r(ab) to be nondegenerate, and this
nondegeneracy in turn implied the desired result about finite generation.

In this section we introduce a tool that captures this last implication in quan-
titative fashion—that nondegeneracy of the trace form implies that the extended
domain is finitely generated over the given domain. In a full-fledged treatment of
algebraic number theory, one might well want to work in this full generality,’ but
we need less for our purposes: Throughout this section we assume that the given
Dedekind domain is the ring Z of integers, that K is a number field, and that R is
the integral closure of Z in K, i.e., R is the ring of algebraic integers within K.
Let n = [K : Q] be the degree of the field extension. Since C is algebraically
closed, we can regard K as a subfield of C.

The separability of K/Q in combination with the fact that C is algebraically
closed implies that there exist exactly n distinct field maps o1, ..., 0, of K into
C; one of them is the identity. Recall how o1, ..., 0, can be constructed: if & is a
primitive element for K/Q, if F(X) is the minimal polynomial of £ over Q, and
ifé& =£, &, ..., &, are the n distinct roots of F/(X) in C, then o; can be defined
by 0;(Y0sy cit’) = Y1y ciE 7 on any Q linear combination of powers of & . For
any 11 = Z?:_ol c;&" in K, primitive or not, the n elements o; () of C are called
the conjugates of 7 relative to K. They are the roots of the field polynomial of n
over K, and each occurs with multiplicity [K : Q(1)].*

3For example this full level of generality would be appropriate if one planned ultimately to study
class field theory.

“The field polynomial of an element of K is the characteristic polynomial of left multiplication
on K by the element. This notion is discussed in Section IX.15 of Basic Algebra.
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Let ' = (vy,...,v,) be an ordered basis of K over Q. The symmetric
bilinear form (u, v) + Trg @ (uv) determines an n-by-n symmetric matrix B;; =
Trig(viv;), and we can recover the form from the matrix B by the formula
Trx/q(uv) = a'Bbifa = () and b = () are the column vectors of u and v in
the ordered basis I',i.e.,ifu = }/_, a;v;andv = } 7_, b;v;. From Section V1.1
of Basic Algebra, we know that the bilinear form determines a canonical Q linear
map L from K to its vector space dual by the formula L (1) (v) = Trk/q(«v) and
that the nondegeneracy of the form® implies that this linear map is one-one onto.
Moreover, the matrix of L with respect to I' and the dual basis of I is B. Thus
the nondegeneracy implies that the matrix B is nonsingular. The discriminant
D(T") of the ordered basis I' is given by

DT') =detB, where B is the matrix of (u, v) = Tr; g (uv) in the basis T'.

Because of the nonsingularity of B, this is a nonzero member of Q.
Proposition 6.1 of Basic Algebra shows the effect on the matrix B of changing
the basis. Specifically let A = (wy, ..., w,) be a second ordered basis, and let C

be the matrix of the form in this basis, namely C;; = Trg,g(w;w;). Let the two
I

A ) . Then the proposition

bases be related by w; = Z?:] a;jjvi,ie.let[a;;] = (

c= () (L)

Taking determinants and using the fact that a matrix and its transpose have the
same determinant, we obtain

gives

D(A) = D(T) (det(FIA»z .

One consequence of this formula is that the sign of D(I") is independent of I".
Another is that the value of D(I") does not depend on the ordering of the n
members of I'; it depends only on I as an unordered set.

Now suppose that the members of the ordered basis I" are in the subring R
of algebraic integers within K. Bases of K over Q consisting of members of R
always exist, since we can always multiply the members of a basis of K over Q by
asuitable integer to get them to be in R. In this case the entries B;; = Trg g (v; v;)
of the matrix of the bilinear form are in Z, and D (I") is therefore a nonzero member
of Z.

The field discriminant, or absolute discriminant, of K, denoted by Dx, is
the value of D(I") that minimizes | D(I")| for all bases of K consisting of members

5The nondegeneracy of the trace form for a number field is a transparent result, not requiring
anything deep from Section IX.15 of Basic Algebra, since any u # 0 in K has Trg g (uu™h =
Trg,g(1) =n #0.
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of R. This is a nonzero integer. The sign of Dk is well defined, since all values
of D(T") have the same sign.

Fix an ordered basis I' = (vy, ..., v,) of K, and consider the abelian group
consisting of the Z span Z(I') of the members of I". This is evidently a free
abelian group of rank n. If an ordered basis A = (wy, ..., w,) has the property

that Z(A) C Z(I"), then the theory in Section IV.9 of Basic Algebra that leads
to the Fundamental Theorem of Finitely Generated Abelian Groups shows that if

we write formally
wq V1
wy Up

then there exist n-by-n integer matrices M and M, of determinant 1 such that
D = M;CM, is diagonal, and moreover the order of Z(I")/Z(A) is |det D| =
1

1

| det C|. Examining the definition of C, we see that C = (F A

we obtain

) . Consequently

Z0)/Z)| = [ det (1) ],

a formula we shall use repeatedly in this chapter without specific reference.

Proposition 5.1. If T" is a basis of K over Q whose members all lie in R,
then |R/Z(F)|2 = D(T")/Dk. In particular, I' is a Z basis of R if and only if
D) = Dg.

REMARKS. We already know from Basic Algebra that R is a free abelian
group of rank n. The second conclusion of this proposition, in combination with
the transparent observation that the trace form is nonsingular for a number field,
gives amore direct proof of this fact. Introductory treatments of algebraic number
theory sometimes give this more direct proof, whose details are spelled out in the
second paragraph below.

PROOF. Let A and 2 be two bases of K over Q whose members all lie in R,
and suppose that Z(A) € Z(£2). Then the above discussion shows that

7 \\2
D) = D@ (det (4, )
and that )
2 1
z@/z) = (det (4, ) -
Since D(A) and D(€2) are nonzero and have the same sign, we obtain

D(A)/D(Q) = |Z(Q)/Z(A) |, (%)

6 As was observed above, any D(A) is the product of D(I") and the square of a rational number.
Hence D(A) and D(T") have the same sign.
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To prove the proposition, we prove the “if” part of the second conclusion
first—without using the known fact that R is free abelian. Choose A such that
D(A) = Dxk and such that A has all its members in R. Arguing by contradiction,
suppose that A fails to be a Z basis of R. Let r be an element of R not in Z(A).
Then the Z span of Z(A) U {r} is a finitely generated additive subgroup of K and
must be free abelian of rank > n. Being a subgroup of the additive group of K,
it cannot have rank greater than n and hence has rank exactly n. Let €2 be an
ordered Z basis of this subgroup. Since Z(A) ;Cé 7Z(K2), the right side of (x) is
> 1, and thus Dg > D(£2). But this is a contradiction because the members of
Q lie in R, and hence A is a Z basis of R. In particular, a Z basis of R exists.

To prove the rest of the proposition, take €2 in (x) to be a Z basis of R,
and let A = T be any given basis of K over QQ that lies in R. Then (x) gives
|R/Z(")|?> = D(I")/D(R). Since |R/Z(T")| cannot be less than 1, |D(I")| cannot
be less than |D(2)|. Thus Dg = D(R), and |R/Z(I")|> = D(I')/Dg. This
proves the first conclusion of the proposition, and the “only if” part of the second
conclusion is immediate. |

EXAMPLE. Field discriminant of a quadratic number field. Let K = Q(/m ),
where m is a square-free integer other than 1. From Section 1.6 a Z ordered basis
I of R is given by

_{{l,ﬂ} if m =2 or 3 mod 4,
L i/m =1} ifm=1mod 4.

Proposition 5.1 allows us to compute Dk from this information. The matrix whose

. . . . 20 2 -1 .
determinant is D in the two cases is ( 0 m ) and ( 1 L) > , respectively, and

thus
4dm if m = 2 or 3 mod 4,

Dk = :
{m if m = 1 mod 4.

This is the formula that we took as a definition of field discriminant in Section
16.

For a general number field K of degree n over @, there is no easy way to obtain
a Z basis of R. Instead, one tries to compute D and find such a basis at the same
time by successive refinements.

The first step is to use the special kind of QQ basis of K whose existence is
guaranteed by the Theorem of the Primitive Element. Specifically one can write
K = Q(&) for some £ in K, since K/Q is a separable extension. Possibly after
multiplying £ by a suitably large integer, we may assume that £ is in R. Then
) = {1, &2 ...,6" 1} is a Q basis of K lying in R. We normally write
D (&) instead of D(I"(&)) for the discriminant of I"(§). Write & = o;(£) for the
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i™ conjugate of . Let B = [ B;;] be the matrix whose determinant is D(£). Since
the trace of an element is the sum of its conjugates, B;; is given by

Bij = Trg & ~16/71) = kz or(E1EIT = kZ g1 kjf],
=1 =1

and this is of the form 3°}_, VitV where Vi = £/7! is an entry of a Vander-
monde matrix. Therefore
2
D) =detB = (detV)> = (] (¢ — &))" = [ & — &)
i<j i<j

which coincides with the discriminant of the field polynomial of & over Q.

EXAMPLES OF D(&).

() K = Q(&), where £> — £ — 1 = 0. This field was studied in Example 1 of
Section IX.17 of Basic Algebra. The discriminant of the polynomial X°> — X — 1
is 2869 = 19 - 151, and thus D(§) = 2869. Proposition 5.1 shows that D(§) =
Dyk? for some nonzero integer k. Since 2869 is square free, we conclude that
Dk = 2869.

(2) K = Q(~/2). The minimal polynomial of £ = Y2 is X3 — 2, and its roots
are &, £w, and £w?, where w = ¢>™/3>. Then

DE) = (£ —0)’ (¢ — ) (o —£0") =£°(1 — 0)’(1 — ")’ (0 — ),

and this simplifies to D (&) = —2233. This quantity is the product of Dy by the
square of an integer. Thus Dk is one of —3, —12, —27, and —108.

What happens with Example 2 is typical: a second step is needed to decide
among finitely many possibilities for Dk. In the general case an induction is
involved, and Proposition 5.2 below says what is to be done at each step. At the
end of this section, we shall return to Example 2 and use the proposition to see
that Dg = —108 is the correct choice.

Before stating Proposition 5.2, let us interpolate a generalization of the compu-
tation of D (&) that preceded the above examples. Suppose thatI" = («y, ..., ay)
is any ordered Q basis of K lying in R. Let B = [B;;] be the matrix whose
determinant is the discriminant of I". Then we have

n n n
Bij = Trgo(aiaj) = Y op(aiej) = Y or(ai)or(ej) = Y Ai(ANyj,
k=1 k=1 k=1

where A = [A;;] is the matrix with A;; = o0;(«;), and it follows that
2
D(') = (det[o;(e)])".

This formula can be useful for computing D(I") when the conjugates of the «;
are readily available.
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Proposition 5.2. Let I" = (vy, ..., v,) be an ordered Q basis of K lying in
R. If the Z span Z(I") of I" is a proper subgroup of R, then there exists a prime
number p such that p? divides D(I") and such that some member

UIL = p_l(clv] +covp+ - o1V + V)

of Kliesin Rwithl <k <nand0 <¢; < p—1forj < k— 1. If such
an element v; is found, then A = (vi, ..., Vg—1, U}, Vk41, - .., Uy) has Z(A)
properly containing Z(I") with D(A) = p~2D(T").

REMARKS. A finite computation is involved in finding p and k. On the one
hand, for given p,atmost 1 + p+ p*>+- - -+ p"~! elements have to be checked for
integrality. On the other hand, we in principle have to find the field polynomial
of a certain element of K in each case and decide whether the coefficients are
integers, and this computation may be lengthy. See Problem 2 at the end of the
chapter for an easy example, Problem 16 for a harder example, and Problem 4b
for a related computation.

PROOF. Let Z(I") be a proper subgroup of R, and putm = |R/Z(I")|. Choose
a Z basis (wq, ..., w,) of R, and write v; = Z?:l cijw; with all ¢;; € Z. We
know that | det[c;;]| = m, and we let p be any prime divisor of m. Reducing the
¢;j modulo p, we see that the matrix [c;;] is singular modulo p, and thus there

exist integers ay, . . ., a, not all divisible by p such that

n
> aic;j =0mod p forl <j <n.
i=1

Find k with 1 < k < n for which p divides all of a1, ..., a, but not a;, and
write ) ;_, a;c;j = pl; for integers /;. Then

n

a;icijw Z (pli— X aicij)wj,

i=k+1

||M»

and the integer in parentheses on the right side is a multiple of p. Therefore
r = Zf:l a;v; is exhibited as ps for some s € R. Choose a’ and d; in Z with
a’ay — dyp = 1, and choose ¢; and d; in Z for each i with i < k — 1 such that
0<c¢ <p-—1landda; — pd; = ¢;. Then the computation
k k—1 k—1 k
pa's=ar=Y dav; =) (ci+pd)vi+(1+pd)ve =Y civit+ve+p Y. div;
i=1 i=1 i=1 i=1

shows that p‘l(Zf;ll civi +v) =d's — Zle div; lies in R. O
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Proposition 5.1 shows that any primitive element £ of K that lies in R has
the property that D(£)/Dx is the square of a nonzero integer, and we write this
quotient as J (£)? with J(£) > 0. One might hope that although some particular
choice of & fails to have J(§) = 1, some other choice may be found for which
equality holds. We shall see in Section 4 that for a class of integers m, Q(3/m)
has such an element £ if and only if a certain nontrivial Diophantine equation in
two variables has a solution. Both cases arise: for m = 2, such a & exists, while
for m = 175, no such & exists.

But matters can be worse than this for a general K. The quotient J(£)?> =
D(&)/Dx for a primitive element £ of K lying in R is sometimes called the
index of £. One might hope at least that each prime not dividing Dx fails to
divide the index J (£)? for some &. However, Dedekind showed that there exist
number fields K and primes p that are common index divisors’ in the sense that
p divides J (&) for every primitive element & of K lying in R. Specifically he
showed that p = 2 is such a prime when K is obtained by adjoining to Q a root
of X3 4+ X% — 2X + 8; here Dx = —503. We shall study this example further in
Section 4.

Let us now specialize our considerations from general additive subgroups of
the form Z(I") to those that are ideals in R.

Proposition 5.3. If / is a nonzero ideal in R, then

(a) I contains a positive k in Z and
(b) I additively is of the form I = Z(I") for some Q basis I' of K whose
members lie in R.

Consequently R/1 is a finite ring and satisfies |[R/I|?> = D(I')/ Dx.

PROOF. Letr be anonzero member of /,and let P (X) be the field polynomial of
r. Then P(X)isofthe form P(X) = X" +a,_ X" '+- - +a; X+(—=1)"Ng,q(r),
has integers for coefficients, and has r as one of its roots. Consequently the
formula
D" Nigjo(r) =" a2 - an)

shows that the nonzero integer Ny g (r) is the product of » by a member of R and
hence lies in /. This proves (a) with k = [Ny, ().

The ideal I additively is a subgroup of R and is thus free abelian of rank at
most n. By (a), the integer k = | N ,q(r)| has the property that kR € I C R.
Since R/ kR has k" elements, R/ is finite. Therefore I has rank » as an additive
group and must be of the asserted form Z(I"). This proves (b). The formula
|R/I|?> = D(I')/Dx is immediate from Proposition 5.1. 0

"Terminology varies for this notion. Such primes p are more usually called common inessential
discriminant divisors or essential discriminant divisors. The very fact that these two more usual
names appear to contradict each other is sufficient reason to avoid using either name.
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The absolute norm N (/) of a nonzero ideal I of R is defined to be N(/) =
|R/I|. This is necessarily a positive integer by Proposition 5.3. To be able to
work with this notion, we shall make use of the unique factorization of ideals of
R as given in Theorem 8.55 of Basic Algebra. That theorem says that such an
ideal I has a factorization of the form Hi‘:l Pjej , where the P; are distinct prime
ideals of R, and that this factorization is unique except for the order of the factors.

Proposition 5.4. The absolute norms of nonzero ideals of R have the following
properties:
(a) N(R) =1.
(b) If I C J are nonzero ideals in R, then N (J) divides N(I),and I = J if
andonly if N(J) = N(I).
(c) If I and J are nonzero ideals in R,then N(IJ) = N(I)N(J).
(d) If (@) is a nonzero principal ideal in R, then N ((a)) = |Ng g (a)].

PROOF. Conclusion (a) is immediate, and so is most of (b). If I C J and
N(J) = N(I), then the First Isomorphism Theorem for abelian groups yields
(R/D)/(J/I) = R/J,and it follows that N (I) /|J /I| = N(J). Since N(I) and
N (J) are finite, N(I) = N(J)ifandonlyif |J/I| = 1,i.e.,ifand only if / = J.

For (c), we begin with the special case that / and J are powers of a nonzero
prime ideal P. Inductively it is enough to show that N(P*) = N(P)N(P*1)
for k > 1. Since (R/P¥) /(P*='/P¥) = R/P*~! as abelian groups, it is enough
to show that

[Pt/ PE = R/ P. (%)

The ring R operates on the ideal P*~!, carrying P* into itself, and P carries P*~!
into PX. Thus P*~!/P* is a unital module for the ring R/ P, which is a field
because P is maximal. Hence P¥~!/P* is a vector space over R/P. Corollary
8.60 of Basic Algebra shows that this vector space is 1-dimensional, and then ()
is immediate.

For the general case in (c), Corollary 8.63 of Basic Algebra shows that if
I = ]_[j.:1 Pjej is the unique factorization of the nonzero ideal I as the product
of positive powers of distinct prime ideals P;, then R/I = ]_[j: R/ Pjej . Hence
N() = ]_[i.:] N (Pjej ). Because of the special case that is already proved, N (/) =
]_[j-:1 N (P;)% . Then (c) follows in the general case.

For (d), if ' = (uy,...,u,) is an ordered Z basis of R, then the tuple
ol = (auy, ..., au,) is an ordered Z basis of (), and we know that N ((«)) =
IR/(@)] = 1ZT)/2@D)| = |det (.1 ) |- But (.1 ) is just the matrix of the
Q linear map left-by-« in the Q basis I', and the determinant of this linear map
is Ng,g(a) by definition of the norm of an element. O
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EXAMPLE 2 OF D(&), CONTINUED. For K = Q(i/ﬁ), we have seen that
the discriminant of the K basis ['(/2) is D(~/2) = —3322. We are going
to show that (1, 2, «3/1) is a Z basis of R, and then it follows that the field
discriminant of K is Dg = —3322. We apply Proposition 5.2. The only primes
that need testing in that proposition are the ones dividing D(~/2), and thus
we consider p = 2 and p = 3. We want to see that no expression p~'(1)
or p~'(c; + /2) or pH(c1 4+ 232 + /4) is an algebraic integer for some
coefficients co and ¢; between 0 and p — 1. We can discard p~' (1) because the
only rational numbers that are algebraic integers are the members of Z. If the
field polynomial over Q of some & in K is X 3+ arX? + a1 X + ap, then the
field polynomial of p~'£ is X* + p~'a, X% + p~2a; X + p~3ap. So the question
of integrality is one of divisibility of the coefficients of the field polynomials of
certain algebraic integers £ by suitable powers of p. These coefficients, up to sign,
are the values of the elementary symmetric polynomials on the three conjugates
of &.

In the case at hand, only the coefficient ag is needed. That is, it is enough to
see that the norm of & is never divisible by 8 or 27 for & equal to ¢; + ~/2 or
c1 + a2 + /4 as above. Let us write & = ¢ + 20 + ¢36% with § = /2 and
with ¢, ¢z, ¢3 in Z. Then ag = —Ng/g(£), and the norm is the product of the
three conjugates of £. If w = ¢*™//3, we compute that

Nijg(&) = (c1 + 20 + 30D (c1 + 20w + c30%w?) (c1 + c200” + ¢36%w)
= (c? + 2C% + 4c§) +2c1c63Qw + 3w? + @)
= (cf + 2c3 + 4c§) — 6c102C3.

For p = 2, we consider this expression when ¢y, ¢;, ¢3 are chosen from {0, 1}.
To get divisibility by 8, we check this expression modulo 8. Each ¢; is ¢; for
¢; € {0, 1}. Looking at the expression modulo 2, we see that ¢c; must be even,
ie., ¢y = 0. Then 8 must divide 263 + 4cg, and we obtain ¢; = ¢3 = 0, in
contradiction to the formulas for the &’s under consideration.

For p = 3, it is enough to consider this expression when ¢y, ¢;, ¢3 are chosen
from {—1,0, +1}. Since each ¢; has |c;| < 1, we see that |[Ng,g(§)| < 13,
and divisibility by 27 can occur only if Nk,p(§) = 0, which we know entails
& = 0. Thus no & meets the test of Proposition 5.2, and the conclusion is that

(1, /3, ~/4) is a Z basis of R in Q(~/2).

3. Dedekind Discriminant Theorem

The field discriminant plays a role in determining how a prime ideal (p) in Z,
p being a prime number, splits when one extends (p) to an ideal (p)R in the
ring R of algebraic integers in a number field K of degree n over Q. In this
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situation, recall from Theorem 9.60 of Basic Algebra that the prime factorization
of the ideal (p)R in R is of the form (p)R = []f_, P/ with }_%_, e; fi = n; here
n = [K : Q], the P; are distinct, and f; = dimg,(R/P;). The integers e; are
called ramification indices, and the integers f; are called residue class degrees.
The extension K/Q is said to be ramified at p, and the prime p of Z is said to
ramify in K, if some ¢; is > 1 in this decomposition.?

Theorem 5.5 (Dedekind Discriminant Theorem). The prime p of Z ramifies
in a number field K if and only if p divides the field discriminant Dk of K.

In this chapter we shall prove this theorem only in a useful special case, namely
in the case that p is not a common index divisor. Only finitely many primes can
divide the index J (§) = (D(£)/Dg)"/? for a single primitive element £ of K lying
in R, and thus there are only finitely many common index divisors.” Consequently
the special case that we are proving implies that only finitely many primes of Z
ramify in K.

The difficulty in proving Theorem 5.5 in full generality is that we lack sufficient
tools for addressing questions by localization. At the end of this section, we shall
make some comments about how one can proceed with further tools.

As we shall see later in this section, Theorem 5.5 for primes that are not
common index divisors is an easy consequence of the following theorem.

Theorem 5.6 (Kummer’s criterion). Let K be a number field, and let R be its
ring of algebraic integers. Suppose that F (X) is a monic irreducible polynomial
in Z[X], that & is a root of F(X) in C, and that p is a prime number that does
not divide the integer J(£) such that J(£)> = D(£)/Dg. Write F(X) for the
reduction of F(X) modulo p, let

F(X) = Fi(X)" - Fo(X)%

be the unique factorization of F(X) in F,[X] into a product of powers of distinct
irreducible monic polynomials, and let f; = deg(F;). Foreachi with1 <i < g,
select a monic polynomial F;(X) in Z[X] whose reduction modulo p is Fi(X),
and let P; be the ideal in R defined by

P; = pR+ Fi(§)R.
Then the P;’s are distinct prime ideals of R with dimg,(R/P;) = fi, and the
unique factorization of (p) R into prime ideals is

(P)R =P P~

8More generally “relative discriminants.” which we have not defined, play a role in the splitting
of prime ideals in passing from a general number field to a finite extension. The cited Theorem 9.60
applies in this more general situation as well. This more general topic will be discussed further in
Problems 5-9 at the end of this chapter and very briefly in Chapter VI.

91n fact, it can be shown that every common index divisor is less than [K : Q].
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REMARKS. The additive group Z(I"(£)) generated by the powers of & through
£"~1 is aring, since £” is an integral combination of the lower powers of &, and
this ring has index J (§) as a subring of R. We divide the proof into two parts. The
first part will give a complete proof in the special case that the subring Z(I"(£€)) is
all of R, but we shall retain notation that distinguishes the subring from the whole
ring in order to see how much of the proof works for the general case. After the
first part we pause for a lemma that will be used to tie results for the subring to
results for all of R, and then we return to apply the lemma and complete the proof
of Theorem 5.6.

FIRST PART OF PROOF. Let P/ be the ideal pZ[X]+ F;(X)Z[X]in Z[X]. The
passage from Z[X] to the quotient Z[X]/ Pl.’ can be achieved in two steps, first
using the substitution homomorphism carrying Z to I, and X to itself and then
taking the quotient by the principal ideal (Fi(X)). Since F;(X) is irreducible in
F,[X], the quotient is a field and Pi’ has to be prime. The number of elements in
ZIX1/ P/ is pli because deg(F; (X)) = f;. The ideals P/ are distinct because the
polynomials F;(X) are distinct.

Meanwhile, the substitution homomorphism of Z[X] leaving Z fixed and
carrying X to £ is a ring homomorphism of Z[X] onto Z(I'(§)). Let P/ be the
image of P/ under this homomorphism,i.e.,let P/ = pZ(I'(§))+ F; (§)Z(I' (§)).
This is an ideal. The composite ring homomorphism of Z[X] onto Z(I"(§))/ P/
factors through to a ring homomorphism of Z[ X/ P/ onto Z(I"(§))/ P{". Since the
domain is a field and the identity maps to the identity, the homomorphism is one-
one and the image is a field. Thus P/ is a prime ideal, the order of Z(I"(§))/ P/’
is p/i, and and P/ is the complete inverse image of P. Since the ideals P/ can
be recovered from the P/ and since the P/ are distinct, the P/ are distinct.

The next step is to compare the ideals | P and ( p)R We shall use the
fact that the polynomial ]_[l: F,(X) — F (X ) in Z[ X ] has coefficients divisible
by p and therefore lies in pZ[X]. The computation

8 8
{17 = flor+ s

8
+ [[ Fi(§)“R
i=1
C pR+ ( ﬁ — F)(§) since F(§) =0
C pR+ pZ(F(S)) since [[5_; Fi(X)% — F(X) lies in pZ[X]

shows that [Tf_, P € (p)R. If we can show that N([[5_, P) = N((p)R),
then Proposition 5.4b will allow us to conclude that ]_[lig:l P = (p)R.
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At this point let us specialize to the case that Z(I"(§)) = R and see how to
complete the proof. Under this assumption the definitions of P; and P/ exactly
match. What we have shown about the P/’ thus says that the P; are distinct prime
ideals in R with |R/ P;| = p/',hence with dimg, (R/P;) = f;. Use of Proposition
5.4 and the fact that |Z(T'(§))/ P/"| = p/ gives N([T5_, P") = [15_, N(P)% =
8
H

| P& fi = pzleei fi = p", the last equality holding because deg F(X) =
Zf: | ei deg F;(X). Since p" equals N ((p)R), the desired equality of norms has
been proved. This completes the proof of the theorem when Z(I'(§)) = R. O

We interrupt the general proof for the promised lemma. When we apply
the lemma to finish the proof of Theorem 5.6, we shall take A = Z(I'(§)),
J = J(),and m = p. The hypotheses of Theorem 5.6 show that the condition
GCD(p, J(&)) = 1 is satisfied.

Lemma 5.7. Suppose that A is an additive subgroup of finite index J in R and
that m > 1 is an integer relatively prime to J. Then for each r € R, there exists
a € Awithr —ainmR.

PROOF. Let {uy, ..., u,} be aZbasis of R,and let {vy, ..., v,} be a Z basis of
A. We can write v; = Z?:l c;;ju; for an integer matrix [c;;] with | det[c;;]| = J.
Letr = Y ¢, biu; be given, and let the unknown a € A be expanded as a =
> im1ajvj. Thena =}, ; ajc;ju;, and we are to arrange that the element

M=

n
r—a= (bl — Z c,-jaj)ul-
j=l1

i=1

is in m R. Thus we are to arrange that each coefficient of a u; is divisible by m.
Since | det[c;;]| = J is relatively prime to m, the system of linear equations

n
Y cijaj = b mod m
j=1
with unknowns ay, ..., a, has a nonsingular coefficient matrix modulo m and
therefore has a solution. O

SECOND PART OF PROOF OF THEOREM 5.6. The ring homomorphism of Z(I"(£))
into R/(pR + F;(§) R) given by the composition of the inclusion followed by the
quotient map descends to a ring homomorphism

ZITE) [/ (pZT () + F(EZT () — R/(pR+F(ER). (%)

To see that () is onto, let r € R be given. Take A = pR in Lemma 5.7. Choose
z € Z(I'(£§)) by the lemma in such a way that z —r is in pR. Under the mapping
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(), the cosetof z goestor +(z—r)+ pR+ F;(§)R =r + pR+ F;(§) R, which
is the coset of r. Hence () is onto.

To see that () is one-one, suppose that z maps to the O coset in the image.
Then z = pr; + F;(§)r, withry and 7 in R. Lemma 5.7 produces z, in Z(I"'(£))
with 7, —z; in pR. Hence the decomposition z = pri+ Fi (§)(ro —z2) + Fi (§) 22
exhibits z as in pR + F;(§)Z(I"(§)). The product F; (§)Z(I"(§)) is in Z(I"(§)),
since Z(I"(£)) is aring, and () will be one-one if we show that pRNZ(T"(£€)) C
pZ(I'(&)). Let {u;} be a Z basis of R, let {v;} be a Z basis of Z(I'(§)), and
write v; = ), cjju; for integers ¢;;. If ' is in pR N Z(I'(§)), let us write
z' = }_;ajv;. Substitution gives z’ = }; (Xjajcij)ui. Since 7' is in pR, we
see that jCijaj = 0 mod p foralli. The determinant of [ci;j]is the index J (&),
up to sign, and this by assumption is not divisible by p. Therefore a; = 0 mod p
for all j, and it follows that 7’ is in pZ(I"(£)). Hence (%) is one-one.

We have thus proved that () is a ring isomorphism, i.e., that Z(I'(£))/ P/" =
R/P; for all i. The left side is a field, and hence P; is a prime ideal. From
the isomorphism we obtain N(P;) = |Z(I'(£))/P/'| = p/i. The computation
N(TT, P = TI, N(P)e = [I5, pofi = pEinéfi = p" in the last
paragraph of the first part of the proof is now fully justified, and we can therefore
conclude as in the special case that ]_[;"’:1 PY = (p)R.

Finally we have to prove that the ideals P; are distinct. If indices i # j are
given, we know that P" # P/. Choose z in P/’ but not P/". Then z is in P;
because P C P;, and z is not in P; because the proof above that (x) is one-one
showed that Z(I'(§)) N P; C Pj” . This completes the proof of Theorem 5.6. [J

PROOF OF THEOREM 5.5 WHEN p IS NOT A COMMON INDEX DIVISOR. If p is not
a common index divisor, we can choose a primitive & for K/Q such that £ is in
R and p does not divide J(§) = |R/Z(T"(£))|. Let F(X) be the field polynomial
of & over Q. Since D(£) = J(£)?*Dx, p divides D if and only if p divides
D(&). Thus p divides Dk if and only if p divides the discriminant of F(X).
This happens if and only if the discriminant of F(X) is = 0 mod p, if and only
if F(X) has a root of multiplicity > 1 in an algebraic closure of F,,if and only if
the factorization over I, of F(X) as a product of powers of distinct irreducible
monic polynomials has some factor with exponent > 1. Applying Theorem 5.6,
we see that this last condition is satisfied if and only if the unique factorization
of the ideal (p)R in R as [[f_, P has some ¢; > 1. O

As was mentioned earlier in this section, the difficulty in proving Theorem 5.5
in complete generality is that we lack sufficient tools for addressing questions by
localization. The different prime numbers are interacting in some fashion, and the
above proofs were unable to separate them. The usual technique of localization
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in our situation'® suggests enlarging one or the other of the rings Z and R by
adjoining inverses for all elements not in some prime ideal of interest. Then we
piece together the results. If the localizing is done with respect to a prime ideal
(p) of Z, then Z gets replaced by the subring S~!Z of all members of Q with no
factors of p in the denominators, and R gets replaced by S~'R. One advantage
of this procedure is that S~! R is a principal ideal domain, whereas R is typically
not such a domain.

Localization in that formulation does not by itself reveal a clear path to a proof
of Theorem 5.5. Two additional ideas enter the argument to make a path seem
natural; Dedekind succeeded without the second of them, and historically it is
only with hindsight that one sees the benefit of the second idea. The first idea is
to use a more fundamental object than the discriminant of K, called the “relative
different” of K/Q; this makes it possible to aim for a more precise description
of the ramification indices when they are not equal to 1. The second idea is due
to K. Hensel and involves forming a kind of completion of the localized rings;
the ring Z gets replaced by the ring Z, of “p-adic integers,” and the field Q
gets replaced by the field Q, of “p-adic numbers.” We return to these ideas in
Chapter VI.

4. Cubic Number Fields as Examples

In treating examples of cubic fields, it will be convenient to have one further
tool available for computing discriminants. Let K be a number field, let £ be
a primitive element of K/Q, and let F'(X) be its field polynomial over Q. Let
& = 0;(¢) be the conjugates of £, and assume that & = £. The conjugates are
the roots of F(X) in C, and hence

FX)=]]x -&.
i=1
The derivative is F'(X) = 3/, [[;; (X — &), and therefore
F'le) =]]¢-¢.
j=2

Observe that the form of the left side shows that this element lies in K, and it
lies in R if £ lies in R. The different D(£) of the element £ is defined to be this
element of K, namely'!

101 ocalization was introduced in Section VIII.10 of Basic Algebra.
'The different of an element is related to the notion of relative different mentioned at the end of
Section 3, but the nature of that relationship will not concern us at this time.
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n
DE) =FE =]]¢E-&.
Jj=2

Since F’(X) has coefficients in Q, the conjugates o; (F'(£)) of F'(£) are the
elements F'(0;(§)) = F/(&) for 1 <i < n. The formula for F’(X) shows that
F'(&) =[], (& — §&). Therefore the norm of D(§) is

Nio(DE) = Nejo(F'E) =[[F & =[] & - &)
i=1 i=1 j#i
= ()" PTG - 8)° = (=)' "2DE).

i<j

In other words, the norm of the different of £ is, up to sign, equal to the discriminant
of T'(£), which in turn equals the discriminant of the field polynomial of the
primitive element &€ . The definitions of D(£) and D (£) and the formula connecting
them make sense if £ is allowed to be any element of K, primitive or not. Both
D(&) and D(&) have the property of being nonzero if and only if £ is primitive.

EXAMPLE. For the field K = Q(+/2), the different of € = ¥/2is3X?|, 5 =

33/4, and the discriminant of X — 2, up to the sign (—1)>2/2, is the norm of this,
1.e.,

D(V2) = —(BYH(3VAw)3V4w?),  where w = ¥i/3,
=-3"2%

Alternatively, the norm can be computed from a field polynomial. Specifically
the norm of 3+/4 is the determinant of left multiplication by this element when
considered as a Q linear mapping of K into itself.

We saw already in Example 2 of Section 2 that D(/2) = —3°22, but the
earlier method of computation was longer. At the end of Section 2, we saw in
addition that {1, ~/2, ~/4 } is a Z basis of the ring of algebraic integers in the field
K = Q(~/2). The use of differents does not simplify the proof of this latter fact.

In this section we consider further examples of cubic extensions of Q. The
first such fields that we study are the pure cubic extensions K = Q(3/m ), where
m is any cube-free positive integer > 1. Already with these fields K, we shall see
that Dy is not necessarily equal to D(&) for some algebraic integer £. However,
all these fields have no common index divisors. Then we examine Dedekind’s
example of a cubic number field for which 2 is a common index divisor.
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The correspondence of cube-free integers m > 1 to fields Q(3/m ) is many-
to-one: if m is given and p is a prime dividing m, let m’ = m/p if p* divides m
and m’ = mp if p? does not divide m; then Q(3/m) = Q(+/m’). In analyzing
Q(3/m ), it will be convenient to normalize matters so as to resolve this ambiguity.
We can write m uniquely as a product m = ab? for positive square-free integers
a and b; these have GCD(a, b) = 1, b? is the largest square dividing m, and a is
given by a = m/b*. Then m and m’ = a°b lead to the same field.

Proposition 5.8. For a cube-free integer m > 1,let K = Q(3/m ), and let R
be the ring of algebraic integers in K. Write m = ab? for positive square-free
integers @ and b with GCD(a, b) = 1, and define two members of R to be the
real cube roots 6, = Jab? and 0y = /a2b. Then a Z basis of R consists of

(a) {1,6,6,}ifa % +b mod 9, 1i.e.,if m is of Type I,
(b) {%(1 + 0, &+ 6;), 61, 6,} for exactly one choice of the pair of signs if
a =xbmod9,ie.,if m is of Type II.

In the respective cases the field discriminant is given by

D { —27a*b? if m is of Type I,
“T 1 =342 ifmis of Type IL

REMARKS. More precisely in Type II, the congruence a = £b mod 9 implies
that @ and b are prime to 3. Choose signs s = =£1 and ¢+ = %1 such that
sa = 1mod 3 and b = 1 mod 3. Then the first member of the Z basis is to be
%(1 + 56, 4 t6,). The smallest m leading to Type I is m = 2, and this case was
examined in Example 2 in Section 2. The smallest m leading to Type Il is m = 10,
and then the first member of the asserted Z basis of R is %(1 + 10 + m).

PROOF. Let w = ¢*"/3. The conjugates of 6, can be taken to be o (0;) = 6y,
02(61) = wb;,and 03(6;) = w?6). Since 7 = b, we have 0; (62) = b~'0;(0))?,
and therefore 0} (6,) = 65, 02(6,) = w?6s, and 03(02) = wh,. In view of the
formula before Proposition 5.2, D((1, 0y, 6,)) is the square of

1 1 1
det (91 wb 0)291 ) S
92 (,()292 a)@z

and we calculate that D((1, 6y, 65)) = —27a*b>.

Let us apply Proposition 5.2 to the triple {1, 8}, 6,} of members of R. For each
prime p dividing 27ab?, we are to check whether certain elements are integral.
First suppose that p divides a but p # 3. It is enough to check the elements
p~(ap + 6)) or p~(ag + a,6, + 6,) for integrality when ay and a, are integers
from O to p — 1. Form the extension L. = K(3/p) = Q(3/m, Yp) of K, and
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let T be its ring of algebraic integers. The degree [L : Q] equals 9 if L # K and
equals 3 if L = K. If p~'(ao + 6,) is integral, then ag + p'/3>((a/p)b*)'/3 = pr
with 7 € R, and hence ag = p'/3c with ¢ € T. Applying Niqg to both sides, we
obtain @y = p* Ny g(c) if L # K, and we obtain @} = pNk g(c) if L = K. In
either case, p divides ag, and ayp = 0. So p‘161 is integral, in contradiction to
the facts that the field polynomial for K of p~'6; is X* — p~3ab? and that ab?
contains p as a factor only once. We conclude that p~!(ag + ;) is not integral.

Similarly if the element p‘l(ao + a10; + 6;) is integral, then we see that
ay + a1 p'?((a/p)b*)'? + p*3((a/p)*b)'/* = pr withr € R. So ay = p'/3c
with ¢ € T, and the same argument as above shows that ap = 0. Hence
ai((a/p)b®)'* + p'P((a/p)*b)'3 = p*’r, and ay((a/p)b?)'/* = p'¢’ with
¢’ € T. Taking the norm gives aj((a/p)b*)?® = p3Nyg(c) if L # K and
af(a/p)b2 = pNx/q(c’) if L. = K. Since a/p and b are prime to p, we conclude
that p divides a; in both cases. Therefore a; = 0, and p~'6, is integral. The
field polynomial for K of p~'6, is X? — p~3a?b, and a’b contains p as a factor
only twice. We conclude that p~(ap + a101 + 6,) is not integral.

This disposes of the prime divisors of a other than p = 3, and we handle
the prime divisors of b other than p = 3 in the same way, except that we start
from the ordered triple (1, 8,, 6;) and therefore need check only p‘l(ao + 6>)
and p_l(ao + a6, + 61).

Now let us apply Proposition 5.2 to the ordered triple (1, 6, 6,) for the prime
p = 3, except that we allow coefficients O and *1 instead of 0, 1, 2. We check
integrality for the elements (1 £ 6;), 3(1 £65), 3(6; £6,),and 3 (1 +6; +£6,)
by checking whether the coefficients of their field polynomials are in Z. For the
first two, let ¢ be £6; or £6,. The coefficient of the first-degree term in the field
polynomial of $(1 + ¢) is § times

14+ )1+ wp) + (1 + )1 + 0?¢) + (1 + we)(1 + @)
=1+ 92+ wp +o*p) + (1 + wp)(1 + v’p)
=(1+QR-p)+(U—p+¢H)=2+¢p—¢*+1—¢+¢* =3,

hence is % This is not an integer, and thus %(1 + @) isnotin R. If ¢ = £6; and
Y = &£6,, then the corresponding computation for ¢ + i is

(@ + V) (@p + *Y) + (¢ + V) (@0*p + 0¥) + (09 + * ) (@@ + oY)
= —(p+V)@+Y)+ (@ — oy +¥?)
= 3¢y = —3ab(sgnp)(sgn ¥), (*)

and % of this is an integer only if 3 divides ab. In this case our hypotheses show
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that 9 does not divide ab. The constant term in the field polynomial of %((p + )
is —% times
(¢ + V) (g + &’ ) (@9 + oy) = ¢* + 97
= (sgnp)ab® + (sgn ¥)a’b
=ab(bsgng + asgnr). (%)
When 3 divides ab exactly once, 3 divides (**) exactly once, and hence —% of
(*x) is not an integer. Thus %(ga + 1) isnotin R.
It remains to check %(1 + ¢+ 1) with ¢ = 6 and = £6,. The coefficient
of the second-degree term in the field polynomial of %(1 + ¢ + ) is equal to

—% Tr(1 + ¢ + ¥) = —1 and is an integer; thus it imposes no restrictions. The
first-degree term of the field polynomial is % of

(I+¢+ )1+ wp+o®¥) + (1 +¢ + ) (1 + 0’p + i)
+ (I + 0p + *Y)(1 + &°¢ + w)
=(l+9+VQR—p—-Y)+(U—9—V+¢" — ¥ +¥°)
=3 — 3¢y =3(1 —ab(sgng)(sgn¥)), )

and é of (}) is an integer if and only if ab = (sgn ¢)(sgn ) mod 3. In particular,
the proof is now complete unless ab = (sgn¢)(sgn ) mod 3. Thus we may
assume from now on that neither a nor b is divisible by 3.

The constant term of the field polynomial of %(1 +o+y)is— 2—17 times

(1 +¢+ )+ 0p + ™) (1 + 0’ + o)
=1+ Trg/o(p + V) + () + (%)
=1+0—3ab(sgng)(sgny) + ab(bsgng +asgny).

Puta = asgng and B = bsgnyr, so that 1 —3af + af(«a + B) is to be divisible
by 27. Since neither 8 nor « is divisible by 3, we can define / mod 27 by the
congruence B = la mod 27. Substituting shows that 1 — 3la? + lo*(a + la) =
0 mod 27, hence that (I + 1)a® = 3la* — 1 mod 27, which we can rewrite as

&I + (& = 3e)l + 1 =0 mod 27.
Completing the square in / allows us to write this congruence as
I+ 31 =3 =1(1-3a"")? — > mod 27.
Factoring the right side, we obtain

(4350 =32’ = ja *ala — 1)*(@ — 4)] mod 27. ()
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If ¢ = 1 mod 3, the expression in square brackets on the right side is = 0 mod 27,
and 0 is the square of 0 and £9. If « = 2 mod 3, then the expression in square
brackets is a square if and only if a(a¢ — 4) = ¢? mod 27. Considering the
congruence only modulo 3 gives 2(—2) = ¢* mod 3 and therefore ¢> = 2 mod 3,
which has no solutions. Thus & = 2 mod 3 leads to no solutions of ({1). We can
summarize by saying that the solutions of (1) are given by « = 1 mod 3 and

I4+11—-3a"")=0mod9.

One checks that the valuesa = 1,4, 7mod 9 alllead to/ = 1.
Let us summarize. Let s and ¢ be signs . Then %(1 + 561 + t6,) is integral
if and only if both of the following conditions are satisfied:
(1) sa =tb =1 mod 3,
(i) sa =tb mod 9.
When these conditions are satisfied, we are in Type II; otherwise we are in Type 1.
This completes the proof. ]

In the setting of Type I in Proposition 5.8, let us form the discriminants of
re,)=a,éo, 912) and I'(6,) = (1, 65, 922). Using the method of computation
at the beginning of this section, we see that the differents in the two cases are
36% and 367. Therefore the discriminant of T'(6;) is D(0;) = —Nk,p(367) =
—33(6})* = —3%(ab*)? = —3%a*b*, and the discriminant of I"(6,) similarly is
D(6,) = —33a*b?. The absolute value of the greatest common divisor of these
two expressions is 33a%b?® = | Dk, and therefore there are never any common
index divisors in Type I.

On the other hand, there exist situations in Type I in which no primitive element
& of Q(3/m) lying in R has I"'(§) as a Z basis. To prove this fact, we make use
of the following proposition.

Proposition 5.9. For a pure cubic extension K = Q(~/ab?) of Type I, an
element £ = x 4+ y0; + z6, with Z coefficients has D(§) = Dy if and only if
v3bh —3a = 1.

PROOF. The matrix whose determinant is D(I"(£€)) is given by
3 Tr(€) Tr(5%)
M= ( Tr(§) Tr(5?) Tr(§3)) ,
Tr(§%) Tr(§’) Tr(E%

where Tr is short for Trg . The element /6] has conjugates 6:6] , w2716 ,
and w*170{0] , where w = ¢*"/3_ Thus

Tr(0j6]) = (1 + &'+ 4+ 0¥ +)0i60] = (1 + o'+ 4+ W**20)0i6].
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This is 0 if i 4+ 2 is not divisible by 3 and is 39{9{ otherwise. We compute the
trace of each power of & by applying the formula

n

TrE) = 3 (1) x'*F Tr((v6) + 2600)),

which comes from treating £ as a binomial. The traces of the powers of y6; + z6,
work out to be

1 Tr(y6; + 26,) =0,
TTr((0) + 262)°) = 226,60, = ab(2yz),
LTr((v0) + 262)°) = ab(y’b + 2°a),
LTe((y01 + 260)*) = (ab)*6y*2>.
Substituting, we find the following formulas for the trace of each power of &:
ITig) =x,
ITr(E%) = x* + 2(ab)yz,
% Tre?) = x* + 3x(ab)2yz + (ab)(y’b + 22a),
ITTr(E") = x* + 6x%(ab)2yz + 4x(ab) (y’b + 2°a) + (ab)*6y*z”.
The matrix M is therefore of the form
1 x x4+ A
%M:( X x24+ A x3+B>,
?+A xX*+B x*+C
where
A =2(ab)yz,
B = 3x(ab)2yz + (ab)(y*b + Z3a),
C = 6x%(ab)2yz + 4x(ab)(y*b + 2°a) + (ab)?6y*Z>.
Expansion of det %M results in an expression that simplifies to
det 1M = AC +2xAB —3x*A* — A’ — B>,

Thus we have only to substitute. The resulting expression simplifies greatly, and
we obtain det 1 M = —(ab)*(y*b — z*a)?. Consequently

D(£) = —3%(ab)*(y’b — 2’a)*.

Since Proposition 5.8 has shown that D = —33(ab)?, the result follows. O



286 V. Three Theorems in Algebraic Number Theory

Thus in order to give an example of an m for which no & has D(§) = Dk, we
have only to select @ and b for which the Diophantine equation y*b — z3a = 1
in y, z has no solution. Choose a = 7 and b = 5, so that m = ab* = 175. To
verify that the Diophantine equation has no solution, take the equation modulo
7 and then modulo 5, obtaining 5y° = 1 mod 7 and —7z°> = 1 mod 5. These
congruences say that y> = 3 mod 7 and z> = 2 mod 5. The only cubes modulo
7 are 1, and thus the congruence for y has no solution.

We turn to the question of the splitting of prime ideals in pure cubic extensions
K = Q(3/m). In the notation of Proposition 5.8, we again write m = ab?, and
we shall assume that the extension is of Type I. We saw in Proposition 5.8 and
the remarks afterward that Dk equals the greatest common divisor of D(ab?)
and D(~/a2b). Therefore the splitting of every prime ideal (p) in Z is described
by Theorem 5.6. We have only to sort out the details.

Proposition 5.10. Let K = Q(3/m ) be a pure cubic extension of Type I, and
let R be its ring of algebraic integers. If p is a prime number, then the ideal (p) R
of R splits into prime ideals as follows:

(@) (p)R = P, P, with N(P;) = p and N(P>) = p*if p = —1 mod 3 and
p does not divide Dy,
() (p)R = PP, P; with Py, P,, P; distinct of norm p if p = 1 mod 3,
x3 =m mod p is solvable in F,,, and p does not divide Dy,
(¢) (p)R is prime of norm p? if p = 1 mod 3, x> = m mod p is not solvable
inF,, and p does not divide Dy,
(d) (p)R = P? with N(P) = p if p divides Dx.

PROOF. The prime divisors of Dg are 3 and the prime divisors of a and b.
For all other primes Theorem 5.6 shows that all ramification indices are 1. Let
p be a prime of the form 6k + 1 not dividing Dx. The multiplicative group I
of I, is cyclic of order p — 1 and hence has order divisible by 3 if and only if
p = 6k + 1. Thus there are three cube roots of 1 when p = 6k + 1 but only 1
when p = 6k — 1. In the latter case the cubing map is one-one onto from I}
to itself. Thus X* — m factors modulo p as the product of a first-degree factor
and an irreducible second-degree factor if p = 6k — 1, and (a) follows for such
primes from Theorem 5.6. If p = 6k + 1, then X* — m either factors modulo p
as the product of three first-degree factors or is irreducible, since 1 has three cube
roots. Thus (b) and (c) follow for such primes from Theorem 5.6.

For p =2ifmisodd,then X>* —m=X3—1= (X - 1)(X*>+X+1) mod 2,
and we are in the situation of (a). This completes the discussion of primes that
do not divide Dx. If p divides m, then X> —m = X3 mod p is the cube of a
first-degree factor, and (d) follows in these cases. For p = 3 whether or not p
divides m, we have X3 —m = X3 — m?® = (X — m)> mod 3, and (d) follows in
this case. ]
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We conclude this section by discussing Dedekind’s example of a common
index divisor. The field in question is again of degree 3 over QQ but is not of the
form Q(3/m). Instead, the field is K = Q(&), where & is a root of F(X) =
X3 4 X? —2X +8. The polynomial F(X) is irreducible over Q because Gauss’s
Lemma shows that its only possible linear factors are X — k with k dividing 8
and because routine computation rules out each such linear factor. As usual, let
R be the ring of algebraic integers in K.

The different of £ is D(£) = F'(£) = 3524+ 2& — 2, and the discriminant D (&)
therefore is givenby D(§) = — Nk (3§ 242£ —2). We calculate this norm as the
determinant of left multiplication by 32 + 2¢& — 2 on K, using the ordered basis
(1,£,8%). Since &3 = —£2 428 —8and £* = —£3 4282 —8& = 382 — 10& +8,
we have

(3&% +2& —2)(1) = —2 + 2 + 3&7,
(367 +26 —2)(§) = —26 + 267 + 367 = —24 +4£ — &7,
(38% 428 —2)(%) = —2£2 4+ 287 4+ 38% = 8 — 26£ + 5%

Thus

-2 24 8
Ni/o(38* +2€ — 2) = det ( 2 4 —26) =22.503,
3 -1 5

and D(§) = —2% - 503. Thus either the index J (&) of Z(I'(§)) in R is 1 with
Dy = —2%-503, 0or J(£) = 2 with Dg — 503.

Problems 24-25 at the end of the chapter show that %(52 + &) is in R and
that consequently the correct choice is J(§) = 2 with Dg = —503 and with
{1,¢, %(52 + &)} as a Z basis of R. In fact, 2 divides J(n) for every primitive
element of K lying in R, and therefore 2 is a common index divisor in the sense
of Section 2. One way to check this assertion would be to calculate D(n) for
every such 1. The computation would be feasible because we can express 7 as a
Z linear combination of the members of {1, &, %(&2 + &)} and calculate the field
polynomial of 1 in the same way that Nk ,q(&) was calculated above.

However, there is an easier way. Problem 28 at the end of the chapter shows
that (2) R splits as the product of three distinct prime ideals of R. If there were
some 1 for which 2 did not divide J (), then Theorem 5.6 would show that the
minimal polynomial of n when reduced modulo 2 splits as the product of three
distinct first-degree factors. But IF; has only 2 elements, hence only two possible
distinct linear factors to offer. Thus Theorem 5.6 must not be applicable to n and
the prime 2, and we conclude that 2 divides J (1). Going over this argument, we
see that we have established the following more general result.
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Proposition 5.11. Let K/Q be a field extension of degree n, and let R be the
ring of algebraic integers in K. If p is a prime number with 2 < p <n — 1 such
that (p) R splits as the product of n distinct prime ideals of R, then p is a common
index divisor for K.

5. Dirichlet Unit Theorem

Let K be a number field of degree n over @, and let R be its ring of algebraic
integers. We regard K as a subfield of C. The units of K are understood to
be the members of the group R* of units of the ring R. As was observed in
Section 2, there exist exactly n field mappings of K into C, and we denote them
by o1, ..., 0n; one of these is the inclusion of K into C. If x is in K, then the
images o1 (x), ..., 0,(x) are called the conjugates of x.

In Section 1.6 we studied the group of units in the quadratic case n = 2,
and we found, particularly in the problems at the end of that chapter, that an
understanding of this group was essential to working successfully on the number-
theoretic problems studied in that chapter. When n = 2, we found that the
qualitative nature of the group R* depends on the sign of the field discriminant.
The group turned out to be the finite subgroup of roots of unity in K if Dx < 0,
and it turned out to be isomorphic to the product of a copy of Z and a cyclic group
of order 2 if Dk > 0. The hard step in this analysis was constructing an element
in the subgroup Z in the latter case.

Because of the importance of R* in the quadratic case, we can expect that an
understanding of R* for our general number field K is important for higher-degree
number-theoretic questions. In this section we shall obtain a structure theorem
for R* for general n analogous to the structure theorem for n = 2 mentioned in
the previous paragraph. Such a theorem may not answer all important questions
about R*, but it will be a good start.!? The main theorem is Theorem 5.13 below,
the Dirichlet Unit Theorem.

The units of R are the members & of R with Ni,qg(¢) = %1. This simple fact
is verified for general K in the same way that it was verified for quadratic K in
Section 1.6.

Any element ¢ of finite order in R* is a complex number with e = 1 for
some k and hence lies on the unit circle of C. Since such an element ¢ is a root
of X* — 1, all its conjugates o;(e) lie on the unit circle of C. We shall prove the
following proposition about these elements.

2For example, when n = 2, we defined the fundamental unit ¢; for the case Dx > 0 to be the
least unit > 1, and the sign of Nk g (1) was a thorny question that we did not answer fully but that
affected results in the problems at the end of the chapter.
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Proposition 5.12. The subgroup of R* of elements of finite order consists of
all I'™ roots of unity in C, where [ is an integer depending on K that is bounded
when the degree n = [K : Q] is bounded.

PROOF. We are to bound the integers k for which primitive k™ roots of unity
occur in K. Let k have prime decomposition k = pi"'--- p/r. From Section
IX.9 of Basic Algebra, we know that the cyclotomic polynomial ®;(X) is a
monic irreducible member of Z[X] whose roots in C are exactly all primitive <"
roots of unity; moreover, the degree of ®(X) is given by the Euler ¢ function:

oy =k TI (1-2).

pdivides k

If primitive k™ roots of unity occur in K, then ¢(k) < n because ®;(X) is
irreducible over @, and hence (p; — 1)---(p, — 1) < n. Allowing p; = 2
possibly, we see that each factor p; — 1 with j > 1 is at least 2, and thus
2"~ < n. Sor is bounded as a function of n by log, 21, and we obtain

ply=k JI (1—-3)=2"lekr=41X
first log, 2n
primes

Consequently k < 2n¢(k) < 2n?, as required. If R* contains one primitive k"

root of unity in C, then it contains them all, since the k™ roots of unity form a
cyclic group and any primitive such root is a generator. The result follows. [

We shall use the field mappings o; : K — Cfor1 < j < n to introduce useful
“absolute values” on K. The mappings o; are of two types:
(i) those carrying K into R,
(ii) those carrying K into C but not into R; these come in pairs ¢ and o,
where o denotes the composition of o followed by complex conjugation.

Suppose that there are ry mappings o; of the first kind and that there are r, pairs

of the second kind. Then r; 4 2r, = n. Renumbering oy, ..., 0, if necessary,
let us arrange that oy, ..., o,, are of the first kind, that o, 11, ..., 0, are of the
second kind, and that 0, 4,,+; = 0,4 for 1 <i < r,. We introduce r| + r;

absolute values'? on K by the definition
lxlls = log()l  forl <s <ri+rs,

where | - | denotes the usual absolute value function on C. Then the function
Log : KX — R’ given by

Log(e) = (logllell, ..., logllellr+r,)

13These are called archimedean absolute values of K in the general theory. Some authors refer
to them as archimedean valuations.
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is evidently a group homomorphism.

A lattice in a Euclidean space R/ is an additive subgroup Zu; @ - - - @ Zu; such
that {uy, ..., u;} is linearly independent over R. Such a subgroup is discrete,'*
and the quotient is compact, by the Heine—Borel Theorem.

Theorem 5.13 (Dirichlet Unit Theorem). Let K be a number field of degree n
with 7| + 7, absolute values, and let R be the ring of algebraic integers in K. The
kernel of the restriction to R* of the function Log is the finite subgroup of roots
of unity in K*, and the image of this restriction of Log is a lattice in the vector
subspace of elements (xy, ..., X, 4r,) in R satisfying

XA Xy 261 e 224, = 0,

Consequently R* is a finitely generated abelian group of rank r| +r, — 1.

EXAMPLES.

(1) The theorem reduces when n = 2 to results known from Chapter I.
Specifically if K = Q(4/m ), then m > 0 makes r; = 2 and r, = 0, while
m < Omakesr; =0andr, = 1.

(2) For K = Q(+/2), let w = €**'/3. The field mappings of K into C carry K
into R or Rw or Rw?. Thusr; = 1 and r, = 1.

(3) The polynomial F(X) = X°>—5X+1in Q[X] was studied as an example in
connection with Galois theory in Section IX.11 of Basic Algebra. The polynomial
was shown to be irreducible over (Q and to have three real roots and one pair of
complex conjugate roots. For K = Q[X]/(X> — 5X + 1), we therefore have
ri = 3 and r, = 1. The primitive element £ of K with £% — 5 4+ 1 = 0 lies in
R; it is a nontrivial example of a member of R* because £(£* — 5) = —1.

The proof of Theorem 5.13 will occupy the remainder of this section. We
begin by clarifying in Lemma 5.14 the relationship between discrete subgroups
and lattices in Euclidean space and by proving in Proposition 5.15 a weak version
of Theorem 5.13 that addresses everything except the existence questions.

Lemma 5.14. A discrete subgroup of R/ is a free abelian group of rank < [
and is necessarily of the form Zu, ® - - - ® Zu,, for some set {uy, ..., u,} thatis
linearly independent over R. The discrete subgroup is a lattice if and only if the
rank is /.

14A discrete subset of R is a subset S such that every one-point subset of S is open when S is
given the relative topology. See Lemma 5.14 below for a converse assertion.
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PROOF. We begin by proving that any discrete subgroup of R’ is topologi-
cally closed. Let G be the subgroup, and choose by discreteness an open ball
V={xeR | x| < €} V about 0 with V. N G = {0}. The open ball U =
(x e R | |x| < €/2} has the property that U + U C V. If G is not closed, let
Xo be a limit point of G that is not in G. Then the open ball xo — U about xg
must contain a member g of G, and g cannot equal xy. Write xo — u = g with
u € U. Then u = x¢p — g is a limit point of G that is not in G, and we can find
g #1inGsuchthatg’isinu+U.Butu+U CU+U C V,and so g’ is in
G NV = {0}, contradiction. We conclude that G contains all its limit points and
is therefore closed.

From the fact that any discrete subgroup G of R/ is closed, let us see that any
bounded subset of G is finite. It is enough to see that the intersection X of G with
any (finite-radius) closed ball is finite. The set X is closed because G is closed,
and it is therefore compact by the Heine-Borel Theorem. By discreteness, find
for each g € G an open ball U, centered at x that contains no member of G other
than x. These open sets form an open cover of the compact set X, and a finite
subcollection of them covers X. Each such open set contains only one member
of X, and hence X is finite.

Returning to the statement of the lemma, we induct on the dimension of the
R linear span of the discrete subgroup, the base case being that the R linear span
is 0. Let G be the discrete subgroup, and let {vy, ..., v,;,} in G be a maximal set
that is linearly independent over R. Let Go = G N (Z;":_Ol Ruv j). By induction
we may assume that every u € Gy is a Z linear combination of vy, ..., v,,—;. Let
S be the set of R linear combinations of {vy, ..., v,} of the form

O0<c¢ <lforl<i<m-—1, }

S={v=c1v1+~--+cmvmeG‘ 0<cp <1

The set S is bounded, and we saw in the previous paragraph that any bounded
subset of G is finite. So S is finite. Let v’ be a member of § with the smallest
positive coefficient for v,,, say

/
vV =a1v; + -+ auvy,.

If v is any member of S and its coefficient ¢,, is not a multiple of a,, , then v — jv’
for a suitable integer j has m™ coefficient positive but less than a,,; by subtracting
from v — jv’ a suitable Z linear combination v” of vy, ..., v,_1, we can make
v — jv' —v” be in §, and then we have a contradiction to the minimality of
a,. We conclude that ¢, is always a multiple of a,,. Then v — jv’ is in G, for
some integer j, and it follows that the Z linear combinations of vy, ..., Vu_1, v
span G. This completes the induction and the proof of the first conclusion of the
lemma. The second conclusion is an immediate consequence of the first. |
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For the remainder of the section, we adopt the notation in the statement of
Theorem 5.13, and we shall not repeat it in the statement of every intermediate
result.

Proposition 5.15 (weak form of Dirichlet Unit Theorem). The kernel of the
restriction to R* of Log is the finite subgroup of roots of unity in K*, and the
image of this restriction of Log is a discrete additive subgroup in the vector
subspace of elements (xy, ..., X, 4,,) in R satisfying

X1 +"‘+xr1 +2xr1+] +“'+2xr1+r2 =0.

Consequently R* is a finitely generated abelian group of rank < r; +r, — 1.

PROOF. For « in R*, we calculate that

logflefly +--- +log [lelly, +2logllafly 1 4 -+ + 2log [l 47,

=log (lo1(@)| -+ - |6y, (@)[0r, 41 (@) - -+ |04, 41, (@))
= 10g| I1 oj(oz)|
j=1

= log |NK/Q(01)| = IOgl =0.

Hence the image lies in the vector subspace in the statement of the proposition.

Fix a (large) positive number M, and consider the set E s of all members o
of R* for which all coordinates of Log(«) are < M in absolute value. Then the
field polynomials

det (XI — (left by a)) = ]£[ (X —oj(a))
j=I

of such elements « have all coefficients bounded by some M’ depending on M,
since each |o;(a)| is of the form [l«||; and is < eM. Such a field polynomial is
equal to g(X)", where g(X) is the minimal polynomial of « and r is given by
rdeg(g(X)) = n. Since « is in R, the coefficients of g(X) are integers, and
hence so are the coefficients of the corresponding field polynomial. There are
only finitely many members of Z[ X ] of degree n whose coefficients are in a given
bounded set, and hence there are only finitely many «’s in Ey;.

It follows that the image subgroup is discrete. Taking M = 0, we see also that
the kernel of the restriction of Log to R* is finite. Hence every element of this
kernel has finite order and is therefore a root of unity. |
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We come to the proof of Theorem 5.13. For quadratic extensions of (Q, which
were handled in Section 1.6, the crucial question of existence was addressed by
means of an approximation result (Lemma 1.15) for irrational numbers. That
result did not immediately establish the existence of units of infinite order, but it
was applied infinitely many times in the course of proving Proposition 1.16, and
the total effect was to produce a unit of infinite order.

We do something similar in general. In place of the approximation result
in Lemma 1.15, we shall use a result known as the Minkowski Lattice-Point
Theorem, which asserts the existence of lattice points in certain compact convex
sets in Euclidean space. This result appears as Theorem 5.16 below. As was true
in the quadratic case, itis not just a single application of this theorem that produces
the desired units, but an infinite sequence of applications of it. The details will
be more complicated here than in the quadratic case. Before describing how the
argument is to proceed, let us establish the Minkowski theorem.

Let {v, ..., v} be an R basis of R”, and let L = Zv, & - - - & Zv,, be the
corresponding lattice. The fundamental parallelotope for L corresponding to
this basis is the set

{clvl+...+cmvm|0§cj§lforlfjim}.

The volume of this fundamental parallelotope is independent of the choice of the
Z basis for L. In fact, any two such Z bases are carried from one to the other by an
integer matrix of determinant 1, and any linear transformation from R to itself
of determinant £1 is volume preserving. The one fundamental parallelotope is
mapped to the other when the one basis is carried to the other, and hence the two
fundamental parallelotopes have the same volume.

Theorem 5.16 (Minkowski Lattice-Point Theorem).!> Let L be a lattice in
R™, and let Vj be the volume of a fundamental parallelotope. If E is any compact
convex set in R™ containing 0, closed under negatives, and having volume(E) >
2"Vp, then E contains a nonzero point of L.

REMARK. The constant 2" in the statement is best possible, as is shown by
taking L to be the standard lattice and E to be a cube oriented consistently with
L, centered at 0, and having each side slightly less than 2. We need merely some
constant, not the best possible one, in the application to Theorem 5.13, and the
proof can be simplified a little for that purpose.'® But the present theorem will be
applied again in the next section, and this time the best possible constant yields
the most useful information.

I5The simple proof given here is due to H. Blichfeldt and is the standard one, so standard that
Blichfeldt’s name is sometimes attached to the theorem.

1610 particular, the final paragraph of the proof can be omitted, and we can fix a value of M
proportional to s in making the argument.
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PROOF. Without loss of generality, L is the standard lattice of points with all
coordinates in Z, and Vp is 1. Fix an arbitrarily small positive constant €, and
first assume that the given set E has volume(E) > (2 + €)"Vy. Arguing by
contradiction, suppose that the only lattice point in E is 0. Since E is bounded,
we can choose a number s > 0 in such a way that E is contained in the cube
C; centered at 0, oriented consistently with the lattice, and having side 2s. Let
us see that the sets [ + %E for [ € L are disjoint. In fact, in obvious notation if
li + ye1 = Ly + 3ex with [y # I, then [} — I, = j(e; — e1), and this is in E
because e; and —e; are in E and E is convex. Thus the sets [ + %E are indeed
disjoint.

Choose an integer M large enough to have s /M < €. Any lattice point/ whose
coordinates are all < M in absolute value has / + %E C Cpy14- Since the sets

[+ %E for these [I’s are disjoint,

(2(M + $5)" = volume(C) 1,) = > volume(/ + 3 E)

all e L with
all coordinates <M

> (ZM)mvolume(%E) = M"volume(E),

and therefore volume(E) < (2+s/M)™, in contradiction to our extra assumption
that volume(E) > (2 + ¢)™.

Now suppose that volume(E) = 2. For each € > 0, let E. be the dilate
1+ %e) E. The sets E. satisfy the extra assumption made in the previous part of
the proof, and therefore E. contains a nonzero lattice point. Since E; is bounded,
there are only finitely many possibilities for this nonzero lattice point for each
€ < 1. Thus we can find a sequence of €’s tending to 0 for which this lattice point
is the same. The convexity of the sets E., in combination with the fact that the
sets contain 0, implies that the sets are nested, and therefore this lattice point lies
in E, for all € > 0. Since E is compact, E = (), Ee, and therefore this lattice
point lies in E. O

Let us describe the lattice to be used when the Minkowski Lattice-Point The-
orem is applied to obtain the Dirichlet Unit Theorem. Let €2 be the real vector
space Q = R’ x C> = R”, and let |w|, be the magnitude of the s™ component
ofwe Qforl <s <r;+r,. We introduce a homomorphism & of the additive
group of K into the additive group of 2 given by

d(x) = (al(x), ey O (X)), 04 1 (), L a,l+r2(x))

for x € K. We shall be mostly interested in the restriction of ® to R, but the
values on K will help a little with motivation when the Minkowski Lattice-Point
Theorem is applied once again in the next section. Observe that our definitions
make || x|y = |os(x)| = |P(x)|s forx e Kand 1 <5 <r| +rs.
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Lemma 5.17. The image ® (R) is a lattice in €.

PROOF. The homomorphism & is one-one on R because oy, being a field map,
is one-one. Since R is a free abelian group of rank » and ® is one-one, P (R) is
free abelian of rank n. Lemma 5.14 therefore shows that it is sufficient to show
that @ (R) is discrete as an additive subgroup of 2. It is enough to show that a
bounded region of €2 contains only finitely many points of ®(R).

The verification of this fact is similar to an argument in the proof of Proposition
5.15: A bound by some M on all |oj(a)]| for certain elements o € R implies that
each field polynomial

det (X1 — (left by ) = 1‘[ (X — oj(a))
j=1

has all its coefficients bounded by some M’ depending on M. These coefficients
are integers when « is in R, and thus there are only finitely many such polynomials.
Each polynomial has at most z distinct roots, and consequently only finitely many
a’s satisfy such a bound. O

We are now ready to prove Theorem 5.13, but we precede the proof by an
outline. The proof has three steps to it:

(1) We apply the Minkowski Lattice-Point Theorem to the set ®(R) C €2,
which we know is a lattice because of Lemma 5.17. For each so with 1 < 59 <
r1 + 12, let Eg, be a set of w’s in €2 defined by the conditions that |w|s is to be
small for s # s and ||y, is allowed to be large—with the understanding that
Ej, is a bounded set and that E, has volume > 2"V,,, where Vj is the volume
of a fundamental parallelotope of ®(R). Using a nonzero lattice point in ®(R)
obtained from applying Theorem 5.16 to E,, and squeezing Ej, even more, we
can obtain an infinite sequence of points « in R such that |Nk,g(«)| remains
bounded and such that the size of this norm is contributed to mostly by ||c||, -

(2) Applying the same argument that was used for quadratic extensions of QQ in
the proof of Proposition 1.16, we obtain infinite sequences of units whose norm
is contributed to mostly by || - ||5,- We can do this for 1 < so <r; +rs.

(3) We pass to the Log map, proving and applying the following result from lin-
ear algebra: areal square matrix [a;;] with the property that |a;;| > ) i |a; ;| for
alli isnonsingular. In the application of this result, we have log | &, ||5, > O for the
5o constructed unit, log les,Ils < O fors # so, and an equality that we can write
eitheras ) |_, log|les, s =0oras )y .. log e lls +2 ZZ‘;:{H log |l&g lls = 0.
If we drop all terms corresponding to the (| +7;)" unit, then we are in a situation
for which the result from linear algebra immediately implies the theorem.
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PROOF OF THEOREM 5.13. The proof is carried out in three steps.

Step 1. For fixed so with 1 < 59 < r| 4 r,, we construct an infinite sequence
o™ in R with

() INg/ga™)] < 2"V,

(i) flof™ |, tends to O for each s # 5o as j tends to infinity,

(iii) ||a](.s") |5, tends to infinity as j tends to infinity.
For the construction, form for each j > 0 the compact convex set in 2 closed
under multiplication by —1 consisting of all w such that

lols < j*l for s # 59,
2 jn=lp=r gy, if1 <s9 <ry,
@l < { QR TIETRVOY2  ifr 4+ 1 <so <r 41
This set has volume
@j~hn-ta@r 2T T V) (A =20y ifso <,
{ QiY@ lr 2 T V) = 2"V if 5o > ry.

Theorem 5.16 shows that the set contains a nonzero lattice point a;‘YO). Let us
check that this point satisfies (i), (ii), and (iii). For (i), we have

No (N = (TT 1 1Y (T 1))
Mo @) = (TT et 1) (1T ™)
j=1 s=ri+1
(j—l)rl—l(znjn—lz—rln—rz Vo)j—Zrz if so <711
S lat gy Ty sy >
=2"Vp2 "
SZ"V().

Property (ii) is immediate from the inequality ||ozj(fV°)||s < j~'fors # so. For
(ii1), we have

GO — (Trr oy (T o)y \2.
1< |NK/Q(05/' )= ( l_[ ||(¥j ”s)( l_[ ”Olj ”s) ;
' j=1 s=ri+1

thus (ii) implies (iii).

Step 2. For fixed sg with 1 < 59 < ry + rp, we construct an infinite sequence
of units 8](»SO) such that
(ii") ||8;S0) ||ls tends to O for each s # s¢ as j tends to infinity,

(iii") ||ej§s°) lls, tends to infinity as j tends to infinity.
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For the construction, we pass to a subsequence from Step 1, still denoting it by
a;SO), such that Nk g (01;50)) is a constant integer, say M. Since R/(M) is finite,
we can pass to a further subsequence, still with no change in notation, such that
all aj(s(’) lie in the same residue class!” modulo the principal ideal (M) of R. Put

(So) (Yo)/a(Yo)'

Then NK/Q(a(SO)) = Nk Q(a(m) ), since NK/Q((X(SO)) is a constant integer, and

7 (oz(SO) S“)) isin R, since all a( %) lie in the same residue class modulo (M).
The computatlon

a(_So) _ a(So) O[(SO) (éo)

(s0) J 1 J ! (s0)
& =1 + = 1 + - o\
J aiso) M al;ll (™)

(s0) s

shows that ¢, is an algebraic integer. Hence it is in R. We certainly have

NK/Q (Ol (5())) M

Nijg@) M

N]K/Q (8 (5())) —

Therefore 8]@0) is a unit. Also, the computation
oo el
e lls = —Go7
floe™ s

shows that (ii) and (iii) in Step 1 imply (ii’) and (iii’) here.
Step 3. For each 5o with 1 < sg < r; + r, choose j large enough for the unit
gb0) = gl(.s") in Step 2 to satisfy
(") [le“ ||y < Tif's # so,
(iii") @5, > 1
We assert that the vectors Log(e®)) for 1 < sy < r; +ro — 1 are linearly
independent over R. Hence Log(R™) has rank > r; 4+ r, — 1, and Proposition
5.15 therefore implies that Log(R*) has rank equal tor; +7, — 1.
To verify this assertion, form the square matrix [a;;] of size r| + r, given by

”_{mgns“)u,- if1<j<r,
Y 2loglle?);  ifr 41 <j<ri+r

7This conclusion uses a result known as the Dirichlet pigeonhole principle or the Dirichlet
box principle.
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Then a;; > 0 for each i by (iii"), a;; < 0 fori # j by (ii”), and Zj a;; = 0 for
each i because Ng,q(¢”) = 1. Let [b;;] be the upper left block of [a;;] of size
r1 +ro — 1. For each i, we then have b;; > 0 and Zj with ji 1bij| < bii. Let
us prove that the matrix [b;;] is nonsingular. Assuming the contrary, let [c;] be a
nonzero column vector with

Zb,’jcj' =0 for all 7. (*)
J

If ip is an index such that |c¢;,| > |c;| for all j, then setting i = ip leads to the
strict inequality

Iciybigio| = I¢ig|Bigiy > 1Cio| 3 1bigj| = X |bigjcil > | 2 bigjc;

J#io J#io J#io

El

which contradicts (). Thus [b;;] is nonsingular.

We conclude that [b;;] has rank ri + r, — 1. Thus its rows are linearly
independent, and the first 7{ + 7, — 1 rows of [a;;] must be linearly independent.
Therefore the vectors

(log lle“ |1, ..., log €“|I,,, 21og 1€“ s, 41, - - ., 210g 1€9 1,41, )

indexed by so for 1 < sg < ry{+rp —1,are linearly independent in R"'*"2_ In other
words, the vectors Log(s(SO)) are linearly independent for 1 <59 <ry +r, — 1.
O

6. Finiteness of the Class Number

As in Section 5, let K be a number field of degree n over Q, and let R be its ring
of algebraic integers. Let o1, ..., 0, be the distinct field maps of K into C, and
assume that the first r; of them have image in R and the remaining ones come in
conjugate pairs with o, 4,4k = 0 4k for 1 <k <rs.

As in Section 1.7, where we treated the case of quadratic extensions, we define
two nonzero ideals / and J of R to be equivalent if (r)/ = (s)J for suitable
nonzero elements r and s of R. The same argument as given in that section
shows that the result is an equivalence relation. The principal ideals form a single
equivalence class.!®

18Section 1.7 worked also with a notion of strict equivalence of ideals, but we shall not attempt
to extend strict equivalence to the present setting.
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Proposition 5.18. Multiplication of nonzero ideals in R descends to a well-
defined multiplication of equivalence classes of ideals, and the resulting multi-
plication makes the set of equivalence classes into an abelian group. The identity
element of this group is the class of principal ideals.

REMARKS. The proofs of this result and of Theorem 5.19 below will use the
following fact proved in Problems 48—53 of Chapter VIII of Basic Algebra: if 1
is any nonzero ideal in R and if /! is defined by /! = {x € K | xI C R}, then
I~'I = R and there exists € R with I ~! equal to an ideal of R. This fact can
be made to look more beautiful by introducing the notion of “fractional ideal,”
but we shall not carry out that step at this time.!”

PROOF. If I is a nonzero ideal, let [/] denote its equivalence class, and define
[11[J] = [1J]. Suppose that (r)I = (s)I’ exhibits an equivalence. Then the
equality (s)I'J = (r)IJ shows that [I'J] = [IJ]. A similar argument applies
in the J variable, and therefore multiplication of classes is well defined. It is
immediate that multiplication of classes is associative and commutative and also
that the class of principal ideals is an identity. If a class [/] is given, let /~! be

as in the remarks above, and choose a nonzero » € R such that #/~! = J is an
ideal in R. Multiplying by J gives (r) = r(I"'1) = (rI~")I = JI, and thus
[J][1] is the class of the principal ideals. So [/] has an inverse. ]

The group of equivalence classes of nonzero ideals as in Proposition 5.18 is
called the ideal class group of K. Its order is called the class number of K and
will be denoted by k. The main theorem of this section is as follows.

Theorem 5.19. The class number ik of any number field is finite.

As we shall see in a moment, it is not too difficult at this stage to prove this
finiteness. However, ki is an important invariant of a number field that determines
whether R is a principal ideal domain, that occurs in various limit formulas in
the subject, and that occurs also in dimension formulas connected with “Hilbert
class fields.” It is therefore of considerable interest to be able to compute 4k in
specific examples. For quadratic fields this computation can be carried out by
the techniques of Chapter I because of the close connection between ideal classes
and proper equivalence classes of binary quadratic forms. But no comparable
theory is available as an aid in computation for number fields of degree greater
than 2. As we shall see, the relatively easy proof of Theorem 5.19 that we give
in a moment does not offer any helpful clues about the value of 4x. The main

19The result of the beautification is that the fractional ideals form a group generated by the ideals,
and the group of equivalence classes is a homomorphic image of the group of fractional ideals.
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task of this section will therefore be to provide a better proof of Theorem 5.19
that helps us find the value of Ak in specific examples.

The two proofs have the following lemma in common. The lemma eliminates
the notion of equivalence of ideals from the investigation and shows that the
problem is really that of finding elements in each ideal of relatively small norm.

Lemma 5.20. For a particular number field K, if there exists a real constant C
with the property that each nonzero ideal J of R contains an element s # 0 with

INg,@(s)| < CN(J),

then each equivalence class of ideals contains a member L whose absolute norm
satisfies N(L) < C. Consequently the class number /i is at most the number of
nonzero ideals 7 in R with N(I) < C. This is a finite number.

PROOF. Let a nonzero ideal I in R be given. By the remarks with Proposition
5.18, choose a nonzero element r in R and an ideal J such that 17! = J.
Multiplication by I and use of the remarks shows that () = JI. By hypothesis
for the lemma, choose a nonzero s € J with |[Ng,g(s)| < C N(J). Since s is in
J, (s) is contained in J, and therefore (s) = J L for some ideal L. Multiplying
both sides of (r) = JI by L gives (r)L = LJI = (s)I, and L is therefore
equivalent to /. Applying Proposition 5.4, we obtain N(J)N(L) = N(JL) =
N((s)) = |Ngyg(s)| < C N(J). Therefore N(L) < C as required.

Let us now count the ideals / with N(I) < C. In terms of the unique
factorization I = []\_, P of I, we have N(I) > []'_, p', where p; is the
prime number such that P, N Z = (p;). In each case, N(P;) > p;. There are
only finitely many primes p with p < C, each is associated with only finitely
many prime ideals P of R with P N Z = (p), and P° contributes at least 2°
toward N (I). The inequality N (/) < C shows that these p’s and their associated
P’s are the only possible contributors to / and that each exponent is bounded by
log, N(I). Hence there are only finitely many possibilities for 7. 0

Here is the relatively easy proof of Theorem 5.19.

FIRST PROOF OF THEOREM 5.19. Let xy, ..., x,, be a Z basis of R, and express
members of R in terms of this basis as r = Z?:l c;x; with all ¢; € Z. The
value of Ny ,q(r) is the value of the determinant of left multiplication by r on
K, and this value, as a function of ¢y, ..., ¢,, is a homogeneous polynomial of
degree n. Consequently we can find a constant C such that ’NK /Q( Yo cixl-) | <
C maxi<;<, |ci|".

It is enough to show that the condition of Lemma 5.20 is satisfied for this C.
Thus let an ideal J be given. As each ¢; runs through the integers from O to
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N(J)Y/", we obtain more than N (J) members r = Y i, cix; of R. Since there
are only N (J) cosets modulo J, at least two of these members of r, say r; and
r», must lie in the same coset.?’ Then r; — r is a nonzero member of J, it has all
coefficients between —N (J)!/" and +N (J)'/", and our construction of C forces
INkjg(r1 —r2)| < C(N(DHV")" = C N(). O

The second proof of Theorem 5.19 is to combine Lemma 5.20 with the deeper
and more quantitative estimate given in the following theorem.

Theorem 5.21 (Minkowski). For any number field K of degree n, each nonzero
ideal J of R contains an element s # 0 with

4\ n!
|Ni/g(s)| < (;) prs |Dx|'2N(J).

Here r; is half the number of nonreal embeddings of K in C, and Dy is the field
discriminant. Therefore every equivalence class of ideals contains a member L
whose absolute norm satisfies

4\" n!
N(L)s(—) — | Dg|">.
g n

We shall prove Theorem 5.21 shortly by applying Minkowski’s Lattice-Point
Theorem to the lattice ®(J) in 2 = R x C"2, where @ is the mapping described
after the proof of Theorem 5.16. The particular compact convex set in the
application takes some time to describe, and we return to that matter shortly.

Meanwhile, let us see a little of the utility of Theorem 5.21. The techniques of
Chapter I are more useful for computing class numbers for n = 2 than Theorem
5.21 is, and we therefore consider only n > 3. For n = 3, we must have
rp < 1. Theorem 5.21 shows that every equivalence class of ideals in R has a
representative L with

4 3! 8
N(L) < — = |Dg|"? = — |Dx|"* < (0.283) | Dg| "
w3 o

Problems 1-2 at the end of the chapter give examples of cubic extensions of QQ
whose discriminants are —23, —31, and —44. Since these have (0.283)|Dk|!/? <
(0.283)7 < 2, the representative ideal in each case must have norm 1 and must
be R. Thus for all three of these cubic fields, R is a principal ideal domain.

20 Again we are applying the Dirichlet pigeonhole principle.
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For the cubic field K = Q(</2), we know from Section 2 that the discriminant
is Dg = —108. Consequently the estimate shows that every class of ideals has
a representative with norm < 2. If an ideal J has N(J) = 2, then 2 has to be a
member, and J divides (2) R. Proposition 5.10d shows that the factorization of
(2)R is as P? for a certain unique prime ideal P. Thus R and P represent all
equivalence classes, and A is 1 or 2. If there is some r € R with Nk ,p(r) = 2,
then P = (), and the class number is 1; otherwise it is 2. The element /2 has
|NK/Q(3/§)| =2, and thus P = (~/2). Therefore R is a principal ideal domain
when K = Q(~/2).

For Dedekind’s example, namely the cubic number field K built from
X3 + X2 —2X + 8, we saw in Section 4 that the discriminant is Dx = —503.
Then the constant in the estimate is < (0.283)\/% < 6.35. So the interest is in
ideals of norm < 6. In ruling out ideals that are principal, we need consider only
prime ideals with norm < 6. Problems 24-32 at the end of the chapter identify
all the prime ideals of this form and show that they are all principal ideals! We
conclude that g = 1, 1i.e., that the R in Dedekind’s example is a principal ideal
domain. Not every cubic number field has class number 1, however; Problem 4
gives an example.

Before turning to the proof of Theorem 5.21, let us observe the following
striking consequence.

Corollary 5.22 (Minkowski). For any number field K of degree n,

T\ n"
Dx|"? > (—) T
Pl =7) 0
Therefore Dx > 1 if n > 2, and there exists at least one prime number that
ramifies in K.

REMARKS. With a more general number field F than Q as base field, it can
happen that no prime ideal ramifies in a certain nontrivial extension field K/F.
See Problems 5-9 at the end of the chapter.

PROOF. Set J/ = R in Theorem 5.21, so that N(J) = 1. The nonzero element
s must have | Ng,q(s)| > 1. The theorem says that (4/7)"(n!/n")|Dx|'/* > 1,
and this is the displayed inequality of the corollary. Since r, < %n, (r/4)? >
(r/4)"?, and thus |Dg|'/? > 27"n"/?n"/n!. Denote the right side of this
inequality by a,. For n = 2, we have a; = 7/2 > 1. Also, a,+1/a, =
%nl/z(l + %)” > 71/2, since (1 + %)” is monotone increasing®! with n and is
> 2forn = 2. Hence a, > 1 foralln > 2. By Theorem 5.5 some prime number
ramifies in K. |

21Ty see this monotonicity, expand a,+1 = (1 + ﬁ)”“ anda, = (1 + %)” by the Binomial

Theorem, and observe that the asserted inequality holds term by term.
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We turn to the proof of Theorem 5.21. We again make use of the map
P :K— Q=R"xC? =R" of the previous section. Lemma 5.17 shows that
®(R) is a lattice in €2, and our interest will be in the sublattice ®(J), J being the
nonzero ideal under study. The idea is to consider the set of w € 2 for which the
function

ry ritr2

N@ = (THel)( IT o)

i=1 i=ri+1
has N(w) < c, c being a positive number. Since N(P(x)) = |Ng,q(x)| for
x € K, the question of finding a member s of J with |Ng,g(s)| < c is the same
as the question of finding a nonzero lattice point in the set for which N(w) < c.
Once we sort out how large ¢ has to be for the answer to be affirmative, then
the inequality of the theorem will result. The tool will again be the Minkowski
Lattice-Point Theorem (Theorem 5.16), but the difficulty is that the set for which
N (w) < c is not necessarily convex.

The nature of the set for which N (w) < ¢ becomes clearer by considering the
case of K = Q(y/m ) with m > 0. The map ® carries x + y./m for x and y in
Q to the pair (x + y/m, x — y/m) in R?, and if we parametrize w by the pair
(x, ¥), then the set for which N(w) < c is the part of the (x, y) plane containing
the origin and bounded by the two hyperbolas x> —my? = ¢ and x> —my? = —c.
This set is not convex, and it is not even bounded.

Briefly, an individual coordinate of our 2 = R x C"2, whether a factor of
type R or a factor of type C, contributes something compact convex to the set
for which N(w) < c as long as the other coordinates are fixed, but as soon as
we allow more than one coordinate to vary, then the product formula defining
N (w) produces sets that are neither convex nor bounded. To use Theorem 5.16,
we want to inscribe a compact convex set within the set for which N(w) < c,
making the inscribed set contain the origin, be closed under negatives, and have
volume as large as possible.

If we were trying to inscribe such a compact convex set in a region cut out by
two hyperbolas as above, then the best possible set to use would be a rectangle
with sides parallel to the axes. However, the description above in terms of those
two hyperbolas used a noncanonical parametrization of elements of Q(y/m ) as
all rational combinations x + y./m.

Let us proceed for the general case by using only the structure that is given to
us, without using any noncanonical parametrization. The things that are canonical
are the factors R and C, the functions || - ||; defined on them, and functions of these.
For the example above, the function N(w) is given by N(w) = |w|i|w|>. The
geometric set in R? = {(w;, w7)} to consider is changed from above; it is still the
set toward the origin from two hyperbolas, but the hyperbolas are changed to be
w1wy = £c,having the axes as asymptotes. The inscribed convex set becomes the
set with |w;| + |w;| < 2¢!/2. The containment of the latter set in the set toward
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the origin from the two hyperbolas follows from the inequality |wjw;|!/? <

%(|a)1| + |w2|), which is a consequence of the inequality :11(|601| — |w])? > 0.
In the general case the inscribed convex set is described in terms of the function

r ritr

Tw)=) lwi+2 > ol

i=1 i=r+1

The set of w with T'(w) < ¢, t being a positive constant, is evidently a compact
convex set containing 0 and closed under negatives, and the functions 7 (w) and
N (w) are connected by the arithmetic—geometric mean inequality, which says
that

1/n 1
Nw)'" < - T(w).
n

Because of this inequality the set with T'(w) < ¢ is contained in the set with
N(w) <t*/n".

Since the absolute value in each R or C coordinate is canonical, so is the
notion of volume, given on rectangular sets by taking products; as usual the
understanding is that the set in a factor of R on which the absolute value is
< k contributes a factor of 2k to the volume, and the comparable set in a factor
of C contributes a factor of wk?. If Vj denotes the volume of a fundamental
parallelotope for the lattice ®(J) in the n-dimensional Euclidean space €2, then
the Minkowski Lattice-Point Theorem says that the set with T(w) < ¢, and
therefore also the set with N(w) < #"/n", contains a nonzero lattice point as
soon as the volume of the set with T (w) < t is > 2"V}. In other words, as soon
as the volume of the set with T (w) < t is > 2"V}, there exists an s 7 0 in J with
|Nk/Q(s)| < t"/n".

To prove Theorem 5.21, we therefore need to know two things — the volume Vj
of a fundamental parallelotope for & (J) and the volume of the set with T'(w) < ¢.
Then we can find the smallest ¢ for which the set with T (w) < ¢ has volume
> 2"V,, and we can sort out the details.

Let us compute the volume V. Let I' = («y, ..., ®,) be an ordered Z basis
of the ideal J. The easy case in which to compute Vj is that r; = n, i.e., that all
the field embeddings of K into C are real. In this case the discriminant D(I") is
the determinant of the n-by-n matrix [B;;] with

n n n
Bij = Trxq(iey) = 3 oxleiaj) = 3 ox(ei)ow(ey) = Y- A Ay,
=1 =1 k=1

where [A;;] is the matrix with A;; = o;(a;). We recognize |det[A;;]| as the
volume of a fundamental parallelotope for ®(J), and therefore |D(I")| = VOZ.
By Proposition 5.1, D(I') = N(J)? Dk, and therefore V) = N (J)|Dg|'/?.
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This answer for the value of V; is not correct if some of the embeddings of K
into C are nonreal, since | det[o; (c;)]| no longer equals V. To see how to adjust

matters, suppose that o is a nonreal field mapping of K into C. Then the n-by-n
21

matrix [0} (c;)] contains one column z = ( : ) corresponding to ¢ and another

Zn

21
column z = < : ) corresponding to . The entries in the k™ row tell how a is
embedded in sz namely at some point z; = X + iy, for o and at z; = x; — iyx.
To compute V;y properly, we should have x; in one column and y in the other,
instead of z; and Z;. We can transform from the matrix with columns containing
Zx and Z; to one containing x; and y, by first replacing the first column by the
sum of the two, which is 2x; = z; 4 Zx, and by then replacing the second column
by the difference of the second column and half the new first column, which is
%(Zk — zx) = —iyr. These operations do not change the determinant. Repeating
these steps for each of the r, pairs of nonreal field mappings, we obtain a matrix
for which the absolute value of the determinant, apart from factors of 2 in r, of the
columns, is V. Consequently Vo = 27"2| det[o;(;)]|. Then V02 =2"22|D()|,
and we obtain
Vo = 272N (J)|Dg|">.

Now let us compute the volume of the set of w in €2 for which T'(w) < ¢. Write
o= (X1, ..., Xrs Zry41s - - - » Zr4r,) . The volume is the integral of 1 over the set
on which |x| 4+ - - - 4 x| + 2|z, 41| + 2|24, 4r,| < t. The set for the integration
is invariant under x; — —x; and under rotation in any variable z;, and hence the
volume equals

2" (27T)r2 / Pri+1 """ Pri+r, dxy--- dxrl dpr1+1 T dpr1+rz,
E

where E is the set on which all variables are > 0 and

ritr

Il
xi+2 Y pi st
i=1 i=r1+1

Forry 4+ 1 <i <r; 4 rp, introduce x; = 2p;, and make the change of variables.
Then the volume becomes

ry—ry 1
2 27.[2/ xr1+1"’xr1+rzdx1"'dxr|+r2’
4

where E’is the setof (x1, . . ., x,) inR"1 "2 withall x; > Oand with 372 x; < 1.
Finally we make a change of variables that replaces each x; by ¢y;, and the result
is that
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volume({T (w) < t}) =2"""x"t" / Vri1 Ve AV dYr 4y
s
where § is the standard simplex in R"1+"2 with all y; > 0 and with } /"2 y; < 1.
This definite integral is of a standard type that is evaluated by the following
lemma.

Lemma 5.23. In R™, let S be the standard simplex with all x; > 0 and with
Yo xi <1.1fay, ..., a, are positive real numbers, then

_ T'@)l(az)---T(am)
S T(ag+-4ap+1)

REMARKS. The expression I' (- ) is understood to be the usual gamma function,
whose value at positive integers is given by I'(n + 1) = n!. We merely sketch
the proof; the details can be found in many books that treat changes of variables
for multiple integrals.*?

ar—1_ar)—1 am—1
/xl Xy e xyn T dxy - dxy
s

SKETCH OF PROOF. Let I be the unit cube, givenby 0 < u; < 1forl <i < m.
We make the change of variables x = ¢(u) that carries the points u of the cube
I one-one onto the points x of the simplex S and that is given by

X1 = Uy,

X2 = (1 —upus,

Xm = (1 - M]) T (1 - umfl)um-

The volume element transforms by the absolute value of the Jacobian determinant,
specifically by

dx = ¢’ )| du = (1 —u)" " (1 —up)™ % (1 — up_1) du,

and the result of the change of variables is that the given integral equals

n 1 m
[1 / w1 ) PR g,
i=170
The factors here can be evaluated by means of Euler’s formula
/1 w1 gyt = L@r®)
0 ['(a +b)
and the lemma follows. O

220ne such is the author’s Basic Real Analysis; the details appear in the problems at the end of
Chapter VI of that book. Another such book is Rudin’s Principles of Mathematical Analysis.
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For the integral of interest to us, we have m =r; +ry, a1 =--- =a,, = 1,
anda, 41 = -+ = ap4r, = 2. Thusa; +- - - +a,, = r; +2r, = n,and we obtain
nr(l)rlp(z)rﬁ-rz _ FI—T2 o gh

F(n+1) n! '
Finally we can put everything together. We are to solve for ¢ such that this

expression is equal to 2" Vp, and then there exists an element s # 0 in J with
|Nk/q(s)| < t"/n". Since Vo = 272N (J)|Dx|"/?, the equation to solve for ¢ is

volume({T (w) < t}) =2"""x"¢t

27‘1 7r27Trztn

: =2"2"""N(J)|Dg|">.
n:

.
Thus 1" = (%) 2n!N(J)|DK|1/2, and the element s # 0 in J satisfies

4\ n!
|Njg(s)] < (;) - |Dg|' 2N (J).

This completes the proof of Theorem 5.21.

7. Problems

1. Take as known that the discriminant of a cubic polynomial F(X) = X> 4+ pX +¢
is —(4p> + 27¢?%). In each of the following cases, let K = Q[X]/(F (X)) with
F(X) as indicated, and verify that the field discriminant Dy is as indicated:

(@ F(X)=X3—X—1,Dg =-23.
(b) F(X)=X>+X+1,Dg =-31.

2. LetK = Q[X]/(F(X)),where F(X) = X3 —2X% +2.

(a) Use the formula of the previous problem to show that the discriminant of
the polynomial F(X) is —44.

(b) Using Proposition 5.2, show that Dk cannot be —11, and conclude that
Dx = —44.

3. This problem computes the class number of K = Q(i/g ).

(a) Show that every equivalence class of nonzero ideals contains an ideal with
norm < 4,

(b) Show that the prime ideals whose norm is a power of 2 are P; = (2, S3-1),
whose norm is 2, and P> = (2, 39+ Y3+ 1), whose norm is 4.

(c) Show for P; that 2 is a multiple of /3 — 1, and show for P, that 2 is a
multiple of +/9 + 3 +1.

(d) Show that the only prime ideal whose norm is 3 is (V3).

(e) Deduce that the class number of K is 1.
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4. Let R be the ring of algebraic integers in the number field K = Q(</7 ), and let
I be the doubly generated ideal I = (2, 1 4+ 3/7) in R.
(a) Prove that N(I) = 2.
(b) Prove that [ is not a principal ideal.

Problems 5-9 give an example of a nontrivial finite extension /K of number fields
in which no prime ideal for K ramifies in passing to .. By contrast, Corollary 5.22
says that there always exists a prime that ramifies in passing from Q to a nontrivial
finite extension. The example has L. = Q(+/—5,v/—1) and K = Q(+/=5). Let
K' = Q(+/5) and K” = Q(+/—1). Observe that L/Q is a Galois extension, and so
are all the various quadratic extensions of I over K, K’, and K”, as well as of K, K’,
and K" over Q. The problems make use of the fact that ramification indices multiply
in passing to an extension in stages, and so do residue class degrees.

5. Show that the minimal polynomial of «/—1 4+ /=5 over Q is X* + 12X? + 16,
and deduce that the elements %(j:«/ —1 £ +/—5) are algebraic integers in L.

6. By making use the formula for D (&) in terms of D(&), where £ is an element in
L, prove that | D(3(v/—1 + +/=5))| = 2452. Consequently Dy, divides 2452.

7. Verify the following decompositions of the ideals (2) and (5) when extended
from Z to the rings R, R’, and R” of algebraic integers in K, K’, and K”:
(a) ()R = p? with f = 1,and (5)R = p? with f = 1.
(b) (2)R' = p with f =2,and (5)R’ = p? with f = 1.
() (2)R" = p* with f = 1,and (5)R” = @ with f = 1.

8. Let T be the ring of algebraic integers in L. Since L /Q is a Galois extension, the
only possible decompositions of (p)T', when p is a prime number, have (e, f, g)
equalto (4,1, 1)or (2,2,1)or (2,1,2)or (1,4, 1) or (1,2,2) or (1, 1, 4). Here
e is the ramification index, f is the residue class degree, and g is the number of
distinct prime factors. Using the product formulas for ramification degrees and
comparing what happens for the passage Q € K’ € L. with what happens for
the passage Q C K” C I, show that the only possibilities for (p)T with p = 2
and p = 5 are
@ (e, f,8) =(2,2,1)for (T, ie., (2T = P? with dimp,(T/P) = 2.

) (e, f,8) = (2,1,2) for 5)T, ie., (5T = PP} with dimp,(T/Py) =
dimp,(T'/P>) = 1.

9. Return to the situation with Q € K C L, where K = Q(+/—5). According to
Problem 7a, the prime decompositions of (2)R and (5)R are (2)R = p% and
(S)R = 2.

(a) Using the results of Problem 8, show that o7 = P and gpsT = P P»,ie.,
g2 T is prime, and gsT is the product of two distinct prime ideals.
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(b) Show how to conclude from these facts and from Theorem 5.6 that no prime
ideal in R ramifies in 7. (Educational note: The field LL is the “Hilbert class
field” of K in the sense of Section 1; the order of the Galois group Gal(L/K)
matches the class number of K.)

Problems 10-16 concern the cyclotomic field K = Q(e?™/?), where p > 2 is a
prime number. They show that the discriminant is given by Dx = p”~2 and that a Z

basis of the ring R of algebraic integers in K consists of {1, ¢, {2, e, {1”2}, where
é- — eZm'/p .
10. Show that K has no real-valued field mappings into C, and deduce that Nk g (x)

11.

12.

13.
14.

15.

16.

is positive for every x # 0 in K.

Let F(X) = XP~! 4 XP=2 4 ... + 1 be the minimal polynomial of ¢ over Q,

and let G(X) = F(X + 1). Suppose that k is an integer with GCD(k, p) = 1.

(a) Prove that G(X) is the minimal polynomial of ¢¥ — 1, and deduce that the
norm of ¢¥ — 1is given by F(1) = p.

(b) Why does it follow that Ng,q(1 — by = p?

(c) Prove that (1 — g")/(l — ¢) is a unit of R.

With notation as in the previous problem, prove that the different D(¢*) of ¢*
has [D(c")| = p/1c* —1].

Deduce from the previous problem that D(¢) = (—1)P~D®=2/2pp=2,

Let A = 1 — ¢. Problem 11b shows that Nx,q(1) = p. Prove that

(a) theZ spanof{l,¢, ;2, R ;“”_2} equals the Z span of {1, A, A2, Ap‘z}.
(b) an equality p = [T"_] (1 — ¢*) holds.

(c) there exists a unit € of R such that p = ¢(1 — P =ear-l,

Using Problem 14c, prove that the principal ideals (p) R and (A) in R are related
by (p)R = (A)?~!, and deduce from this fact that (1) is a prime ideal.

Apply Proposition 5.2 to the Q basis {1, A, A2, ..., A?~2} of K lying in R to show
that no factor of p2 can be eliminated from D()) = D(¢); take into account the

highest powers of A that divide each term. Conclude that Dx = D(¢) and that
{1,¢, ;2, el {1”2} is a Z basis of R.

Problems 17-18 use the same notation as in the text of the chapter: K is a number
field of degree n over Q, R is its ring of algebraic integers, Dy is its field discriminant,
the field mappings of K into C are denoted by o; for 1 < i < n, r| of the o;’s are
real-valued, and r, complex-conjugate pairs of the o;’s are nonreal.

17.
18.

Prove that the sign of Dk is (—1)"2.

(Stickelberger’s condition) Let I' = («y,...,®,) be an ordered n-tuple of
members of R linearly independent over @, and suppose that K/Q is a Galois
extension. Write det[o;(a;)] = P — N, where P is the sum of all the terms of
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the determinant corresponding to even permutations and N is the sum corre-
sponding to even permutations. Using Galois theory, prove that P + N and PN
are in Z. Then write D(I") = (det[o;(e;)])> = (P+N)?—4P N, and deduce that
the integer D(I") is congruent to 1 or 0 modulo 4. (Educational note: A variant
of this argument proves the same conclusion about D (I") without the assumption
that K/Q is a Galois extension. One makes use of the smallest normal extension
of Q containing K; this is the splitting field of the minimal polynomial of any
primitive element of K.)

Problems 19-23 continue with the notation of Problems 17-18. It is to be proved that
a suitable localization S~' R of R is a principal ideal domain for which the group of
units is finitely generated as an abelian group. Let  be the class number of K.

19.

20.

21.

22.

23.

Let I, ..., I, be ideals representing all the equivalence classes of ideals in R.
For each [, let u; be a nonzero element of I;, and put u = u;y ---u;. Define
S ={1,u,u?, ...}. Prove that S~' R is a principal ideal domain.

(a) Prove that if a member a of R divides u* within R for some k > 0, then a
isaunitin S”'R,ie.,a'isin S”!R.
(b) Prove conversely that if a member a of R has the property that au™" is a

unit in S~! R for some m > 0, then a divides u* within R for some integer
k> 0.

Let Py, ..., P, be the distinct prime ideals appearing in the unique factorization

of (u), and suppose that Pjh = (bj)for1 < j <I. Letau™ and k be as in

Problem 20b, and write u* = ab with b € R.

(a) Why must each b; necessarily be a unit in S “1R?

(b) Prove that there exist integers n; > 0 for 1 < j <[ such that the element
d=T], b;-l’ has (@) = (d) P - - - P for some integers #; withO < #; < h—1.

(¢) In this case, why must P;" - -- P be a principal ideal?

Suppose that there are N tuples (eq, ..., e) with0 < e; < h — 1 for all j such
that P{" - - P is a principal ideal. For the i™ such tuple, let the principal ideal
be denoted by (¢;), 1 <i < N. Prove that if k, a, and b are as in the previous
problem and if the principal ideal in (c) of that problem is (¢;), then a = bc;e
for some ¢ in R*.

Conclude from the three previous problems that the group of units of S~!R is
finitely generated as an abelian group.

Problems 24-32 complete the discussion in Section 4 of Dedekind’s example of a
cubic extension of Q with a common index divisor. The field is K = Q(&), where
& is aroot of F(X) = X3 4+ X2 — 2X + 8, and it was shown in Section 4 that
D(£) = —22-503. Let R be the ring of algebraic integers in K. It will be shown that
R is a principal ideal domain.



24.

25.

26.

217.

28.

29.

30.
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Show that 1 = 4/£ is a root of the polynomial G(X) = X* — X?> 42X +8,and
conclude that 7 is in R.

(a) By rewriting F (§)/& in terms of £ and 7, show that £2 + £ — 2 + 2 = 0.

(b) By rewriting G(n)/n in terms of & and 5, show that 2& +2 — n + > = 0.
Conclude from this formula and (a) that products of £ and n may be simplified
according to the table

E=—t+2-2, =-26-2+4n  En=4
(c) Using the first formula in (b), deduce the containment of abelian groups
given by Z({1, &, £°}) € Z({1, &, n}).
(d) Using the first formula in (b), deduce that 5 does not lie in Z({1, &, £2}).

(e) Conclude from the above facts that {1, &, n} and {1, g, %(&2 + 5)} are 7
bases of R.

Let P be a prime ideal in R containing (2)R, write I for the field R/ P, let
¢ : R — T be the quotient homomorphism, and let £ = ¢ (&) and i = ¢ (). By
applying ¢ to the table in Problem 25b and using the fact that the additive group
generated by {1, &, n} is all of R, prove that F has only two elements, i.e., that
the residue class degree is f = 1, and that the only possibilities for ¢ are the
following:

@ =¢o0 with @) =0, ¢oo(n) =0,
=910 with @10&)=1, @100 =0,
@ =¢o1 with ¢ 1(5)=0, ¢o1(n) =1

Conversely show that the three functions ¢o 0, ¢1.0, 0.1 defined on & and 7 in
the previous problem extend to well-defined ring homomorphisms of R onto [F;.

Let Po o, P1,0,and Py be the kernels of the ring homomorphisms in the previous
problem. Prove that these ideals all have norm 2 and that (2)R = Py0P1.0Fo.1-

(a) Provethat Poo = (2,&,1), Plo=2,&+1,n),and Pp; = (2,&,n+1).

(b) Exhibit n as a member of the ideal (2, & + 1), and show therefore that
Pio=(@2,§+ 1.

(c) Similarly show that Py = (2,7 + 1) and that Pyo = (2,& — n).

The previous problem exhibited Py o, P10, and Py 1 explicitly as doubly gener-

ated. In fact, use of the norm map Ny g will ultimately show them to be principal

ideals.

(a) Show thatif H(X) is the field polynomial over Q of an element 0 in K, then
Nk,g(0) = —H(0) and Ng,q(0 —q) = —H (q) forevery g € Q.

(b) Prove that Ng,q(§) = Ngo(n) = —8 = —23, that [Nk +3)| = 22,
that | N (€ — 1)| = |Nkg/g(& +2)| = 2°, and that | Ng (& — 2)| = 2*.
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31.

32.

(©

(d
(e)

®
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Prove that (§) = Py 0P1b, oFo.1 for unique exponents > 0 whose sum is 3,
and that (n) = Py, Pff 0 POV,1 for unique exponents > 0 whose sum is 3.
Using the fact that £n = 4, prove thata + o =b+f=c+y =2.

Using the definitions of Py g, P10,and Py as kernels, prove that b = 0 and
y =0.

Conclude that (£§) = PPy | and that () = Po,o .

This problem uses the norm computations in Problem 30b.

()

(b)
(©

(@
(e)

®
()

(b)
(©
(d)
(e)

(9]
(€9)

Using the defining homomorphisms, show that if / is an odd integer, then
P o contains (¢ 4 1), but Py o and Py ; do not.

Show that (£ 4 3) = P{ and that (§ — 1) = P},,.

Using the defining homomorphisms, show that if / is an even integer, then
Po.1 contains (§ + /), but P; o does not.

Show that (2, &) = P(),()Po’l .

Show that if / is an even integer not divisible by 4, then P&l does not contain
E+D.

Show that (§ +2) = Py Po,1 and that (§ —2) = PjPo;.

From the identity (§ 4+ 2)Poo = (£ — 2) that results from Problem 31f,
deduce that ro o = g% isin R and that Py o = (r00)-

Deduce similarly that P; g and Py ; are principal ideals.

Using Theorem 5.6, show that R contains no ideals of norm 3.

Using Theorem 5.6, show that the only ideal in R of norm 5 is (5, 1 4 §).
Show that |Ng,g(1 + &)| = 10, and deduce that (1 +&) = (5,1 +§)P,
where P is one of the three ideals Py g, P10, and Py 1.

Why does it follow that (5, 1 + &) is a principal ideal?

Prove that R is a principal ideal domain.



CHAPTER VI

Reinterpretation with Adeles and Ideles

Abstract. This chapter develops tools for a more penetrating study of algebraic number theory than
was possible in Chapter V and concludes by formulating two of the main three theorems of Chapter
V in the modern setting of “adeles” and “ideles” commonly used in the subject.

Sections 1-5 introduce discrete valuations, absolute values, and completions for fields, always
paying attention to implications for number fields and for certain kinds of function fields. Section 1
contains a prototype for all these notions in the construction of the field Q, of p-adic numbers formed
out of the rationals. Discrete valuations in Section 2 are a generalization of the order-of-vanishing
function about a point in the theory of one complex variable. Absolute values in Section 3 are
real-valued multiplicative functions that give a metric on a field, and the pair consisting of a field and
an absolute value is called a valued field. Inequivalent absolute values have a certain independence
property that is captured by the Weak Approximation Theorem. Completions in Section 4 are
functions mapping valued fields into their metric-space completions. Section 5 concerns Hensel’s
Lemma, which in its simplest form allows one to lift roots of polynomials over finite prime fields
), to roots of corresponding polynomials over p-adic fields Q.

Section 6 contains the main theorem for investigating the fundamental question of how prime
ideals split in extensions. Let K be a finite separable extension of a field F', let R be a Dedekind
domain with field of fractions F, and let 7' be the integral closure of R in K. The question concerns
the factorization of an ideal pT in T when p is a nonzero prime ideal in R. If F, denotes the
completion of F' with respect to p, the theorem explains how the tensor product K ®f F splits
uniquely as a direct sum of completions of valued fields. The theorem in effect reduces the question
of the splitting of p7 in T to the splitting of F, in a complete field in which only one of the prime
factors of pT plays a role.

Section 7 is a brief aside mentioning additional conclusions one can draw when the extension
K /F is a Galois extension.

Section 8 applies the main theorem of Section 6 to an analysis of the different of K/F and
ultimately to the absolute discriminant of a number field. With the new sharp tools developed in the
present chapter, including a Strong Approximation Theorem that is proved in Section 8, a complete
proof is given for the Dedekind Discriminant Theorem; only a partial proof had been accessible in
Chapter V.

Sections 9-10 specialize to the case of number fields and to function fields that are finite separable
extensions of F, (X), where F, is a finite field. The adele ring and the idele group are introduced
for each of these kinds of fields, and it is shown how the original field embeds discretely in the
adeles and how the multiplicative group embeds discretely in the ideles. The main theorems are
compactness theorems about the quotient of the adeles by the embedded field and about the quotient
of the normalized ideles by the embedded multiplicative group. Proofs are given only for number
fields. In the first case the compactness encodes the Strong Approximation Theorem of Section 8
and the Artin product formula of Section 9. In the second case the compactness encodes both the
finiteness of the class number and the Dirichlet Unit Theorem.

313
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1. p-adic Numbers

This chapter will sharpen some of the number-theoretic techniques used in
Chapter V, finally arriving at the setting of “adeles” and “ideles” in which many
of the more recent results in number theory have tidy formulations. Although
Chapter V dealt only with number fields, the present chapter will allow a greater
degree of generality that includes results in the algebraic geometry of curves.
This greater degree of generality will not require much extra effort, and it will
allow us to use each of the subjects of number theory and algebraic geometry to
motivate the other.

The first section of Chapter V returned to the idea that one can get some
information about the integer solutions of a Diophantine equation by considering
the equation as a system of congruences modulo each prime number. However,
we lose information by considering only primes for the modulus, and this fact
lies behind the failure of Chapter V to give a complete proof of the Dedekind
Discriminant Theorem (Theorem 5.5). The proof that we did give was of a related
result, Kummer’s criterion (Theorem 5.6), which concerns a field Q(&), where
& is a root of an irreducible monic polynomial F(X) in Z[X]. The statement of
Theorem 5.6 involves the reduction of F'(X) modulo certain prime numbers p
and no other congruences.

The Chinese Remainder Theorem tells us that a congruence modulo any integer
can be solved by means of congruences modulo prime powers, and the formulation
of Theorem 5.6 uses only congruences modulo primes raised to the first power.
Let us strip away the complicated setting from such congruences and see some
examples of how the use of prime powers can make a difference.

EXAMPLES.

(1) Consider the problem of finding a square root of 5 modulo powers of 2.
For the first power, we have

=5=@x—-1242x—6=(x — 1)> mod 2,

ie., x? — 5 is the square of a linear factor modulo 2. For the second power, the
computation is

X2=5=@x-Dx+1)—4=x—-1x+1) mod4,

and x> — 5 is the product of two distinct linear factors modulo 4. For the third
power, x> — 5 is irreducible modulo 8 because the only odd squares modulo 8 are
+1. Thus the polynomial x2 — 5 exhibits a third kind of behavior when considered
modulo 8. For higher powers of 2, the irreducibility persists because a nontriv-
ial factorization modulo 2% with k > 3 would imply a nontrivial factorization
modulo 8.



1. p-adic Numbers 315

(2) Consider the problem of finding a square root of 17 modulo powers of 2.
We readily compute that

—17=(x—-1%>+2x —18 = (x — 1)> mod 2,

X —17=@x—-DE+1)—16 = (x — 1)(x + 1) mod 4,
2 —17=@x—-Dx+1)—16 = (x — I)(x + 1) mod 8,
x2—17=@x—-Dx+1)—16 = (x — I)(x + 1) mod 16,
2 =17=x-=7x+7)+32 =(x —T7)(x +7) mod 32,
x2—17=x—-9(x+9) 464 = (x —9)(x +9) mod 64,

i.e., that the factorization of x> — 17 begins in the same way as for x> — 5 but that
x2 — 17 continues to factor as the product of two distinct linear factors modulo
23,24 23, and 2°. We can argue inductively that this pattern persists through all
higher powers. In fact, suppose that x> — 17 = (x — m)(x + m) mod 2¥ for an
integer k > 3. Then

x> —17 = x> —m? +a2k,

and m must be odd. Then we can write
x2 =17 =x>— (m —a2""H? + a2 — m 4 a2*72).

The factor (1 — m + a2*~?) is even, and this equality shows that x> — 17 is the
product of two distinct linear factors modulo 2¢+!. This completes the induction.

One immediate observation from the two examples is that the factorizations
of x> — 5 and x? — 17 are the same modulo 2 and modulo 22 but are qualitatively
distinct modulo higher powers of 2. Another observation is the nature of the data
produced by the inductive argument in Example 2: For each k, we obtain an odd
integer my such that m% = 17 mod 2¥, and the my’s are constructed in such a
way that myy = my — a2k 1 if m,% = 17 4+ a;2F. Tt follows that if [ > k, then
my —m; is divisible by 2¥~! | i.e., by higher and higher powers of 2 as k increases.

A first conclusion is that we get additional information by using congruences
modulo prime powers. A second and more subtle conclusion is that it would be
desirable to regard the sequence {m;} as stabilizing in some sense; then we could
regard the system of congruences modulo all powers 2¢ as having a single pair
of solutions that we can consider as square roots of 17. In this case we would
not have to think about infinitely many solutions to infinitely many unrelated
congruences.

The construction that is to follow in this section, which is due to K. Hensel,
will capture this information as a single “2-adic number.” Conversely the 2-adic
number carries with it the congruence information modulo 2* for all positive
integers k.



316 VI. Reinterpretation with Adeles and Ideles

Thus the revised method of considering congruences prime by prime will be
a two-step process, first a step of “localization” and then a step of “completion.”
In our application in Chapter V, we did not explicitly make use of localization
in the sense of Chapter VIII of Basic Algebra, but it was there implicitly —in
Proposition 5.2 for example and in the proof of Theorem 5.6. Carrying out the
details of setting up the theory behind the two-stage process will take some work
and will occupy the first four sections of this chapter. Let us get started.

Let p be a prime number. We define a real-valued function | - |, on the field
@ of rationals as follows: we take |0] » =0, and for any rational r = p”ab~!
with a and b equal to integers relatively prime to p, we define ||, = p~™. The
function | - | » is called the p-adic absolute value on Q. It has the following
properties:

(i) |x|p > 0 with equality if and only if x = 0,
(i) L+ y1, < max(ixl,. Iyl,).
(i) 1oyl = bl Iy,
@iv) [=1],=11],=1,and

W) | —xl, = Ix],.
In fact, with (ii), equality holds if lxl, # 1yl,, and the case with lxl, = Iy,
comes down to the observation that § + $ = “dhzhc has no factor of p in its

denominator if » and d are relatively prime to p. Property (iii) comes down to the
fact that if a, b, c, d are relatively prime to p, then so are ac and bd. The other
properties follow from the first three: To see that |1] p = lin (iv), we observe
from (iii) that |1], is a nonzero solution of x? = x and thus has to be 1. This
conclusion and (iii) together show that | — 1] » is a positive solution of x> = 1 and
thus has to be 1. Property (v) follows immediately by combining (iii) and (iv).

Inequality (ii) is called the ultrametric inequality. It implies that |x + y| p =
|x| »T [y o and consequently the functiond(x, y) = |x —y]| » satisfies the triangle
inequality

d(x,y) <d(x,z) +d(z,y).

Since (i) shows that d(x, y) > 0 with equality exactly when x = y and since (v)
implies that d(x, y) = |x — y|, = d(y, x), the function d on Q x Q is a metric.
It is called the p-adic metric on Q.

The field Q, of p-adic numbers will be obtained by completing this metric and
extending the field operations to the completion. Let us see to the details. Regard
the space ]_[j'i 1 Q of sequences {g;}72, of rational numbers as the direct product
of copies of the ring Q, the operations being taken coordinate by coordinate.
Then ]_[fil Q is a commutative ring with identity, the identity being the sequence
whose terms are all equal to 1.
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As is usual for metric spaces, we say that a sequence of rationals, i.e., a member
{gj} of ]_[fil Q, is convergent to ¢ € Q in the p-adic metric if for any real € > 0,
there exists an integer N such that |g, — ¢|, < € forall n > N. Convergence
in this metric is quite different from what one might expect; for example the
sequence {2/ }72, is convergent to O when p = 2. The sequence {g;} is a Cauchy
sequence in the p-adic metric if for any real € > 0, there exists an integer N
such that |g;, — g, | p <€ forallm > N and all n > N. Convergent sequences
are Cauchy, as follows from the inequality |gn — gul, < Igm —ql, + 19 — qul,.
Cauchy sequences need not be convergent, but every Cauchy sequence {g,} is
bounded in the sense that there is some real C with |g,| ,»=C for all .

EXAMPLE 2, CONTINUED. We obtained a sequence {m;} of odd integers such
that/ > k implies that m —my is divisible by 2~! and m? — 17 is divisible by 2*.
In terms of the 2-adic absolute value, |m —m; |p < 2=&=Dand |m,% - 17|p <27k,
The sequence {my} is therefore a Cauchy sequence in the 2-adic metric, and the
sequence {m,%} is convergent in the 2-adic metric to 17.

It follows from the ultrametric inequality that the sum and difference of Cauchy
sequences is bounded, and (ii) and the boundedness of Cauchy sequences implies
that the product of two Cauchy sequences is Cauchy. Therefore the subset R of
Cauchy sequences is a subring with identity within Hf; Q.

In the theory of metric spaces, one defines a suitable notion of equivalence of
Cauchy sequences, and the set of equivalence classes becomes a complete metric
space,! any member g of Q being identified with the constant Cauchy sequence
whose terms all equal g. With the p-adic metric, one can then prove that the field
operations extend to the completion, and the completion is the field of p-adic
numbers. This verification is a little tedious when done directly, and we can
proceed more expeditiously by using some elementary ring theory.

Since convergent sequences are Cauchy, the set 7 of sequences convergent to 0
is a subset of the ring R. The sum or difference of two such sequences is again
convergent to 0, and 7 is an additive subgroup. We shall show that 7 is in fact
an ideal in R. Thus let {z,} be convergent to 0, and let {g,} be Cauchy. Since
{g.} is Cauchy, it is bounded, say with |g,| p = M for all n. If € > 0 is given,
choose N such that n > N implies |z,]| ) S € /M. Then n > N implies that
|znqn|p = |zn|p|qn|p < (¢/M)M = €. Hence {z,q,} is convergent to 0, and 7 is
an ideal in R.

Proposition 6.1. With the p-adic absolute value imposed on @, let R be the
subring of ]_[;il Q consisting of all Cauchy sequences, and let Z be the ideal in

IThis construction is carried out in detail in Section II.11 of the author’s Basic Real Analysis.
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‘R consisting of all sequences convergent to 0. Then Z is a maximal ideal in R,
and the quotient R /Z is a field. Consequently the Cauchy completion of Q in the
p-adic metric is a topological field Q, into which Q embeds via a field mapping.
If] - | » denotes the function d(-,0) on Q,,then | - | » is a continuous extension
of the p-adic absolute value from Q to Q,, and it satisfies

(a) |x| = 0 with equality if and only if x = 0,
(®) |x + yl, < max(jx|,,, |y],), and
© lxyl, = Ixl, Iyl
The subset Zp = {x € Q, | x|, < 1} is an open closed subring of Qp in which

Z is dense, and Z, is compact. Consequently the topological field @p is locally
compact.

REMARKS. The field Q, is called the field of p-adic numbers, and the ring
Z,, is called the ring of p-adic integers. The ring Z, contains the identity of Q,.

PROOF. First let us prove that 7 is a maximal ideal. Arguing by contradiction,
let {g,} be a Cauchy sequence that is not in Z, i.e., is not convergent to 0. Then
there exists an €y > 0 such that |g,| » = €0 for infinitely many n. Choose N such
that |g,, — gm| < €9/2 whenever n > N and m > N, and find some ny > N with
|gnl, = €0. Then n > N implies that |g,[, > €y/2 because otherwise we would
have €y < |gp, I, < 19n — qnol), +1qnl, < €0/2 + €9/2 = €y, contradiction. Let

{r,} be the sequence withr, =0forn < N andr, = qn_1 forn > N.Forn > N
and m > N, we have

1w =Tl = 1ay " = @' 1y = 1Gm = 42)/(Gmqn)],

= 1gm — nl,ylgml, 1gnl5" < 465 gm — qul,,.

and it follows that {r,} » is Cauchy and hence lies in R. Since 7 is an ideal in R,
{rngn} is Cauchy. The terms of the sequence {r,g,} are all equal to 1 forn > N,
and hence {r,q,} differs from the identity of R by a member of Z. Consequently
the identity is in Z. This is a contradiction, since the members of the constant
sequence {1} are at distance |1 — O] = 1 from 0. Hence 7 is a maximal ideal,
and R /T is necessarily a field.

Meanwhile, the Cauchy completion Q,, of Q is the set of equivalence classes
from R, two members of R being equivalent if they differ by a sequence conver-
gent to 0. Consequently the Cauchy completion Q,, is precisely R /7 as a set. The
mapping Q — R — R/Z carrying a member g of QQ to the constant sequence
{gn} withall g, = g and then from R to the quotient R /Z = Q, evidently respects
the operations and hence is a field mapping. This mapping identifies Q with a
subset of Q,. The metric d on QQ extends uniquely to a continuous function on
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the completion Q, x Q,, and therefore the p-adic absolute value | - | »,=4d(-,0)
extends to a continuous function on Q,,.

Property (a) for the function | - |, on Q, follows from the fact that the
continuous extension of d is a metric on QQ,. To see that (b) and (c) hold on
Qp, let x and y be members of Q, = R/Z, and let {g,} and {r,} be respective
coset representatives of them in R. Then {q, +r,} and {g,r,} are representatives
of x + y and xy by definition, and the continuity of the p-adic absolute value on
Q, implies that lim,, |g, + ral, = lx +yl, and lim,, |gnrnl, = |xyl,. From the
first of these limit formulas and from (b) on QQ, we obtain

5+ 1, = limsup g + 7, < lim supmax(igal ., ral,) = max(lxl. [y],),

since lim,, Ignl, = IxI, and lim,, Iral, = 1yl,- This proves (b) on Q,,. Similarly
eyl = Tim lgar |, = lim |gul, Iral, = (im gl dim 7 ],) = ||, Iy,

and this proves (c) on Q,.

To see that addition, subtraction, and multiplication are continuous on Q, x Q,,,
let {x,} and {y,} be convergent sequences in Q, with respective limits x and y.
Use of (b) on Q, gives

|Cen + ) = (4 ], = 1@ —2) + G — P, < max(lx, — xl, [yn = y1,)-

The right side has limit 0 in R, and therefore x,, 4 y, has limit x +y in Q,. A
completely analogous argument, making use also of the equality | — 1|, = [1],,,
shows that subtraction is continuous. Consider multiplication. If M is an upper
bound for the absolute values |x,, | » and |y,| P then use of (c) on Q, gives

%0 Y — XY|,; = |xa(yn —¥) + y(xn — x)|p

< max(|x, (yn — Y, [y(xn — X))

= maX(Ianplyn - ylpa |y|p|xn - X|P)

< max(M|y, — )’|P, |y|p|xn - xlp)-
The right side has limit O in R, and therefore x,,y, has limit xy in Q,.

To see that inversion x — x~! is continuous on Q; ,let {x,} be a sequence in

Q; with limit x in Q;. Since lim, |x,|, = |x],, we can find an integer N such
that |x,,| = %lxl » for n > N. The computation

-1 —1 -1
it =7, = 10 = 20/ o0l = b = Xl /(1 x1,) < 20 e = il
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valid for n > N, shows that lim x,; I'= x~! and inversion is continuous. Conse-

quently Q,, is a topological field.

It follows immediately from properties (b) and (c) and from the equality
| —x], = Ixl, that Z, is a subring of Q,. Since Z, is defined in terms of a
continuous function and an inequality, it is closed. It can also be defined as
the subset with |x|, < p because the p-adic absolute value takes no values
between 1 and p, and therefore Z,, is open. The most general nonzero member
of Q NZ,, is of the form g = a/b, where a and b are relatively prime nonzero
integers with |a/b|p < 1. Here |b|p = 1, and p cannot divide b. If k > 0 is
given, then it follows that there exists n with bn —a = 0 mod p*. This n has
ln — %lp = |bn —al, < p~¥. So g is in the closure of Z in Q,. In other words,
the closure of Z contains Q N Z,,. Since Q is dense in Q,, Z is dense in Z,,.

For each integer n > 0, the set Z, is covered by the closed balls of radius
p~" centered at the integers 0, 1,2, ..., p" — 1. In fact, every integer z has z =
k mod p" for some integer k € {0, 1,2, ..., p" —1}. For this k, |z —k|p <p"
Thus Z is contained in the union of the closed balls of radius p~" centered at
0,1,2,..., p" — 1. This union is closed; since Z is dense in Zj,, Z, is contained
in this union. In turn, these closed balls are contained in the open balls of radius
p~"*1 centered at the integers 0, 1,2, ..., p" — 1. Thus for any positive radius,
there exists a finite collection of open balls of that radius or less such that the
union of the open balls covers Z,,. This means that Z,, is totally bounded in the
metric space Q,. A totally bounded closed subset of a complete metric space is
compact, and consequently Z, is compact.

Thus the 0 element of @, has Z, as a compact neighborhood. Since addition
is continuous, x 4-Z, is a compact neighborhood of x, and therefore Q, is locally
compact. g

2. Discrete Valuations

The construction of the p-adic absolute value on Q seemingly made use of unique
factorization of the members of Z, but actually the unique factorization of the
ideals in Z would have been sufficient. Thus we shall see in a moment that the
construction extends to apply to any number field F' as soon as we specify a
nonzero prime ideal P in the ring R of algebraic integers of F. In fact, there
is nothing special about a number field. If R is any Dedekind domain and F is
its field of fractions, then the construction extends to F as soon as we specify a
nonzero prime ideal P in R.

Before describing the extended construction, let us look at the definition of
the p-adic absolute value on Q more closely. Recall that if x = p”ab~' for
integers a and b relatively prime to p, then |x|, = p™™. Actually, the base p
in this exponential is not very important at this point, and we could have used
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any real number » > 1 in place of p in p~". With this adjustment the p-adic
absolute value would have been given by |x|, = r™" @) where v »(x) is the exact
net power of p that occurs when the prime factorizations of the numerator and
denominator of x are used. The exponent v, (x) is what is important; the base r
is unimportant.

The expression v, (x) for Q is analogous to the order of vanishing of a poly-
nomial in one complex variable at a point, and Hensel was led to the p-adic
absolute value by carrying the notion for C[X] to the setting with Q. In setting
up a generalization, we shall work first with the generalization of the order of
vanishing v, (x), since it is the more primitive notion, and in Section 3 we shall
exponentiate to obtain a generalization of the absolute value for which we can
form a completion.

To make the definitions, it is convenient to make use of fractional ideals, which
were the subject of a set of problems in Chapter VIII of Basic Algebra. Let us
recall the definition and the relevant properties. Again let R be a Dedekind
domain, and let F' be its field of fractions. A fractional ideal of F is any finitely
generated R module M. For such an R module, there exists some a € R with
aM C R, and then aM is an ideal of R. If M is any nonzero fractional ideal,
then M~! = {x € F | xM € R} is a nonzero fractional ideal, and MM ~! = R.
With this definition and property, it readily follows from the unique factorization
of ideals in R that any nonzero fractional ideal M of F is of the form

[
M=T] Pj"f',
j=1

forasuitableset { Py, ..., P;} of distinct nonzero prime ideals of R and for suitable
nonzero integer exponents k;. This expansion is unique up to the order of the
factors, and every such expression is a fractional ideal. It follows that the nonzero
fractional ideals form a group under multiplication. At the end of this section, we
shall mention how this group is related to the ideal class group of F as defined in
Section V.6.

If x # 0 is in F, then the principal fractional ideal (x) = xR has a
factorization as above. If P is a nonzero prime ideal of R, we let vp(x) be
the negative of the integer exponent of P in the prime factorization of (x). For
example, if x is a nonzero element of R, then vp(x) is a nonnegative integer. To
make vp(-) be everywhere defined on F, we define vp(0) = +o00. Then vp(-)
is function from F onto Z U {400} such that

(i) vp(x) = 4ooifandonly if x =0,
(i) vp(x + y) > min(vp(x), vp(y)) for all x and y, and

(iii) vp(xy) = vp(x) 4+ vp(y) for all x and y.

We shall see in Proposition 6.4 below that the effect of vp () is to pick out from
F the localization of R at P.
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To proceed further, we abstract the above construction and see what informa-
tion we can recover from it. Let F be any field. A discrete valuation of F is a
function v( - ) from F onto Z U {oco} such that

(i) v(x) = +ocifand only if x =0,
(ii) v(x 4+ y) > min(v(x), v(y)) for all x and y, and

(iii)) v(xy) = v(x) + v(y) for all x and y.

Observe as a consequence that
(iv) v(=1) =v() =0,
(v) v(—x) = v(x) for all x, and
vi) v(x +y) = v(x) if v(y) > v(x).
In fact, v(1) = O follows by taking x = y = 1 in (iii), and then v(—1) = 0
follows by taking x = y = —1 in (iii). This proves (iv), and (v) follows by
combining (iv) with (iii) for x = —1. For (vi), we have v(x 4+ y) > v(x) by
(i1). In the reverse direction, v(x) > min(v(x + y), v(y)) by (ii) and (v); since
v(y) > v(x),the minimum must be the first of the two, and thus v(x) > v(x +y).

Define R, = {x € F | v(x) > 0}. Property (i) shows that O is in R,, (ii) and
(v) show that R, is closed under addition and subtraction, (iii) shows that R, is
closed under multiplication, and (iv) shows that 1 is in R,. Consequently R, is
an integral domain. The ring R, is called the valuation ring of v in F.

If x isin F butis notin R, then v(x) < 0. This inequality forces v(x~") >0,
and x~! is in R,. As a consequence, F can be regarded as the field of fractions
of R,.

Let P, = {x € F | v(x) > 0}. Arguing in similar fashion, we see that P, is
an ideal in R,. Any x in R, that is not in P, has v(x) = v(x~!) = 0 and is thus
a unit in R,. In other words, R, is a local ring with P, as its unique maximal
ideal. The ideal P, is called the valuation ideal of v in F. We write k, for the
field R,/ P,; it is called the residue class field of v.

Proposition 6.2. Let v be a discrete valuation of a field F', let R, be the
valuation ring, and let P, be the valuation ideal. Then

(a) R, is a principal ideal domain,

(b) there exists an element 7w in P, with v(wr) = 1, and any such & has
